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PREFACE 


Although this book is intended for students who have 
already acquired some knowledge of the elements of the cal- 
culus, it must be regarded merely as an introduction to the 
more advanced parts of the subject. The scope of modem 
analysis is so wide and its ramifications are so numerous that 
it is not possible within the limits of one volume to give even 
a short account of the more important developments that lie 
beyond the elementary stage. I have therefore confined my- 
self to that part of the calculus that does not involve the 
theory of differential equations or of the functions that arise 
directly from these equations. My aim has been not only to 
cover a fairly wide field, keeping in view the possible applica- 
tions of mathematical ideas, but it has also been to give a 
reasonably rigorous account of the principal limiting processes 
that are characteristic of modern analytical methods. But in 
view of the different requirements of students of varied interests, 
it is not easy either to make an appropriate choice of subject 
matter or to decide how deeply to probe the foundations of 
analysis. The introduction that the normal student receives 
to the calculus is usually one in which many results may legi- 
timately be regarded as intuitively obvious, an appeal being 
made to geometry or physics; and such an introduction is 
as up to a point, if the subject stimulates interest not only 
or its intrinsic merits but also for its practical value. It is 
essential, however, at some stage which should not be too long 
deferred, to re-examine the concepts that have been introduced 
and to place them on a more satisfactory basis ; for otherwise 
it is not possible to appreciate the more advanced parts of 
the subject, especially in those problems where intuition fails 
to give correct results. Any attempt, however, to give an 
exhaustive treatment of the foundations of analysis is beyond 
the scope of a work, whose object is to cover the field that 
is chosen here ; and I have therefore confined myself in general 
to those fundamental theorems that prove useful in subsequent 
developments or are likely to arise in applications. Never- 
theless, I have taken the opportunity, when it occurred, of 

introducing such important topics as Theory of Sets, Lebesgue 
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Integration, Algebraic Functions, Finite Differences, Tensors, 
One-one Correspondence, Analytic Continuation, &c., even 
although it has been possible to deal only with the simplest 
theorems that relate to these topics or in some cases to give 
only such a descriptive account as to indicate their importance 
in analysis. 

The subject has been developed from the beginning in 
order that the reader may revise his previous knowledge Fast 
a more mature standpoint and at the same time have a surer 
foundation on which to base the subsequent development. 
With few exceptions, the examples may be solved directly 
from the text; and in any case sufficient indications have 
been given to enable the reader to make satisfactory progress 
without supervision. 

Some importance has been attached to approximations, 
not only to the approximate forms of functions but also to 
approximate integration and summation of series, although 
lack of space has prevented the inclusion of other than the 
more outstanding results. It is suggested by this that the 
theory of finite differences, interpolation formulae and approxi- 
mate integration might well replace much of the elaborate 
detail that is often associated with indefinite integration. 

It is hoped that the book will prove helpful not only to 
those whose interests are purely mathematical but also to 
those whose main interests lie in some related field. All the 
topics introduced are appropriate to the curriculum of an 
Honours Mathematics course; at the same time, much of the 
book is suitable for a student taking a General Honours course 
that includes Mathematics and also to a student in any other 
Honours course, like Physics, in which Mathematics is indis- 
pensable. Whilst it may be too much to expect that a physicist 
should be conversant with the rigorous formal proofs of general 
theorems in Pure Mathematics, it is important that he should 
know sufficient conditions for the validity of those limiting 
processes he may encounter in his investigations. 

Where there is so much variety in the nattre of the subjects 
discussed and where most of the work must now be regarded 
as well-known, if not available in a single text-book, I have 
not attempted to give detailed references, except in those 
special cases that appeared to warrant them. Of the many 
works I have consulted in the preparation of the book, I must, 
however, acknowledge the help I have obtained from the 
following : 
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Bromwich, Infinite Series ; Hardy, Pure Mathematics ; 
Goursat, Cours d’ Analyse Mathématique, I-III; Hobson, 
Functions of a Real Variable, I; Knopp, Theorie und And- 
wendung der Unendlichen Reihen; De la Vallée-Poussin, 
Cours d@’ Analyse Infinitésimale ; Whittaker and Watson, Modern 
Analysis; Titchmarsh, Theory of Functions; Bieberbach, 
Lehrbuch der Funktionentheorie I; Osgood, Differential and 
Integral Calculus; Weatherburn, Vector Analysis, I, II. 

I wish to acknowledge my indebtedness to Professor P. J. 
Daniell, who has read the manuscript and given me much 
valuable advice and helpful criticism. I wish also to thank 
Mr. F. Bowman for the assistance he has given me by his 
criticism of the earlier chapters. 


C.A.8. 


The author’s thanks are due to Mr. James Mitchell for 
assistance in the revision of the first publication. 
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CHAPTER I 


REAL VARIABLES. SEQUENCES. LIMITS. 
RATIONAL FUNCTIONS. 


1. Functions of One Variable. When two variables xz, y are so 
related that y is determined when z is given, y (the dependent variable) 
is called a function of x (the independent variable). The set of values 
that 2 may take is called the domain of x; and the functional relation- 
ship then determines a domain for y. Functions may be expressed in 
various ways, some of which are illustrated in the following examples : 

(i) y= af(z*+1), (ii) y= V(z—1), (iii) y = Va? 

(iv) y = 42%, (0< 2 <2); y = 16(3x — 4), (2< 2< 3); 

y = 2x3 — (2a? + 9) V(x? — 9), (@ > 3) 
Here zy/3 is the volume of overflow when a sphere of radius x is lowered into 
a cylindrical vessel full of liquid, the height of the cylinder being 4 and its radius 3. 


(v) y is the sum of x terms of the series 8+4+2+1+4+... 
(vi) y = — (0-16)x°(1 — x)*. Here y is the deflection from the horizontal of 
a certain beam of unit length, 2 being the distance from one end. 
(vii) y = 0, (a rational); y = 1, (x irrational). 
(viii) y = f(x) + f(90 — x), where f(z) = sinz°®, (0< x< 180), and f(x) =0 
for other values. 
(ix) y is given approximately by the following table: 
z O 1 2 3 4 5 6 7 8 9 10 
y 90 100 380 400 510 350 210 240 410 200 0 
and 5y is the height in feet of an aeroplane x minutes after the commencement of a 
ten-minute flight. 
(x) y is the barometric height at a certain place 2 hours after noon on a certain 
date, the function being given approximately by a chart which is automatically 
registered by an instrument. 


The usual graphical representation of such functions as shown in 
Fig. 1 is, of course, approximate and may, as in Example (vii), be decep- 
tive. The domain of z, if not stated nor implied, consists of those values 
for which the function has a meaning. This domain may, however, be 
explicitly restricted, or its limitations may be determined by the context 
in which the function occurs. Thus in Examples (i), (ivi), may be any 
real number, but in Example (ii), « cannot be less than 1. In applica- 
tions, y may be given only for a certain domain of z, whilst the formula 
for y, if it exists, may have significance outside that domain. For 
example, the deflection of the unit beam in Example (vi) applies only to 
the range 0 <2 <1. A function may be known only approximately 
as in Examples (ix), (x), but it may be subject to an appropriate analysis 
from which approximate or probable properties may be established. 
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1.01. Implicit Functions. In the examples chosen above, y is ex- 
plicitly given, but there are many ways in which a function can be im- 
pliciily expressed. It will often be found that implicit relations determine 
classes of functions rather than particular functions and that the domains 
of both x and y are restricted. 

Examples. 1. If y is real and is given by the relation 

ay? — 22% + 1ly+a+8=0 
we have, on solving, 
ay = 2a +14 vo (x — 1)(3% — 1)}, (@ 40); y = 4, (x = 0). 
Thus y does not exist if }< x< 1, and, otherwise, except for « = 0, 1, 4, has two 
values. When the quadratic occurs in a problem, it is often possible to reject one 
of the solutions when the problem is set in such a way as to admit of one solution only. 

2. If y is given by the relation y’” = 0, for all values of x, we obtain for y the 
class of linear functions az + b, where a, 6 are arbitrary constants. A particular 
function may be specified by supplying additional data that determine a and 6. 


1.1. The Real Variable. An essential basis for the development 
of analysis is a correct definition of real number. It will be assumed 
here that rational numbers have already been defined and their properties 
established, although for completeness these numbers also require 
definitions in terms of more elementary ideas. In modern analysis we 
continually meet with limiting processes and a correct interpretation 
of these processes demands, as a foundation, a knowledge of the char- 
acteristic properties of a properly defined real number system. 
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The inadequacy of rational numbers for analytic processes is most 
simply illustrated by the equation 2* = 2, for this equation is easily 
shown to have no rational solution. Although it has no rational solu- 
tion, we can, however, find rational approximations (e.g. decimal approxi- 
mations) to a solution. Thus, by a definite process, we can form the 
sequence of numbers : 

Riedy Del, LAIA 


whose squares differ from 2 by smaller and smaller numbers as the 
sequence proceeds. 

This suggests that the definition and the properties of irrational 
numbers can be based upon the consideration of such sequences. 


1.11. Simple Sequences. A set of numbers (of any kind) written in 
order : 
3; Oey Bs, 0) oe EN 
is called a simple sequence. It may be denoted by {a,} or simply by a,. 


1.12. Convergence of a Sequence. If by taking n large enough, the 
difference between every two of the terms @,,;, 4,42, . . ., can be made 
as small as we please, the sequence is said to be convergent. 

More precisely : The sequence a, is said to be convergent if, given e, 
any positive number, however small, we can find , such that 

\ la, —@| <e 
for all integers p, g> Mo. 

For simplicity we shall say that for convergence the difference between 
every two of the terms is ‘ ultimately small’, this phrase being used in 
the strict sense of the above definition. 

Example. The sequence 5/2, 7/3,9/4,. . .,(2n + 3)/(n + 1),. . ., is convergent 
because 

1 1 
p+Vq+1 
can both be made as small as we please when p,q > ng and ny is taken large enough. 

1.13. Limit of a Sequence. A sequence a, is said to tend to a limit 1 
when m tends to infinity, if |/ — a,| is ultimately small. 

By ‘ultimately small’, we mean here that given ¢, any positive 
number, however small, we can find m, such that |/ — a,| <e for all 
n> No. 

We then write lim a, =1/ or simply lima, = I. 

—>n 

Note. The symbol ¢, unless otherwise specified, will be used to denote an 

arbitrary positive number. 


2n +3 1 yi 2n+ 3. 
at | = arp the limit of is equal to 2. 


and 


le» - onl =| - 
pre gt 


Example. Since 


1.14. Null Sequence. If lima, = 0, a, is called a null sequence. 

It follows from the definition of limit that if a, is not null, a positive 
number K (independent of n) can be found such that |a,| > K for all 
n> No. 
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1.15. The Fundamental, Theorems on Convergence. If ay, 6, converge, 
then the sequences a, + b,, Gy — On; GnDp, Gn/b, all converge’ (except 
the last when lim 6, = 0). 

It follows from the definition of convergence that, given ¢ (> 0), we 
can find n, such that both inequalities 

|a,.— a] <e, |b, —b| <e 
are satisfied for all n> mp. 
Therefore (i) |(@) + b,) — (a, + b,)| <|a, — a| + |b, — bl <2¢, ie. 
the sequence a, + 6, converges. 

(ii) The convergence of 6, implies that of — 6, and therefore by 
(i) a, — 6, converges. 

(iti) |ajby — abel = (A —2')bq, + (t — "tn, + Ae — AL, 

(where A = a, — Gy, A’ = dy — Oy, fe = b, — by, pw’ = by — 6,,) 
< 2e {|b,.| + |ay,| + €} 
i.e. a,b, converges. 

(iv) If }, is not a null sequence, a positive constant K can be found 
such that |6,| > K for all n> mo, mq being sufficiently large. Thus m» 
can be determined so that all the inequalities 


|b,| > K, |a, — a] <e, |b, — 6) <e 
can be simultaneously satisfied for all n> n> 
Gy Aq _ |(A—A')bn, + (4! — Hn, + Au! — Vu 
bybg 


_ 


Then 


P q 
2e 
<jga {l,,! la.) + e} 


i.e. a,/b, converges. 


1.16. Definition of Real Number (Cantor). A real number « may be defined 
as a convergent sequence {an} of rational numbers. 

(i) Two numbers {an}, {bn} are said to be equal if {a, — by} is a null sequence. 

This criterion is necessary since a given number may be defined in an infinite 
number of ways as a sequence. . 

(ii) The number {a,} is said to be greater (Jess) than the number {bn} if 
(ay, — bp) is ultimately positive (negative). 

(iii) The swm, product, and quotient of the numbers {ay}, {bn} are defined to 
be the convergent sequences {an + bn}, {anbn}, {an/bn} (where, in the quotient, 
by is not null). 

The number — {ay} is defined to be {— a@,} and the difference {6,} — {an} to 
be {bn} +[— {an}] ie. {On — an}. 4 

Note.—It is necessary, for completeness, to show that the sum, product, and 
quotient is independent of the sequences that define {a,} and {by}. 

Thus if {an’} = {an}, {bn’} = {bn}, we must show that {an’ + bn’} = {an + bn}, 
{an'bn’} = {Anbn}, {An'/bn’} = {an/bn}. 

Now since {an’} = {an}, {bn’} = {bn}, a suffix no exists such that both of 
the inequalities 

|an’ — ay| < €, |bn’ — bp| < € are true for n> ng 
Therefore Jan’ + bn’ — an — bn| < |an’ — an| + |bn’ — dnl < 2e 
ie. {an’ + bn’} = {an + bp}- 
The proofs of the other equalities {an’bn’} = {anbn}; {an'/bn’} = {an/bn} are left 
to the reader. 
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(iv) Lf {a,} has a rational limit J, then {a,} = {1} by the criterion of equality. 
The number {ay} is in this case called rational. Strictly, it should be called rational- 
real, but without ambiguity it may be denoted by the symbol / (of the purely rational 
domain) and called rational, although it is not logically identical with it. The 
properties of the rational-real numbers are inclusive of those of the real numbers, 
since the definitions of the operations on real numbers are obviously consistent with 
those on the purely rational numbers. For example, if the sequence of purely 
rational numbers {a@,} is convergent, it is obvious that the sequence of rational- 
real numbers {a,} is also convergent. 

If {ay}, a sequence of rational numbers does not possess a rational limit, the 
real number that it defines is called irrational. 

(v) A rational number (and consequently an infinite number of rational numbers) 
can be determined lying between two unequal real numbers «, f. - 

Let « = {an}, p= {by}, where ay, by are rational and (for definiteness) a >p. 

Since ay — b, is >0 ultimately and does not tend to zero, and since |a — ayl, 
|B — bn| are ultimately small, a positive constant K exists and a corresponding 
index my such that all the inequalities ay, — bx > K, |x — an| < 4K, |B — by| < }K 
are simultaneously satisfied for all n> nj. 

Thus « — (an + bn) = 3(an — bn) + (a — an) > Ean — bn) — ae > K 
and $(an + bn) — B = (an — bn) + (bn — B) > Han — bn) — [bn — Bl > 
i.e. B< ¥(an + bn) < a. 

(vi) Every Convergent Sequence of Real Numbers tends to a Limit, which is a 
Real Number. Let {a} be a convergent sequence of real numbers. Then, given «, 
we can find nm, such that 

|g — ap| < « for all n> no. 

(a) Suppose that no term of {a} is equal to the preceding term. Then by 
(v) above, a rational number a», can always be determined lying between «» and «+1. 
Now |@m — aol S [om — Om| + |om — on] + lon — an 

Om+1 — cm| + |atm — on] + cen — on+1] 
| 3e if mn> ny. 
Therefore {a,} tends to a limit /, viz. the real number defined by the convergent 
sequence {a@,}. But an index m, can be found such that both of the inequalities 
|e — ay| < €, |en+1 — &n| < ¢ are simultaneously satisfied for n > my 
ie. Alo ag on] < | — an| + lont1 — an| < 2e 
or {a} tends also to the limit / 

(6) Suppose that from and after some fixed term ap, all the terms are equal 

to 


‘Then {an} —> ap, since |xm — ap| = 0, for m> p. 

(c) If (a) or (5) is not true, we can form an infinite ra {Bn} by omitting 
Gs term from {%,} that is equal to the preceding term. 

This sequence {8,} is convergent, since By = a» for some ‘value ofm> n 
ie. les Bp| = |r — x | < © for all p, g> mo, since r> q, 8> p. 
By (a), the sequence {8,} tends to a limit/; and if « is given, an index n, can 

be found such that |/ — B,| < e for all n> n,. 

But if n, is given, there exists an index n,(> m,) such that By, = a», and therefore 
\l — ap| < e for all n> n,; i.e. {a} tends to the limit /. 


1.17. The Principle of Convergence. It follows from the previous 
paragraphs that the necessary and sufficient condition that the sequence 


{a,} of real numbers should possess a limit is that, given e(>0), it 
should be possible to find an index mo, such that 


la, — %| <e for all n > m. 


This is known as the ‘ Principle of Convergence’. That the condition 
is necessary follows from the definition of a limit; for if the numbers 
|l — a,|, |1 —a,| are ultimately small, so also is |x, —a,|. The proof 
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of its sufficiency, established in the previous paragraph, depends on a 
correct definition of real number. 

Note. Other definitions of real number have been given that are theoretically 
equivalent to that of Cantor. The best known of these is that given by Dedekind, 
who defines an irrational number as a section of the rational numbers. 

(See Hobson, Functions of a Real Variable, I, 1.) 

1.18. The Fundamental Theorems on Limits of Sequences (Real). Uf 
lim «, = «, lim f, = 6, we may prove by a method very similar to that 
used for the corresponding theorems on convergence that 


lim (2m + Bq) =a + B+ lim (eBq) = 9B; lim 5* = 718 0). 
For example, if « — «, =p, 6B — B, =o, we can find n, such that |p|, 
|o| are ultimately small and therefore 

168 — OB] = lo + Bap + pol <|a%ql lol + 1Bnl lel + lel lel 
ie. |af — a,,| is ultimately small and «,f,—> af. The reader should 
have no difficulty in establishing the other two limit theorems in a 
similar way. 


-¥2 4 ae 
X' Cs ie P x 


Fig. 2 


1.19. Geometrical Representation of Real Number. Points O, A are 
chosen on a straight line X’X to represent the numbers 0, 1 respectively 
(Fig. 2). It is then assumed that to every real number z there corre- 
sponds a single point P and conversely ; the order of the points corre- 
sponds to the order of the numbers so that if z; > z,, P, is to the right 
of P,. For practical purposes we usually take |x, — x,| as the magni- 
tude of the displacement P,P,, although in special cases it may be more 
convenient to take some other function of 2,, 2». 

Sequences of numbers 7,, 2, . . ., Zp, . . . converging to « corre- 
spond to sequences of points P,, P,, ..., P,, ... converging to Q, 
the point that corresponds to « (Fig. 3). When @ is a variable taking 


oO 


FIG. 3 


all real numbers as its values and any « is regarded as the common limit 
of the infinite number of equivalent convergent sequences that tend to 
xz, we call z the real continuous variable. 


The set of all real numbers that satisfy the relation a < x < 6 is called a con- 
tinuum, and the set of all real numbers is called the Arithmetical continuum. 
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In the continuum a < x < b, the limit of every convergent sequence belongs 
to the domain, which is therefore said to be closed. The intervals specified by 
a<2a<ba< x<b,a< x< b are not closed. 

1.2. Simple Sequences in General. We frequently meet with 
sequences that are not convergent, and it is convenient at this stage to 
specify the various possibilities that arise. 


1.21. Bounded Sequences. A simple sequence is said to be bounded 
if a positive number K exists, independent of n, such that |a,| <K for 
all values of n. Otherwise it is unbounded. 

For example: sinjnz; 2 —100/n; (sin 4nz)/n + 1/2 cos}nz; are bounded 
sequences, suitable values of K being 1, 98, 2 respectively. But n(n — 1); 
(— 1)"-1—n; (— 1)"—!n are unbounded. 

Note. It is the behaviour of a, when v is large that is important. Thus if ap 
were given by such a formula as {(m — 5)(n — 10)}—1, a, is bounded since we 
should omit » = 5, n = 10 or commence the sequence at n = 11. 

1.22. A Convergent Sequence is Bounded. For if | is the limit, ulti- 
mately a,, lies between | — ¢ and | + ¢ where « is any positive number. 


1.23. Finite Oscillation. If a bounded sequence is not convergent, 
it is said to oscillate finitely. 

Example. 4/2(sin {nz + cos jnz) assumes each of the values 0, /2, — 1/2, 
2, — 2 an infinite number of times. It oscillates finitely. 

1.24. Sequences tending to Positive or Negative Infinity. If m an 
unbounded sequence a,, the terms are ultimately large and positive, the 
sequence is said to tend to positive infinity and we write lima, = + oo. 
More precisely : if, given (, a positive number, however large, we can 
find m» such that a, > G@ for all n> n, then, lima, = + 0; and it is 
in this sense that the phrase ‘ ultimately large and positive’ is used. 
If — a, —> + 0, then a, is said to tend to negative infinity and we write 
lim a, = — ©. 

Examples. n(n* 4+ 1)—>» + ©; 1 —n¥+> — a. 


1.25. Infinite Oscillation. An unbounded sequence that does not tend 
to + co nor to — oo is said to oscillate infinitely. 
Examples. n* cos nz, n + (— 1)" oscillate infinitely. 
1.26. Summary of Types of Simple Sequences. There are therefore 
five types of simple sequences : 
(i) Convergent : Ex. lim (3 + ( — 1)"/n) =3 
(ii) Oscillating Finitely : Ex. (— 1)" 
(ili) Diverging to +- 00: Ex. n?® 
(iv) Diverging to — 0: Ex. — nt 
(v) Oscillating Infinitely: Ex. n{1 + (— 1)"}. 
1.3. Methods of establishing Convergence of Sequences. For 
establishing convergence at this stage it will be found sufficient to use— 
(i) the characteristic property of a certain type of sequence called a 
monotone ; 
(ii) the fundamental theorems on limits. 
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1.31. Monotones. If a, <a,,, (all m), a, is called an increasing 
monotone; and if a, > a,,, (all n), a, is called a decreasing monotone. 

Examples. (i) 1, 2, 2, 3, 3, 3, 4, 4, 4, 4, . . . is an increasing monotone. 

(ii) 3, 24, 24,..., 2+ 1/n,.. . is a decreasing monotone. 

Notes. (i) The terms ‘increasing’ and ‘ decreasing ’ are used here in the broad 
sense. If a,< Gn+4, (all ), a, increases in the narrow sense. 

(ii) It is usually sufficient for the application of the properties of monotones 
that the sequence should be wtimately monotonic. 


1.32. A Bounded Monotone is Convergent. This is the characteristic 
property. If a monotone were not convergent it would be possible to 
find an unending set of increasing suffixes m1, %2, .. -, %m +. Such 
that, given « (> 0), 


I@n, — &n, | > 8, IGp, ies | > &; ene 
and so, if the monotone were increasing, a, >a,,-+ me and if the 
monotone were decreasing @,,,<d@,,— me. But me—> + co when 
m —> co and therefore an unbounded increasing monotone tends to -}- 00 
whilst an unbounded decreasing monotone tends to — oo: and if the 
monotone is bounded it must converge. 

Note. The monotone is important not only because of its frequent occurrence 
but also because it can be shown that every convergent sequence is equivalent to 
two monotones, one increasing up to the limit and the other decreasing down to the 
limit. (Read: Bromwich, Infinite Series, I.) 

1.33. Application of the Fundamental Limit-Theorems. This applica- 
tion may be summarized in the following form : 

If lima, =a, limb,=b, lime,=e,..., there being a finite 
number of sequences ay, 5,, Cp, .. ., then 

Nin RG, OS! cays.) = BSS Gie;'.' 9 
where F denotes a finite number of the fundamental operations (pro- 
vided there is no division by zero). . 

This result follows by repeated applications of the fundamental 

limit-theorems. 


1.34. The Sequence x". When 0 < «<1, z">0 and is monotonic 
decreasing. Therefore 2” tends to a limit 1; but lim 2"*! = wlim 2", 
ie. 1=al and therefore 1=0 since «#1. When x=], 2*=—1, 
‘lima*=1; when z=0, z*=0, lima*=0. By writmg z=1/y 
when x > 1, and « = — y when x < 0 we may immediately deduce the 
nature of the sequence x” for values of x outside the interval 0 < 7 < 1. 
Thus: 2"—>0 when|z| <1 ; 2*—>1 when z=1; x*— + © when 
z>1,; 2" oscillates finitely between + 1 and —1 whenzg = —1; 2” 
oscillates infinitely when z < — 1. 

Note. The reader may easily prove that if a, is an increasing (decreasing) 
monotone which is such that a, << K(> K) for all mn, then a, tends to a limit 
1<K (> K). i 

Examples. (i) The sequence x"/n!—> 0 for all finite x. 

Let «> 0; then x”/n! is ultimately monotonic decreasing, i.e. aftern >a — 1. 
Therefore x”/n! tends to a limit l(> 0). 

But L = lim {a"+1/(n + 1)!} = xlim (2/n!). lim (1/(n + 1) = 0 
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Also since 2"/n! = (— 1)"(— x)"/n!, it follows that lim (z"/n!) is zero for all 
finite x, positive or negative. 

(ii) Find lim (2 — 3n*)(1 + 4n3)a"/{(m — 1)?(1 — 2n)3} 
_ 3 (1 — 2/3n2\1 + 1/403) 
Hee: Oy = Oe 1/a)Kl — 1/a0y 
Thus the limit is 0 when |z|< 1 and 3/2 when « = 1. For other values of x, the 
sequence has the character of x”. 

(iii) Prove that if an41 = (3 + 2a,)/(2 + ay) where a, = 1, then lima, = +/3. 

In this sequence (an+17 — 3)(@, + 2)? =a,2—3; but a,2< 3 and therefore 
ay? < 3, all n. 

Also (@n+1 — @n)(4n + 2) = (3 — ay*), i.e. a, is an increasing monotone; and 
it is bounded since a," <3. Therefore a, tends to a positive limit 7, where 

1 = (3 + 21)/(2 +1), ie. 1 = V3 (the positive root). 

1.35. The O- and o- Notation for Simple Sequences. If a,,, 6, are such 
that |a,/b,| is ultimately bounded, we say that a,, 6, are of the same 
order when n is large and write a, = O(b,). 

For example: (n*® +- 1)/(2 + cos nm) = O(n?). 

In particular 

(i) if lim (a,/b,) exists, a, = O(b,) 

(ii) if lim (a,,/b,) = . we write a, = o(5,) although it is still correct 
to say a, = O(b,) 

(iii) if a, is bounded, we can write a, = O(1) 

Example. 4/(1 + n®) = o(1/n) and is also O(1). 

1.4. Limits of a Function of the Real Variable. Suppose for 
simplicity that a function f(x) is defined for all real values of z. Then 
it is found convenient to use the terms ‘ neighbourhood ’, ‘ near’, ‘ large’ 
and ‘ small’ in a precise sense like that in which the term ‘ ultimately ’ 
has been used. 

1.41. The Terms ‘ Near’, ‘ Large’, ‘ Small’. A property is said to 
be true near x = a or in the neighbourhood of x = a, if an interval can be 
found with a an internal point, throughout which the property is true. The 
property may or may not be true at the point z=a. Ifa is an end- 
point of the interval, the property applies only to the neighbourhood on 
the left (or right) of a. 

Again, if G can be found such that the property is true for all values 
of x > G, it is said to be true for x large and positive ; and if it is true 
for all << G it is true for x large and negative. 

Finally the phrase ‘near 0’ may be replaced by ‘ for small x’. 

1.42. Limits of a Function. Let x, 2%, . . .,2ny. ++ be any sequence 
whose limit is a. Then if the sequence f(x), f(x2), .-. ., f(t), --- 
tends to a limit 1 which is independent. of the particular sequence z,, 
tending to a, | is called the limit of f(z) when 2 tends.to a and we 
write lim f(z) = 1 (Fig. 4 (a)). 

r—>a 

Now the number a may be regarded as the common limit of two 
monotones a,, b,, the former increasing up to a and the latter decreasing 
down to a (Fig. 4 (b)). 


which —> (3/2) lim x” if lim a” exists. 
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If lim f(a,,) = 1, for all such monotones a, (where a,, +), l, is called 
the limit of f(x) on the left of a and we write 1, = f(a — 0). 

Similarly .if lim f(},) exists (b, a), and is equal to /,, then we 
write 1, = f(a + 0) 


(a) (b) 


If 1, =1,, then f(a + 0) = f(a — 0) = lim f(z). 
t—>a 


It follows from the above that if f(z) —> 1 then |/ — f(«)| is small near 
x =a, and a similar interpretation may be given to 1,, /, in terms of the 
appropriate neighbourhood. This last result may, in fact, be used as a 
new definition of lim f(z). 


1.43. The Fundamental Theorems on Limits of Functions. It is an 
immediate consequence of the limit-theorems for sequences that if 
lim f(z) = 1,- lim d(z) =U’ when c«—a then lim(f+¢4)=/+4V'; 
lim (f¢) = Ul’; lim(f/¢) = 1/l'(’ #0), but these results can be proved 
directly from the above alternative definition of limf(x). Again, if R 
denotes a finite number of applications of the fundamental operations, 


then 

R( f(z), f:(2), pee se Sm(x)) > Ril, ls, “93 9) 
when f(x) — |,, fi(2) > la, . - -; f,(w) > 1,, and there is no division 
by zero. 


1.44. The O- and o-Notation for Functions. If | f(x)/d(x)| < K, where 
K is independent of x and x is near a; i.e. if |f/d| is bounded near a, 
we write f(z) = O{d(z)}. A similar notation may be used for 2 large 
or small. , 

In particular (i) if lim(f/¢) exists, f = O(¢). 

(ii) if lim(f/¢) = 0, we may write f = o(¢), but it is consistent to 
write f = O(¢). 

Example. (a* + 2x)/(1 — x) = O(z*), «x small ; = O(2z°), 2 large; and 
= O{1/(z — 1)} near x = 1 

1.45. Continuity. A function f(x) is said to be continuous at «=a 
if f(x) — f(a) is small near x = a (Cauchy), i.e. if given e( > 0), however 
small, a number 6( > 0) can be found such that | f(z) — f(a)| < ¢ for all 
points in the interval |z — a| <6. This implies that lim f(x) = f(a). 

2—>a 
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Notes. (i) Heine's definition of continuity consists in saying that f(x) is con- 
tinuous at « = a, if lim f(x) =f(a) when 2 —> a where a is the limit of any one of 
the infinite sequences that tend to a. To deduce Cauchy’s definition from this 
requires the assumption of a certain selective principle known as the “* Multiplicative 
Axiom” (Hobson, * Real Variable’, I, 266). 

(ii) If f(a — 0) = f(a), the function is said to be continuous on the left of a; 
and if f(a + 0) = f(a), it is continuous on the right of a. 


1.46. Geometrical Illustration of Continuity. Let f(x) be continuous 
at «=a. Draw the lines (p), y=f(a) +e: (9g), y=f(@) —«. 


At 
WW 


M 
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Continuity implies that we can find a neighbourhood of x = a, within 
which the curve y = f(x) lies entirely between the lines p, q (Fig. 4). 
1.47. The Polynomial and the Rational Function. A function P,(x) 
of the form given by 
P,(x) = agx"™ + aye"! +...-+ a,, (n, positive integer) 
is called a Polynomial (of degree n). 

A function R(z) reducible to the form P,,(x)/Q,,(z), where P,,, Qn 
are polynomials is called a Rational Function. It follows from the funda- 
mental limit-theorems that the polynomial is continuous for all values 
of « and that the rational function is continuous for all values of z, 
except those that make the denominator vanish. 

1.5. Limits at Infinity and Infinite Limits. If z,, is a sequence 
of positive numbers tending to zero, then lim (1/z,) is -+ 00; and there- 
fore if f(1/&) tends to 1 when & tends to zero from the right, we say that 
f(x) —> 1 when a—» + o and write 


lim f(z) =1 or f(+ ) =1. 
P+ O, 


Similarly, if f(1/é)—>U when §—> 0 from the left, we write 
lim f(z) =l' or f(— wo) =’. 
I—>-—0 


In some cases | = l/’ and then we may write lim f(z) = l. 
|| —>o 


1.51. Infinite Limits. Let a, be any monotone increasing to the 
limit a. If f(a,)—> + oo for every such monotone we say that 
f(z) > + 0 
on the left of «=a and write f(a — 0) = + oo. Similarly meanings 
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may be given to the relations f(a—0)=— 0; f(a+0)=-+ 0 
f(a+0)=—o. 
In these cases, f(x) is discontinuous at z = a. 
at — 622 + 8a — 3 


Examples. (i) ii sr ‘ it _ 8? +e 1 


4+h <0); thus the limit is 1, when 


Lets 1:4- bend the fupstion ia. i 


h —>0, ie. when x—> 1. 

(ii) Find the discontinuities of E(x),. the greatest integer < a. Here 
Hn —0) =n—1; E(n) =n = H(n + 0). 

(iii) Find lim (2 — a)—" when z—>a, (r >0). 

Here f(a + 0) = + ~, f(a — 0) = — @ (r odd); f(a + 0) = f(a — 0) = + © 
(r even). N 

: F : agz™ + aam—-1t.. 1 +m Pre 

(iv) anes: Ean ae i os epee (m, n positive integers). 4 

If m = n, limit is a9/b); if m< n, limit is zero. 

If m >n, limit is + co, the result depending on the sign of a,/b, and on whother 
(m — n) is even or odd. 


oo) hae . w—ae2+ 1 . a a 1 
Thos lim): -—=————00s, dint = Os ae —=— 1 
ae ol + 2 e—>o 7?+1 + Pes —-o @ + J . 
=— 0, 


1.52. Asymptotic Approximations. If f(x) = ¢(x) + 0 {d(~)}, when 7 
x is large, ¢(x) is called an asymptotic approximation (not the only one) | 
to f(z). It may sometimes be necessary to specify the sign of #, 

In some cases, as for example in the case of the rational funetion, — 
it may be possible to express f(x) in the form | 


f(®) = au" + aa" +4+...+4, + ofl), 
where n is a positive integer. Then aor, +... + a,(= P,(«)) may be 
called the polynomial asymptotic to f(z) and gives a close approximation 
to f(z), where x is large, since lim (f(x) — P,(x)) = 0. 
°—>o 


When n = 1, the polynomial is linear and the corresponding line 
y = age 4+- a, iscalled a-rectilinear asymptote or simply an asynyptote, Tt 
is usually possible in this case to obtain a closer approximation that — 
takes the form 

f(a) = aor + a, + h/x" + o(@-™), (m> 1, k independent of «), 
so that if m is even, the curve y = f(x) is above (below) the asymptote ab ~ 
both ends when k > 0 (k <0); but if m is odd, the curve is above ab v 
one end and below at the other. % 

If a) = 0, the asymptote is parallel to the a-axis and if, in addition, — 
a, = 0, the asymptote is y = 0. LS 

Again, near x =a, a function f(z) may be expressible in the —_ 
f(x) = Kz — a)-™ + of{(@ — a)-™}, (m>0), and since in this case 
f(t) > + © as x—>a, we call «=a an asymptote of the curve, — 


Fzample. Let f(z) = si = 3 
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Using the result (l—#)-l1=1l+a2+4+a%+...+4+ 28+ O(2st1), when zx 
is small, we find 
JS (x) = x-3(1 + 2®\(1 + 2 + O(z*)) = 2-3 + O(a-2), x small; 
f(z) = — 2% — 1)-1 + O(1) near z = 1; 
and f(x) = — x~%(1 + x-2\(1 + 2-1 + Ofa-2)) = — x-2 + Ofa-8) 
when |2| is large. 

1.6. Derivatives. If f(x) is defined for all z in the interval 
a <x <6 and if a, is a value in the interval, the function F(z) given 
by 

F(a) = {f(@) — fle) }/(@ — %) 
is defined for all points of the interval except x = 2. 

If F(x) tends to a limit when x — z,, that limit is called the derivative 
(or differential coefficient) of f(x) at «= 2, When the derivative exists 
for a certain domain, it is a function of «, and is usually denoted by f’(z) 
or dy/dx, where y = f(z). 

The limit F(x, + 0), if it exists, is called the derivative on the right 
of x, (or progressive derivative); and F(x, — 0) is the derivative on the 
left (or regressive derivative). 

It is more convenient in practice to take the definition of f’(z) in the 


form : 
beige LIE mc ee) 
it i 


to which the above is obviously equivalent. 


Notes. (i) Continuity of f(x) is necessary for the existence of f’(x), for obviously 
the limit cannot exist unless f(x + h) tends to f(x) as h tends to zero. Continuity 
is not, however, sufficient as may be shown by the following examples. 

(a) Let f(x) = |x|. This is continuous for all x; but f(+0) =1, whilst 

"(—0)=—-—1. 


(6) Let f(x) = x sin (1/x) (where in this and in other cases we assume for illus- 
trative purposes the properties of elementary functions). Since |f(x)| < |z|, the 
function is continuous at « = 0, if /(0) is given to be 0. 

But lim {h sin (1/h) — 0}/h does not exist because sin (1/h) oscillates between 

h—>0 
—land +1 ash->0. 
(ii) A more general definition of the derivative is given by 
lim {f(a + hy) — f(x + hg) }/(hy — he) 
where h,, h, —> 0 independently. 

This may exist when the ordinary derivative does not. 

For example (h, = — hy = h) lim {f(x + h) — f(a — h)}/2h, (called the central 

h—>0 


derivative) exists when f(x) = |x|, its valu at x = 0 being lim {{h| — | — A] }2h, 
1.€, Zero. 

1.61. Higher Derwwatives. If f'(z) has a derivative. this is denoted 
by f(z) or d*y/dx* (if y = f(x)) and is called the second derivative. Simi- 
larly f(x) may have third and higher order derivatives, the derivative of 
he nth order being denoted by 


f(a) or d"y/da”. 
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1.62. Rules for calculating Derivatives. If f'(x), ¢'(x) are known, it 
is easy to establish the formulae : 
d ee ; _fe-¢¥ 
git M=f+¢s 2) =fb+H' (4/8) = B 
It will be assumed that these results are familiar to the reader. 


1.63. The Derivative of vi, Uz, . . . Up (u, being a function of x). If 
Pit, ty... Hy tae FB = a Py ee 
i.e. Pi /Ps aT Un /Un +e 1 / Peek 


and by repeated applications of this result we find 


P,) = (thy thy c's. Ug) (toy! [thy thy! Ug «2-2 Uy’ /ty): 
Note. This formula is, of course, obtained immediately by differentiating 
log P, = Z log u,. 
1.64. The Derivative of x" (n being a positive or negative integer). 
In § 1.63, take u, = 4,=...=4, = 2, then 


Se) = 2"(n/x) = na”! (n positive) 
If n = — m (m positive), + (a = —max"-1/4™ by the quotient 
formula, so that fe) = nz"~1 also when n is negative. 


1.65. Leibniz’s Theorem for the nth Derivative of a Product. Tf u, v 
are functions of x, then 
a" du d"—lu dv py ere d™ 
da" Carn ea Cama © mi 
This may be proved easily by induction, with the use of the identity 
0, + "C,_, = "tC, (e.g. Hardy, Pure Mathematics, p. 101). 


1.66. Derivative of a Function of a Function. If f(x) is continuous, 
and if for the values of z(= f(x)) F(z) is a continuous function of z, then 
F(z) is a continuous function of x; for f(x) —> f(a) when x— a, and 
F{fla)} > F {fla,)} when f(z) > f(e,). 

Also suppose that «, is a point where f(x) is net equal to f(x,) in a 
sufficiently small neighbourhood of 2, ; i.e. suppose that 6(> 0) can be 
found such that f(x) —jf(z,) vanishes only at 2 = 2, in the interval 
| —2|< 6, then 


F@) — Fa) _ F(2) — F(:)2 — * — * (except at 2 = 2,), since z — z #0, 
Z— Z—-2 ‘2 2, } A 


ie. oF) exists at z, and is equal to F’(z,).f’(z,), if the derivatives 
F’, f’ exist. 
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1.67. Derivatives of the Rational Function. The above results are 
obviously adequate for the determination of the derivatives of any 
order of 


R(x) = (au" + ar" +... +4,)/(bor™ + ba™-1 +... .46,,) 
Examples. (i) Find the derivative of (u, uw... . Uy)/(¥, Uz. - + Um), Where 


n m 
U,, Vs are functions of x. Let P = Jlu,, Q =TIv,, then 
1 1 


CE\e eH Pe Ee biG ty Uk... he Buy > My, 
z(9) eo gre At - =) Twi areal! ,. a) 
(the result being also obtained by the use of the logarithmic function). 
(ii) The derivative of {x°(~ — 2)}/(5a + 2)? is by (i) 
x2 — ee 4 Lt ta f0 ) _ 2u2(a + 1)(5% — 6) 
(5a + 2)? (5a + 2)8 


za 2-2 be+2 
(iii) Prove that (at — 1)"} = 2™m! when « = 1. 


By Leibnix’s Theorem a ~ 1x + 1)%} 
= (a + 1)"n! + n(a + 1)"-Lal(x2 —1) 4+... "ax — 1)r 
= 2m! when z = 1. 

1.7. Graphs of Functions of the Real Variable. It is assumed 
at this stage that we are dealing with explicit (one-valued) functions of 
x, although later we shall consider graphs that correspond to implicit 
relationship between two variables. In order that the graph should 
bring into evidence the salient features of the functional relation, it 
should at least indicate 

(i) where the function y is increasing (or decreasing) ; 

(ii) the stationary values, if any, including the relative maxima and 
minima ; 

(iii) the neighbourhoods, if any, where y is large (or small) or has a 
value associated with a particular problem ; 

(iv) the behaviour of y when z is large ; 

(v) the behaviour of y at any exceptional points peculiar to the 
function. 


1.71. The Stationary Values. If f(x) possesses a derivative f’(a) at 

x =a, we may write 

fla + h) — f(a) = If'(a) + off) 
and therefore if f’(a) is positive (negative), f(x) is increasing (decreasing) 
near a. 

The line y — f(a) = (x — a) f'(a) is the tangent at P(a, f(a)) to the 
curve y = f(x), since this line is easily shown to be the limiting position 
of PQ when Q— P along the curve. 

If f’(a) = 0, the tangent is parallel to the x-axis, and the function is 
therefore said to have there a stationary value f(a’. 

Now when f’(a) = 0, it is usually possible to write f’(x) in the form 
(a — a)"$(x) where $(a) ~ 0, m is an integer > 1 and ¢(x) is bounded 
and of constant sign near 7 = a. 
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If m is even, the curve crosses the tangent, since f’(x) does not change 
sign as x increases through the value a. Such a tangent is called in- 
flexional, and it is usual to refer to the point (a, f(a)) as an inflexion, 

If m is odd, f'(z) changes sign as z increases through the value a, so 
that f(a) is a minimum when ¢(a) > 0 and a maximum when ¢(a) < 0. 

Example. Discuss the stationary values of x°(x — 2)/(5a + 2)?. 
dy _ 2x*%(x + 1)(5x — 6) 
dz (5a+2)> ” 

Near x = 0, f(z) = 2%{+)(—)/A(+); Inflexion. 

Near « = — 1, f(z) =(x + 1)(+); minimum. 

Near x = 6/5, f(z) = (5a — 6)(+); minimum. 

1.72. Graph of the Polynomial. Let 

y = Plz) =a" + aya ' +... + ay, 

If b = P(a), then y — b is of the form (x — a)*Q(x) where Q(a) #0 
and 1 <s <n (so that Q(x) is a polynomial of degree n — 3). 

If s = 1, the tangent is (y — b) = (x — a)Q(a). 

If s > 1, the tangent is y = 6, and the shape of the curve at (a, b) 
is approximately that of (y — b) = (w — a)'Q(a). 

This is the same as that of y = Az’ at (0, 0).(A = Q(a)). The shape 
of y = 2° is readily seen by plotting a few points on it in the first quadrant 
and completing it by symmetry. The shape of y = Az* can be deduced 
from that of y = 2’. 

Thus (i) y = 2 is symmetrical about O if s is odd and it is symmetrical about 
the y-axis if s is even. 

(ii) When A > 0, the curve y = Az* is obtained from y = x* by increasing the 
ordinates in the ratio A: 1. 

(iii) When A < 0, y = Ax is obtained from y = — Az* by taking the reflexion 
of the latter in the a-axis. 

Notes. (i) For a curve to be of practical value, it may be necessary to have 


different scales on the axes. 
(ii) It should be noted that if m >n, (A, B 0) 


|Aam| > |Bar|, x large; |Aa™| < |Bz"|, x small. 
Examples. (i) y = x*/10; (ii) y = 1023; (iii) y = — 2/900 (Fig. 6). 


The graph of the polynomial is sufficiently indicated by a knowledge 
of the stationary values, of the points where y = 0 (or any other suitable 


Here 
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value c) and of the shapes there ; and finally of the shape when 2 (and 
in this case y) is large. 

The stationary values of y = P(z) are given by the equation P’(x) = 0 
and if the real roots of this equation are known it is a simple matter to 
complete the graph and to deduce, if required, the real roots of the 
equation P(z) = c. If, however, the roots of P’(x) = 0 are not obvious, 
it may be possible to draw the graph of y = P’(x) by the methods sug- 
gested for y = P(x); and we should naturally avail ourselves of the 
results that occur in the theory of equations if these are more readily 
applicable than purely geometrical methods. 

Notes. When f(x) is given by f(x) = ¢(x) + o(¢(x)) near (a, 6), the shape of the 
curve is approximately that of y = ¢(x); if y—» «© when 2 —> a it is convenient 
to refer to this neighbourhood by the symbol (a, ©). Similarly the symbol (<0, «) 
refers to the neighbourhood in which 2, y are both large. 

Examples. (i) y = 4(35a4 — 30”? + 3). (Legendre’s Polynomial P,). 

Symmetry about z-axis. y =0 when x= + 0:86, + 0-34. At (a, ©), 
8y = 352%. At (1, 1), y’ = 10. 

y’ = 0 at (0, 3) (maximum); and at (+ 0-65, — ?), (minima) (Fig. 7 (a)). 


yoxx-TP(x*+1) 


y=xix-ax-Wx2x-9) 


8y-35x4-30x743 
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(ii) y = a(x — 4a — 1)(z* — x — 4). (Bernoullian Polynomial 4;.) 

Symmetry about (4, 0); y = 0 when x = 0, 0-5, 1, 1-264, — 0-264. At (0, 0), 
y = — &/6; at (4, 9), y = (0-15) (« — 4); at (1-264, 0), y = (0-39)(2 — 1-264), 
y’ = 5a%(x — 1)2 — }, giving (1:16, — 0-02), (minimum); (0-24, — 0-02), (mini- 
mum); (0-76, 0:02), (maximum); (— 0-16, 0-02), (maximum). At(o, ©), y = 2° 
(Fig. 7 (6). 

(iii) y = xz — 1)%x*+ 1). At (0, 0), y= —a*; (1, 0), y = Ax —1)*; 
(co, ©); y= a". 

Stationary values (other than above), given by 7x? — 4a? + 5a —-2=0. 

Since 212" — 82 + 5 = 0 has no real roots, the above cubic has only one real 
root. (x = 0-44), giving y = — 0-04 (minimum) (Fig. 7 (c)). 

1.73. The Graph of the Rational Function. Let the function be 
y = P(x)/Q(x) where P(x), Q(x) are polynomials. The approximations 
in the following neighbourhoods should be determined : 

(i) At (a, 0) where a is a real root of P(x) = 0. The shape there is 
given by an equation of the form y = A(x — a)’ (r integral and positive). 

(ii) At (6, co) where b is a real root of Q(z) = 0. Here the approxima- 
tion is of the form y = B/(x — a)*, (where s is a positive integer > 1). 

(iii) When is large where the approximation may take the form 
y = Az’, At + B+ C/a™ (where A,, B may be zero). 
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(iv) At the stationary values determined by P’Q = PQ’. A know- 
ledge of (i), (ii), (iii) often enables us to state the number and approximate 
position of the stationary values. 

The approximations are therefore of two kinds (a) y = Az’ which 
has already occurred in the polynomial and (b) y = A/z’* which is new 
(s> 1). 

The graph of y = 1/2‘ is readily drawn in the first quadrant; y 
decreases as x increases and the axes are asymptotes. The curve may 
be completed by symmetry. 


The curve y = — 1/z* is the reflexion of y = 1/zx* in the z-axis. 
The curve y = A/z* is like y = 1/28 when A >0 and like y = — 1/a#* when 
A< 0. 


Also it is important to note that (A, B 0). 
|A/xm| >|B/an|, x small; |A/x™|< |B/x"|, x large; (m >n >0) 
Examples. (i) y = —2/x*; (ii) y =1/x* (Fig. 8). 


(1) 


Fia. 8 


1.74. The Binomial Expansion for a Negative Integer. In finding 
approximations to the rational function it will be found necessary to use 
the expansion for (1 — x)~” when » is a positive integer and 2 is small, 
This may be obtained as follows : 


The identity : 


— gtr : ; 
= =l+eta?t...+a"t-!1 js true if 


x +1, n, r being positive integers. 

The (n — 1)th derivative of 2"*"/(1 — x) can be discontinuous only 
when x = 1 and is obviously of the form O(2"*) when « is small. Thus 
by differentiating the rt (n — 1) times we find 


tar oa a(n at Oey OE Ofer) 
Le. 
Lit gy 15-4 peg NOCD at Miksa Maite yes (n+7—l) 6 1 Q(artt) 


(l1—a)" ‘ah r! 
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Examples. (i) y = {x°(x — 1)}/ {(z + 1)*%(a — 2)?}. 
At (0, 0), y = — 2°/4; (1, 0), y=(e—1)/4; (—1, ©), y = H(z 4+ 1)-2; 
(2, 0), y = §(x — 2)-2; (0, 1), y=1+1/e + o(1/z). Stationary values when 


z?+ Tz —6=0, giving (0-77, — 0-02), (minimum) ; hip 7-77, 0-94), (minimum). 
(Fig. 9 (a).) 
y 


__(x-17 
I= S88 +9) 
(b) 
or a. | 


x3(x~5)? 
y x+l 


a AKAN 
y (x4 1h (x-2P 


_ 3x7(cr2) 
ox 


nee y=x? 
aps it see y=xP-llx? 

. y=x?-I1x? +36x 
yx? +36x-36 


Fia. 9 
(ii) y = (w — 1)8/ {w*(x? + 9)}. 
At (0, 0), y = — }x-2; (1, 0), y = yy(e — 1)*; («, 0), y= 1/e. Only 
other stationary value (6, 0-08), (maximum). (Fig. 9 (6).) 
(ili) y = 3a*(a% + 2)/(~ — 1)?. 
At (0, 0), y = 627; (— 2,0), y = d(x + 2); (1, ©), y = Wax —1)-2; (ce, «), 


y = 3x + 12 + 21/x. Stationary values (4, 32), (minimum); (— 1, 0- 78), (maxi- 
mum). (Fig. 9 (c).) 
(iv) y = a(x — 5)*/(a + 1). 
At (0, 0), y = 25u*; (5, 0), y = 25(@ — 5)?/6; (—1, ~), y = 36/(x + 1). 
(aw — 2)(a — 3)\(a — 6) + O(1/x). Stationary values (2, 12), 


At (©, ©), y 
(maximum); (— 1-67, — 185), (maximum). The various approximations at 
(co, oc): x3, 23 — 1la*, x3 — 1lz? + 362, (w — 2)(2 — 3)(a — 6) are shown in 
the figure. (Fig. 9 (d).) 
Examples I 
Determine the character of the sequences whose nth terms are given in Hxamples 
1-33. 
Os A aks Se oe ey eee 
(1 — n)(2 + 3n) (n + 1)* (n — 1)(n — 2)(n — 3) 
51 wt) 6. CRIME Tt en | 7, Sant TONS nit (Qaay te Sionban) 
n 


n 
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J n—1 4 2n? +1 
. . ll. ts 
9. nsin 4nz 10 mo i (4nz) fas cos? (4nz0) 
bis ml omar ni +1 14. ante 
12. ri: 5° (4nz) 13. Foes Dae (4nz) - — n® sin (fn) 
: 2 + n? cos (4nz7) 
15. sin nz cos 4nz . 16. ae eo 17. n* + n® cos (fn) 
100 Qn 3n Ea 108 
My oo . nt y Siete 69S ee eee 
18. n? + n‘cos(jnz) 19 7 20. ntar 1 - 22 = (-— 1) - 
3 3 
24. 4n — f(4n), where f(x) is the greatest integer < 2. 25. wteit 
A |. BR 2 ic a 29 | 39, _ ee 
(m 4- 1)(n + 2) (n + 1)! n! n! antl +n +1 
31, tei t+) 32, 2" 33, 5" 
nan—1 +] nl n! 


34. Prove that in the sequence 1, 6, . . ., dn, . - . where dn41(1 + ay) = 12, 
42n+1 is an increasing monotone, dz, is a decreasing monotone and that a, —> 3. 

35. Show that the sequence 1, 1.4,.. .,@n,. . ., in which (2a, + 3)an41 = 4 +3ay, 
is monotonic and tends to 4/2.. 

36. If an41 = (6 + ap) and a, = 2, show that a, increases steadily and has 
the limit 3. 

37. Prove that if an41(a, + 2) = 4 and a, = 1, then a, — V/5 — 1. 

38. If an+i(an? + 4) = 5, show that a, —> l. 

39. If —2< a,< 1 and 3ay4; = 2+ a,3, prove that a, —> l. 

40. If a, = 1 and 2an+4.1(a,3 + 4) = a,(a,* + 16), prove that a, is monotonic 
and tends to 2. 

41. If a, = 2 and an+1(4 + 3a,,5) = a,(6 + 2a,5) show that a, tends to the 
fifth root of 2. 

42. If a, =}, a, = § and an41 = 3an + 4an—1, (n > 1), prove that a, —> }. 


43. If a> 0, 6 >0, show that the sequence a, b, 1/ab, . . ., Gp, .. . where 
Gn+1 = V (adn Gn—1) tends to at b8. 
44. In the sequence 2, 8, ..., Gn, ..., the law of formation is given by 


2d2n+1 = Gon + G2n—1, G2n+1 G2n+2 = G2n Gen—1. Prove that ay, —» 4. 
45. If a, is a monotone, show that (a, + a, +. ..-+ 4 ,)/n is a monotone of 
the same kind. 


Find the first derivatives of the functions given in Examples 46-852. 


5 gee a nS am tS 
(x — 1) — 2)8 (x — 2)" + 3)® (% + 3) + 1) 
he — 1) 50, 4 + 2c +5 
(x + 1)8(a@ + 2) 224 +3 
Ulta ga, eae 
z—1 (x — 7)" 
Find the third derivatives of the functions given in Examples 53-5. 
= I \Sf DN ONS SL x? +1 
53. (x — 1)%a — 2)%x — 3) 54. (a? — 1) 55. arte a 


; othe (x + 1) 
56. Find the nth derivative of @-)%e—%) 
57. Show that if a> 6, the zth derivative of ccna is 
f ( — az — b) 
(- a | Ila+M  I+M } 
(a — b) \(a@—a)nt (w — b)nt2 
and find its value when a = b. 
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58. If u =(x22+ px+q)", show that (x? + pr+q)u’ =n(2x + p)u and 
deduce that the equation = (x? + pa + ot} — n(n + ljyy = 0 is satisfied by 


qn 
1 2 +20 + ey. 


Sketch the graphs of the polynomials given in Examples 59-74. 


59. 227+1 60. 28 —2+1 61. (x — 1)(% + 2)(~ — 3) 
62. (x — 1)°%(x + 1) 63. a4 +4¢—1 64. (x? + 1)(a? + 2) 

65. x3 — 247 + 2-2 66. (22 + 1)(a?+4) 67. 25+ 5a —2 

68. (a + 1)(a% — 1) 69. (a? — 1)(z? — 4) —4 

70. (2x —1)(z®+a2+1) 71. (x* — 1)%(x? — 4)? 72. x5(a — 1)%(x + 1) 
73. (1 — x)%(1 + x) 74. “(x — 1)?(z* + 1) 


Sketch the graphs of the following sets of polynomials, drawing each set in the 
same figure (Examples 75-8). 

75.1; l+a; 14+a-+ $2?; 14+ 2+ 42? + 42° 

76.1; 1—4a*?; 1 — fa?# +34 

77.1; 14+ 3"; 1+ 3a + 3a%; 1 + 3x + 3a? + 28 

78. 2; o©— Jar; x — fax? + yhye* 


Determine the polynomials satisfying the conditions in Examples 79-88. 


79. y’ =2; y =0 when z = 0, 1. 

80. y’ =4; y=0 whenz=1; y’ =1 when «= 0. 

81. y’ =2; y =2 when z =0, 2. 

82. y’ = 6x; y =0 when z = 0; y’ = 0 when x = 1. 

83. y’”’ = 6; y =0 when x =0; y’=0 whena=1; y” =0 when z = 2, 
84, y'” =12; y =0 when z = I, 2, 3. 

85. yw =1; he: a0 whens act: 1 

86. yw = 1; y =0, y” =0 when z = 0, 1. 

87. yi® =1; y, y =0 when z=0; y, y” = 0 when x = 1. 


88. y™=1; y, y =0 when z=0; y”, y’” =0 when z = 1. 
89. If the polynomial P,,(x) (Legendre’s) is defined by the relation 


1 dn 
P,(x) = Sai” i 
prove that 
(i) P, =a; Py = 9a? -—4; P; = §a* — ga; Py = Ahat — Loa? + 5. 


(2n)! nn—1)_. . , un—1\n—2\n—3) 
(ii) Pale) = oe ane riggg ii" Cats hala ++}. 


(iii) (1 — 22)P,” — 2aP,’ + n(n + 1)P, = 0. 


Sketch in the same figure the sets of polynomials given in Examples 90-4. 

90.2; 2-4; — fa; xt—22+}4 (Tschebyscheff’s Polynomials). (If 
a = cos 0, these are the values of 21—" cosnO, n = 1 — 4.) 

91.1; a; $e?9—4; 2e?—a2; Mat — at + 2. (If x = cos 0, these are the 
values of sin m 0m sin 0), n = 1 — 6.) 

92.1; 2a; 4z%--2; 823 — = 16a* — 482% + 12 (Hermite’s Polynomials). 

(The Hermite Polynomial H,,(x) may be defined by the relations : 
Hy, (x) = (— 1)"e®*dn(e—2")/da" or Hn+1 = 22H, — Hy’, Hy = 1.) 

93.1; l1—w; 2—4x%+ 27; 6 — 18x + 9x? — x® (Laguerre’s Polynomials). 
(The Laguerre Polynomial L,,(x) may be defined by the relations : 

Ly(x) = etd"(are—*%)/da” or Inti = ie +(n+1—2)L,, Ly = 1.) 

94.2; w—2; wx — fx? + 42; — 223 +a%; oS — Sat4+ fa5 — he 
\Bernoulli’s Polynomials). (The Bernoulli imate n(x) are the coefficients of 
i"/n! in the expansion of (te -— t)/(et — 1). Note that $4 = $33, $s = $3 ($2 — })-) 

95. Draw the graph of y where y = 3x, (x< 1); y = 2° + 32-1, (x > 1); 
and show that y, 9’, y” are continuous. 
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96. If y=24, (vx< 1); y = 425 — 62? + 4x — 1 (@ > 1), show that y, y/’, 
y”, y’” are continuous functions. 


Sketch the graphs of the functions given in Examples 97-106, and point out 
any discontinuities of the functions or their derivatives : 

97. |[l+2|+[l1—2| 98. |(@—1)(e—2)| 99. Je + 1] + |2| + |e — 1] 

100. |x? — 1| + |z? — 4 101. z|x — 1| + (x — 1)|2| 102. x*|x — 1| 

103. |(x — 1)(x — 2)| — |(x — 2\(e — 3)| 

104. f(x — 1) — f(x + 1), where/(x) = 2? whena > Oand/(x) = 2% whenz < 0. 

105. f(z + 1) — 2f(z)+/(z—1), where f(x)=0, (<0); f(x) = 2%, 
(0< #< 1); f(z) = 22-1, (x >1 

106. (% — 1)f(x — 1) — 2af(x) + («+ I)f(x +1), where f(x) =2, (a> 0); 
J(z) = 0, (x< 0) 

107. Show that zx‘ + a + 1 does not vanish for any real value of x. 

108. If y = 2x5 — 15xt + 4025 + 10x? + 102 — 10, prove that y” vanishes 
once only and that y increases steadily with 2. 

109. Show that the equation x? + 3x + 1 = 0 has only one real root and that 
this root lies between — 0:3 and — 0-4. Find its value correct to two decimal 
places. 

110. Prove that 2° + 5x -+- 1 increases steadily with x and find the real root 
of the equation 25 -+- 5x 4-1 = 0 correct to two significant figures. 

111. Sketch the graph of y = 2x5 + 20x? + 10% + 1 and show that 


(i) y’ is a minimum when 2 = — 1, y’ = — 20. 
(ii) y has a maximum at (— 1-49, 15-8) and a minimum at (— 0-25, — 0-25), 
(iii) y vanishes when # = — 1-96, — 0-14, — 0-36. 


112. If the equation 2" — npx”~1+4+q=0 has a repeated root prove that 
either g = 0 or g = (n — 1)n—1 pn. 

113. Show that the function A(x — a,)"(% — ay) ... (2 —a,)" where 
@,, Gy, « « ., Gy are real and different and m,, m,,. . ., my are positive integers, has 
(r — 1) non-zero stationary values. 

114. Prove that if the quintic 25 + ax* + bx + ¢ has a triple linear factor it 
never decreases. 

115. Prove that the derivative of x(x — 1)*(~-+ 1)* vanishes at (— 1, 0), 
(—0-5 ., — 0-02 .), (0, 0), (0-7 ., 0-26 .), (1, 0). 

Find the real solutions, correct to two significant figures, of the equations 
given in Examples 116-21. 

116. 2° + 2%7=2 117, (2 —1)%4+1)=4 118. (224+ 1)\(2?-—4)+a=0 

119. at — 223 = 4 120. 7x* — 8x’ = 100 121. 2 — 32? = 60 

Find, for Examples 122-31, the leading term of the approximations to the 
functions given, in the neighbourhoods mentioned. Also give the asymptotes, 
where these exist. 
x*(a2 — 1) 


122. 29(2 — x)*(1 — 3x)® at oo 123. 3s 8 at co, —1 
Ungar at Pin 18. oe 0, ite & 
126. a et + 3 at w, $2 127. oe) a wo) 3,3, 28 
128. ey wt Sen, 129, eee at oo, J 
139, Ge UN SY ok toy yo 131, ED oe, wie 


a(x — 1) " (@ + 2)%@ — 1) 
Establish the spproximations for x large in Keamples 132-5. 
(a? + 1)(2e +3) _ 2 1 
13 @— 1243) pe ra 
7 (a — 1)*(a + at o( ) 
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x*(2a + 1)8 45 1 
13s Se “ er = 
ee 8 ell ies (=) 
(x — 1)(2x + 3)(3e —1) _ 79 1 
134. ia es =S +N +5 + o(5) 
16(a — 2)9(x? + 4) 1 
1 Se Se 3 a 2 — a 
35 Eady 7 82" — 28a + 10x — 128 + o(-) 
Sketch the graphs of the functions given in Examples 136-56. 
igo , Peete TA. ghey 2 co Sos shy 
a—3 x—3 (a + 1)(@ + 2) (w — 1)(a@ + 2) 
Re se gc la 1 a 
(a — 1)*%(~@ + 1) x(x? + | 1) (x + 1)(a% + 4) 
1 x E) 
AAS oS 144, - 1 page Dac A oS 
(aw + 1)(a + 4)? (w + 1)%a + 4) (x + 1)(z? + 4) 
1 z?—] (zw — 1)(a — 5) 
HG. a ee Oe eles Jaa EAE ee 
(a? + 1)(a? + 4) (a? + 1)(a* + 4) . (a — 2)(% — 3) 
149, 37-5 _—s yg, TH +2 yey TAT—-2) yep 1 _ 21 
* (w — 2)(a — 3) * (@ — 2)(z — 3) * (e— 1) “gs os 
3 1 a4 Frid (a? + 1)? 
. —— oOo 4, ees 1 ee tates’ 1 | ill =o eae 
teh: 4x 4a? x*(a? + 1) : ai+4 ns a(a + 1)? 


157. Prove that ie ee ») always lies between 9 and — 1. 


158. Prove that there are“three real values of x that satisfy the equation 
a(a? + 1) = (% + 1)(a + 3)? if either 7+ 3V6< a< 16 or 7—3V/6< a< 0. 
159. Sketch in the same diagram the graphs of the functions 2?; 2? + 2; 
wta2—2; 2244-2 —2/2. 
160. Find the range of values of a for which the equation 
(a — T)a* + 5az* + (4a — 13) = 
has (i) 4 real roots, (ii) 2 real roots only. 

161. Sketch the graph of the function y = (x? — x + 1)8/{x?(x — 1)}, and 
show that for a given value of y > 27/4, there are 6 real values of x, such that if 
x, is any one of these values, the other five are 1/x,, 1 — 2, 1/(1 — x), 1— 1/x,, 
%,/(%, — 1). 

: : 2a3 + 3x2 — 36x — 36 
162. Find the stationary values of ia + 63a — Ox — 12) 

163. Prove that (x — 20)(% — 13)/(x — 4) takes all values except those in a 
certain interval of length 48. 

164. The following formula occurs in Laplace’s exposition of the theory of 
Saturn’s rings. 

fe 0) lg canmy 
p (A+ 1K3e + 1) 


where p is the density of the ring, 2 the ellipticity of the cross-section of the ring, 
and « is a constant (>0). Show that the density has a minimum value when / 
is approximately equal to 2-594. 

Sketch the systems of curves given in Examples 165-74, where a is a variable 
parameter. 


165. y = x + ax 166. y = x(x + a) 167. y = a(x? + a) 
168. y(z + a) =z? —1 169. y(x + 1) = x(x 4+ a) 
170. (x + a) = x? (x — 1) 171, ya@+1)=2%*+a 


172. y(a — 1) = x(x — a) 173. yz* = 2? —a 174. yx =a? +a 
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Sketch in the same figure the five functions obtained by taking n = 1, 2, 3% 4, 10, 
in Examples 175-82. 


1 x+n a? — n? (nae + 1)2 
275, (——— 17 ogee: 176, UE 2S hig Se 
z+n © Gate Se a? +n? 1 + n?2? “ (nx? 4- 1) 
nz —1 an nan 
180. . 1 1 fn? Meee 
' nz+1 “T+ aim 1 + nan-1 
Solutions 


Notation: c, ©, — «0, OF, OI mean respectively for Examples 1-33, ‘tends to c* 
“tends to + 1’, ‘tends to —- ©’, ‘ oscillates finitely’, ‘ oscillates infinitely’. 


1. —4/3 2.0 3. ie 4.0 5. — a 6.3 
750 8. OF 9. OI 10. OF il. «© 12. 0 
13. OL 14. OF 15. 0 16. OF 17. 18. OL 
19. 0 20. 0, ({a| < Bs ©, (e¢> 1); OL, (e< —1) 21. 0 
22. 0 23. 0 OF 25.0 
26. 0, (x >1); 0, (lal < 1); OL, (w< —1) 27. 0 28. 0 
29. 0 30. 1/2, ([z|> 1); 1, (els 1) 
31. 2, (\z|> 1); 1, (|x| < 1). 00 
7—2-+ 2? — 3x5 2 — 30 — 728 
46. = PENG cA SAE xr AAT dad 
(@ — 1)%@ — 2)" (x — 2)%(x + 3)° 
1 1 x(a — 1)2(2x5 + 152? + lla — 10) 
OP (ey eae — Oe ne 
* 2(x% + 1)? i 2(z + 3)? (a + 1a + 2)8 
ws ‘S = 2h 
50, 23 + 182% — 202% — Gxt — 4x*) 51, _— 8" 
(2x + 3)? (a? — 1)? 
aS — 1)%x — 3)3 
52. ee ye 5S. 12(10x3 — 602? + 116 — 72) 
6 2 10 
54, 2_ 3 J RR eam EOE Rea Dy laa al 
a ) (~—1 @+1) (2 —2) 
3 3 2(n + 1) } 
nine Poni SoS se eke eee es SIE 
56. (— 1) ate Setar eg ces ee as 
57. (— 1)".n! {L(x + na) + (n + WO ar 
79. x(x — 1) 80. (x ~- 1)(2% + 3) 81. ~? — 2742 
82. x(xz* — 3) 83. a(x — 3)? 84. 2(x — 1)(~ — 2)(x — 3) 
85. 2%(x — 1)? 86. ,),a(% — 1)\(a? — x — 1) 
87. ,27(x — 1)(2% — 3) 88. .\27(x? — 4x + 6) 
97-106. The functions are continuous. Also: 
97. y’ is discontinuous at +-1. 98. y’ at 1, 2. 
99. y’ at 0, 41. 100. y’ at +1, +2.. 101. 7’ at 0, 1. 
102. y’ at 1. 103. y’ at 1,3; y”at2. 104. y’ at +1. 
105. y’ continuous, y’’ discontinuous at 0, -+- 1, 2. 
106. y’ continuous, y’” discontinuous at 0, -+- 1. 109. — 0-32 
110. — 0-20 116. 1 117. 2:1 118. 1-9, — 2-1 
119, 2-3, — si 120. 1-6, — 1:3 121. + 2-0 122. — 2727 
123. 427, — ar asymptote « = — l. 
1 
tte 4, noradalitn., =0,%=-—1. 
- Se +1) asymptotes y = 0, x | 
27 36 
125. . —a.. Clef ee — = : =_ * 
da 32Q2 + 1)" @ + 2) asymptotes x re, 2 
— 56 24 
126. 4, —-_—__—_., ——___,, te: =%§, 2¢=4, 2 =2, 
bees —1y He say Oy HB 2 
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9 3 —3 
27. bee ee newt =. Bs = & 
127. 2; er — 1” ae — 2) 10a + 2) asymptotes y=}, r= }4, x =2 
z= —2. 
i. Bis totes y=a—l,z=—3,2=1 
"iia nt eh 
45 32 = 972 
; a =27—9,z2=1. 130, x, ——, ——., 
129. 2x, eon asymptotes y = 2x — 9, x= 1 at ack 
asymptotes x = 0, r= 1 


131. 3, asymptotes y = 3,7 = —2, 7 =1. 


4 
(a + 2)" O(a —1) 
160. 4 real roots if 2< a< 3}; 2 only if 3}< a< 7. 
162. Maxima at « = — 3, 0, 6; minima at z = — 2, 2. 


CHAPTER II 


MEAN VALUE THEOREM. FUNCTIONS OF SEVERAL 
VARIABLES. TAYLOR’S THEOREM WITH REMAINDER. 


2. Sets of Points. Suppose that we have a set of points, infinite in 
number on a straight line (the z-axis for example). If they are all on 
the right of a fixed point L, the set is said to be bounded on the left (or 
below). If they are all on the left of a fixed point G, the set is bounded 
on the right (or above). If G, L both exist, the set is said to be bounded. 

Example. The set: 0,.. ., 0-0001, 0-001, 0-01, 0-1, 1, 1-9, 1-99, 1-999, . . .; 
is bounded. Take @ = 2, and L any negative number. 

No loss of generality in the description of these sets usually arises 
if we confine our attention to bounded sets, since, for example, by such 
a relation as 


x 

2a? + 1) 
we establish a one-one correspondence between the z-axis and the interval 
(0, 1) of the y-axis. Also the order of the points is unaltered by such a 
transformation. 


2.01. The Process of Bisection. This is a process that is frequently 
used to establish properties of sets. Let f(x) be a function of the points 


y +5 (the positive radical being chosen), 
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x of a closed interval AB, and suppose that f(x) possesses a property in 
the interval AB, which is of such a kind that it must be true for at least 
one of the closed sub-intervals AC, CB where C is any point of AB. 
Call an interval EF for which the property is true a suitable interval. 
Bisect AB at K; then one at least of the intervals AK, KB is suitable. 
Denote such a one by A,B, (Fig. 1), bisect it and obtain similarly a 
suitable interval A,B,. .If this process is continued, we obtain two 
monotones A, A,, A,, . . ., B, B,, B,,. . ., the former increasing, the 
latter decreasing (in the broad sense), and both bounded. They must 
therefore both tend to limits, and since lim A,B, = lim (AB/2") = 0, 
26 
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they have a common limit P. By this process, therefore, we have 
obtained a point P near which f(x) has the given property; i.e. given 
€ (> 0), however small, at least one point P exists such that f(x) possesses 
the property throughout the interval |x —z,|<e. It is naturally 
assumed that the property specified for AB is one that is not necessarily 
satisfied for every sub-interval of AB. For example, it may be given 
that f(x) possesses both positive and negative values in AB. Whilst 
this property is obviously not necessarily satisfied in every sub-interval, 
the process shows that there must exist at least one point, near which 
the property is satisfied. 


2.02. Limiting Points. If a point P exists (not necessarily belonging 
to the set) near which there is an infinite number of points of the set, 
P is called a limiting point (or point of accumulation). This means that 
given ¢ (> 0), however small, an infinity of points of the set lie in the 
interval |z — x,| <«. There need not be an infinity of points on both 
sides of P in this interval and they may all lie on one side. Thus the 
end points of an open interval are limiting points. In the above example 
(§ 2), 0, 2 are limiting points, the latter not belonging to the set. 

A bounded set of points (infinite in number) must contain at least 
one limiting point. For by the process of bisection, there must exist at 
least one point P near which an infinity of points of the set exists. 


2.021. Upper Limits and Bounds. In general, a set contains more 
than one limiting point; the greatest of these is called the upper limit, 
and the least the lower limit. 


Note. When the set is unbounded above, we say for completeness that the 
upper limit is + «©; similarly the lower limit is — oo when the set is unbounded 
below. 


ee eee ee 2... ede LY, “Lil, . . . % Bee 98 OE. 2s 
3,4. The limiting points are 0, }, 3. 0 is the lower limit and 3 is the upper limit. 

The least number which is not less than every number of the set is 
called the wpper bound ; and the greatest number which is not greater 
than every number of the set is called the lower bound. In the above 
example, — 2 is the lower bound and 4 the upper bound. 

If the upper (lower) bound belongs to the set, it may be called the 
maximum (minimum). The maximum (minimum) is greater (less) than 
or equal to the upper (lower) limit. If the upper (lower) bound does 
not belong to the set, it is the same as the upper (lower) limit. 

The simplest way in which sets of points arise is through functional 
relationship. Thus if a <2 <b and y = f(x), the numbers f(x) form a 
set of points; and if, for an infinite interval, x has only the values 
1, 2, 3, ..., ”, .. ., f(v) is a simple sequence, which thus constitutes 
the most elementary set of points. 


2.022. The Simple Sequence. (i) If the sequence a, is convergent, the 
set a, has only one limiting point, viz. the limit of the sequence. 

(ii) If the sequence a, is bounded but not convergent, the set a, 
must have at least two limiting points. The upper limit is in this 
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case denoted by lima, and the lower limit by lima,. The difference 
(fim a, — lima,) is called the Oscillation. picgi 
(iii) If a, —> + 0, we may call + oo the (only) limiting point of 
the set; and if a,—> — o, then — oo is the only limiting point. 
(iv) If one of the extreme limits is infinite (+-), and there is at least 
one other limiting point (finite or infinite), the sequence oscillates infinitely. 


Note. Insuch a sequence as 1, — 1,1, —1,. . ., the numbers 1, — | are limiting 
points, since they occur an infinite number of times. 

Examples. (i) 2, 3, 4, 5, ...; lower bound, 2 (minimum); upper bound 
(and limit), + o. 

(ii) 0, 101-”, 3 — 101-" (n = 1, 2, 3,. . .); lower bound, 0 (minimum) ; lower 
limit, 0; upper bound, 3; no maximum; upper limit, 3. 


(iii) cos 4nz + * cos nz; lower bound, — 4/3 (minimum); upper bound, 7/6 


(maximum); four limiting points, + 1, + 4; upper limit, 1; lower limit, — 1; 
only limit belonging to set, — 34; oscillation, 2. 

(iv) x — 20 cos (4nz); lower bound, — 14 (minimum); no finite limit; upper 
bound (and limit), + 0. 

2.03. Derived Sets. The set H’, which consists of the limiting points of 2, is 
called the derived set or first derivative of Z. If EH’ possesses an infinite number of 
points, it also possesses a derivative H’”. Similarly there may be any number of 
higher derivatives. If any derivative #() contains a finite number of points, the 
next derivative H(+1) is void. In this case H is said to be of the first species (of the 
nth order). If there is an infinite number of derivatives, the set is of the second 
species. 

Examples. (i) The set (= + * ao -) where m, n, p take all positive integers 


for their values. Denoting the set by H, we have EH’ = (0, ¥ J + 3) ; 
mm mn 
EE” = (0, =) ; EH’ =0; Ht) void. LE is of the first species and third order. 
(ii) If # is the set of rational numbers in (0, 1), then HZ’ is the set of real numbers 


in (0, 1), so that H’ = H” = H’’ =... and E£ is of the second species. 
2.04. Sum. The set consisting of every point that belongs to at least one of n 
given sets H,, H.,... EH, is called the sum (or greatest common measure) of the 


sets and is written H, + H,+...-+ Ep. 

2.041. Product. The set consisting of every point that belongs to all the sets 
E,, E,, . . . En is called the product (or greatest common divisor) of the sets and is 
written H,.H,.H3..... Ey. 

2.042. Complement. If E is a set of points in a given interval, the set of points 
of that interval not belonging to H is called the complement of E for that interval 
and written C(Z). 

Example. The set, of points belonging to none of the sets H,, Z,, ..., Bp, in 
an interval is C(H, + H, + ...-+ H,) and is the same as C(E,).C(H,).. . . C( Ey). 

2,043. Closed Sets. A set containing all its limiting points is said to be closed. 

| bet ee Ld wscivelc.eut F 

Example. The set 0, a 4 + mF 5 oo a 4 ++ a closed, its limiting points 

7 1 Oe ih 
bene Do gaia 
2.044. Isolated Set. If a set contains none of its limiting points it is said to be 
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Le Oe AE ake 
ih’ saat n® isolated. 

(ii) H.EZ’ is void if Z is isolated. 

(iii) ZH — H.EH’ is isolated. 

2.045. Set Dense in Itself. If every point of a set is a limiting point, the set is 
said to be dense in itself. 

Example. The rational numbers in (0, 1) form a set dense in itself. 

2.046. Set Everywhere Dense. A set H is said to be everywhere dense in an interval 
if every sub-interval (however small) contains points of H. There are therefore 
limiting-points (not necessarily belonging to the set) in every sub-interval; and the 
derivative of H consists of the given interval. 

A set that is everywhere dense must be dense in itself, but the converse is not 
necessarily true. Thus the set of rational points is everywhere dense and is also 
dense in itself; but the set of real points given by 0< 2< 4, $< 2< 1, whilst 
dense in itself is not everywhere dense in (0, 1). 

2.047. Set Non-dense. A set is said to be non-dense in an interval if no sub- 
interval is everywhere dense. 

2.048. Perfect Set. A set that is dense in itself and closed is said to be perfect. 

Thus the set of real points specified by 0< x < 4, }< #< 1, is perfect but 
the set of rational points in (0, 1) is not perfect. 

All the derivatives of a perfect set H are identical with 2. 

2.049. Hnumerable Sets. If the points of a set can be placed in 1—1 correspond- 
ence with the integers 1, 2, 3,. . ., ”,. . ., it is said to be enwmerable. 

The sum of a finite number of enumerable sets is enumerable ; for if x, 2,.. . ; 
Yi> Ya» » » -3 are two enumerable sets (as indicated by the notation), the sum may 

arranged as 


Examples. (i) The set 


> Yir Var Yor + + « 
and is therefore enumerable. Similarly the sum of a finite number of enumerable 
sets is enumerable. Moreover, the sum of an enumerable infinity of enumerable 
sets is enumerable. For the nth member of the mth set may be denoted by Xnn 
and the sum may be arranged as 


U1» V2» Lys Lai» Lag, Lg, +++ 
grouping together those terms for which m + n is the same number k and taking 
k= 2, 3,4,... 
Examples. (i) The set of all rational numbers in (0, 1) is enumerable, since 
they can be arranged in groups of the same denominator, thus 


0, 1}t}82284 4244344... 

It follows that the set of a// rational numbers is enumerable since the number 
of intervals m< «< m+ 1 (m being a positive or negative integer or zero) is 
enumerable and the set of rational points in each interval is enumerable. 

(ii) The set of real numbers in (0, 1) is not enumerable. If it were enumerable, 
the numbers could be arranged as a sequence 2, %,...,%n,... Suppose that 
each number 2, is expressed as an infinite decimal (a terminating decimal being 
completed with an infinity of zeros and a recurring nine being excluded). Let c, 
be the figure in the nth place of the decimal for z,. If c, = 0, let cy’ = 1, and if 
Cy <0, lot cy! = 0 (nm = 1,2; 3). >.). 

Then the decimal -¢,’ c,’ cs’. . . Cn’. . ., Which lies between 0 and 1 is not identi- 
cal with any z,. The set is therefore not enumerable. 


2.05. Open Sets. The complement of a closed set is called an open set. 
Example. The set of real points given by 


0< 2< ft, F<UeK< 3% $< 2< 1 
is open, since the set 0, } < «<.2, 3} < x < ¢ is closed. 
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2.051. Characteristic Property of an Open Set— 

An open set consists of an enumerable (or finite) set of non-overlapping intervals. 

Let P be a point of an open set HZ in the interval (a, b). There must be points 
of E in the neighbourhood of P, for otherwise P would be a limiting point of C(#) 
which would therefore not be closed. Thus there must exist positive numbers 
&, €, such that the interval x — e,< «< x + & consists entirely of points of H. 
Let 6,, 6. be the upper bounds of ¢,, €, respectively. Then the open interval 
x — 6,< x< x + 6, consists entirely of points of H. The end points x — 6,,% +- d, 
must belong to C(H) since 6,, 6, are upper bounds. Similarly every point of H 
falls into an open interval and the intervals do not overlap since the end points do 
not belong to ZH. There can only be a finite number of intervals whose lengths lie 


between BU — a) and (b — a) where m is a positive integer. ‘The intervals 


m+1 
can therefore be arranged in the finite groups specified by 


1 1 
or ada b< peers tir) Sait ots! Megs 


where 6 is the length of aninterval. The number of intervals is therefore enumerable. 

Since the sum of two open intervals is an open interval (or two open intervals), 
we deduce that the sum of any finite number (or of an enumerable infinity) of open 
sets is an open set; and since the common points of two open intervals (if they 
overlap) lie in an open interval, we conclude that the product H,.H,..... Ey 
of a finite number of open sets is open. 


2.06. The Measure of an Open Set. The measure of an open interval a, < #< 2, 
is defined to be 2, — a, the length of the interval; and the measure of an open set 
(within an interval a < x < 6) is defined to be the sum of the lengths of its intervals. 
Since the number of intervals is infinite (enumerable) in general, it is the sum S of 
an infinite series (convergent since S < (b — a)). 


2.061. Exterior and Interior Measure of a Set. The exterior measure of a set H 
is defined to be the lower bound of the measures of all open sets that contain HZ. 

Denoting it by m,(Z), we have obviously 

0< m,(Z)< b—a, 
if the set lies in the interval (a, b). 

The interior measure mE) of the set EH is defined by the relation 

mE) + m,(CE) = 6b —a. It follows from this definition that 
m,(CE) + m,(#) = 6b —a. 

If m,(Z) = m,(E), the set # is said to be measurable and the common value of m,(H) 
and m,(Z) is called its measure. We then denote the measure of the set H by the 
symbol m(Z). If # is measurable, 

me(CE) = (b — a) — m(B) 

= m,(CE). 

Thus CE is measurable and its measure is (b — a) — m(E). 

The interior measure cannot be greater than the exterior measure. For let 
F, G be open sets that contain # and CZ respectively. Every point of (a; 6) is 
interior to an interval of F or of G@ (or of both), and we may show by the process of 
bisection that a finite set of intervals can be selected from those of F and @ that 
together contain all the points of (a, b). For if such a finite set did not exist, we 
could show that there existed at least one point P that was not interior to an interval 
of F or of G; and this would contradict the statement that every point of (a, 6) 
is interior to an interval of F or of G. 

Let the sum of the lengths of the intervals of F, G be denoted by j1,, 4. respect- 
ively and let 4 denote the sum of the lengths of the intervals of the selected finite 
set. Then y,+",>m and w>b—a, ie. wy, +",>6—a. Therefore the 
lower bound of uw, + #, is > b—a 
i.e. m,(£) +m,(CE)>b—a 
or m,(H)> m,(#)> 0. 


SETS OF POINTS 31 


It follows from this result that if m,(#) = 0, then m;,(#) = 0, so that such a set is 
measurable and its measure is zero. 

Notes. The next development in the theory of measure consists in the establish- 
ment of two fundamental theorems. 


a 
(i) If Z, is measurable (r = 1, 2, 3, . . .), then XH, = EH is measurable and 
1 
i) 
m(EB) < -aipoady 


@ 
(ii) If #, is measurable, (r = 1, 2, 3, . . .), then J/(H#,) is measurable. 
1 


It should be remarked that in the above, the measure of an open set has been 
given a special definition on which the definition of the measure of any set has 
been based. It may be shown that these definitions of an open set are consistent 
by means of the first fundamental theorem, which may be established on the basis 
of the special definition of the open set. 

(The summarized description given above of the meaning of measure is based on 
the account given in Titchmarsh, ‘ Theory of Functions’, X, where proofs of the funda- 
mental theorems may be found.) 

Examples. (i) An enumerable set is measurable and its measure is zero. 

Let the set be arranged as the sequence of points 2, %, ..., %n,--- 

Take intervals %, — &n< 2%< Xp, + &, where e, = ¢,/2"—-1, Tf e, is given, 
these intervals in general overlap and the sum of the lengths of the first n is 
4e,(1—2-"). The n points x1, x2, . . ., %, may therefore be enclosed in a set of 
m(< ”) non-overlapping intervals of total length < 4e,(1—2-"). If n—» 0 
and e, —> 0, we see that m,(H#) = 0; i.e. the measure of the set is zero. 

(ii) An isolated set of points is enumerable. Let x be a point of an isolated set 
in (a, 6). Then an interval x —e< x< 2+ « exists (where ¢ >) containing 
no points of the set except x. Otherwise x would be a limiting point of the set. 
Thus each point of the given set can be associated with one of a set of open non- 
overlapping intervals. Since this open set of intervals is enumerable, the original 
set of points is also enumerable. 

(iii) If #’, the derivative of a set # is enumerable, so also is #. For H — EE’ 
is enumerable, since it is isolated. But HH’ is a component of H’ and is therefore 
enumerable. Thus H also is enumerable. The converse is not necessarily true. 
For example, the set of rational points is enumerable but its derivative is not. 

(iv) A set of the first species is enumerable. For if F is of the first species and 
the nth order, H() has a finite number of points. Thus H("~1) ig enumerable and 
so also by (iii) are H~2), H(—3),. . ., H’, H. It is not true, however, that every 
set of the second species is not enumerable. 

(v) The segment (0, 1) is divided into m equal parts, (m > 2), and the open 
interval 1/m< x < 2/m is removed. Each of the remaining (m — 1) intervals is 
similarly divided into m equal parts and the second (open) interval removed. The 
process is continued indefinitely, and the points that remain form a closed set 2. 
The sum of the lengths of the open intervals removed is obviously 

n 
1 —lim (1~+)" ie, 1. 
n—>o ™ 
The measure of the set is therefore zero. The set # is non-dense since its comple- 
ment is everywhere dense. It is, however, dense in itself and is therefore perfect. 
Also it is not enumerable. For if, for definiteness, we take m = 10, the set HZ con- 
sists of all decimals (0 << x < 1) that do not contain the digit unity together with 
those that contain a digit unity followed by an infinity of zeros. (It is assumed that 
terminating decimals are completed by an infinity of zeros and that a recurring 9 is 
excluded.) If these decimals could be arranged i ina sequence ys ee. wach dt-ud 
denote by c, the nth digit in the expression for z,. Let cy,’ = 0 when c, +0 and 
let c,’ = 2 when c,’ = 0. Then the decimal 0-c,’ c,’. . . cn’. . . does not belong 
to the sequence but belongs to H. Thus the set cannot be arranged in a sequence 
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and is not enumerable. <A similar proof may be obtained for other values of m, 
by expressing the numbers of # in the scale of m. The particular set obtained by 
taking m = 3 is sometimes called Cantor's Ternary Set. 


2.1. Continuous Functions. We have already seen that a function 
f(x) is continuous at a point x, of the intervala <a < bif, given e( > 0), 
we can find 6(>0) such that |f(z) —f(x.)| <« for all x of the 
interval that lie in |x — 2,| < 6. 

It is obviously necessary and sufficient for continuity at « = x, that 
\f(v1) —f(x2)| < ¢ for all x,, x, of the interval that lie in |~ — x) < 6. 

The functional relation forms a set of points, which, we shall see, is 
perfect like the points of the interval. 


Notes. (i) If the above inequality is altered to f(x) — f(a») < ¢, the point 2» 
is called a point of wpper semi-continuity and if it is altered to f(a ) — f(x) < e, then 
Xq is a point of lower semi-continuity ; and the function is in each case called a semi- 
continuous function. Both inequalities must be satisfied for continuity. 

(ii) If M,m are the upper and lower bounds of a function f(x) in an interval, 
M—mis called the oscillation (or fluctuation) of f(x) in that interval. Thus if f(x) is 
continuous at 2», the oscillation of f(x) near 2» is small. 

If, given ¢( > 0), a number 6( > 0) can be found such that for every enumerable 
(or finite) set of non-overlapping intervals in (a, b) of total length < 6, the sum of 
the oscillations of f(x) is less than e, the function is said to be absolutely continuous 
in the interval. Thus absolute continuity refers to the interval as a whole, and 
whilst absolute continuity obviously implies ordinary continuity, the converse is 
not necessarily true. 

(iii) If the domain of continuity of f(~) consists of an unenumerable set of points, 
which is everywhere dense but is not closed, f(x) is said to be point-wise discontinuous, 


2.11. Properties of a Continuous Function. 

Let f(z) be continuous in the interval a <a <b. 

I. Given ¢e( > 0), it is possible to divide (a, 5) into a finite number 
of sub-intervals, such that | f(x,) —f(#,)| <¢ where x,, 7, are any two 
points in any sub-interval. 

For if this were not true, it would be possible by the process of bisec- 
tion, to find a point P near which | f(x,) —f(x.)| could not be made less 
than «. This contradicts the hypothesis of continuity at P. 

Since the inequality is satisfied throughout all the sub-intervals, we 
say that the continuity of f(x) is uniform. Thus continuity implies 
uniform continuity. 

II. f(x) is bounded in the interval. For by I, we can divide (a, 6) 
into » intervals within each of which |f(x,) —f(x2)| <¢; so that, if x 
is in the rth interval, | f(x) — f(a)| < re, i.e. f(x) is bounded. 

III. f(x) has an upper limit M which is a maximum and a lower 
limit m which is a minimum. 

For if M is the upper bound, [f(x) — M]-! is unbounded since 
| f(z) — M|, if not vanishing, can be made as small as we please. Thus 
(f(z) — M]~? is not continuous; but since f(z) — M is continuous, 
[ f(z) — M]~! can be discontinuous only when f(z) = M. There must 
be therefore at least one such point. Similarly there is at least one point 
for which f(z) = m. The upper and lower bounds are therefore limiting 
points belonging to the set of points f(z). 
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IV. If f(a), f(6) are of opposite signs, f(~) vanishes at least once 
within the interval. 

For, by the process of bisection, there is at least one point € near 
which f(x) has opposite signs. If f(&) were not zero, the sign of f(x) 
would by the hypothesis of continuity be invariable near ¢. Therefore 

g) = 0. 

V. f(z) takes, at least once, every value inclusive between M, m its 
upper and lower bounds. For f(z) —k where M>k>m has both 
signs in (a, 6). Therefore f(z) = k at least once in the interval. 

VI. If f(x) increases (or decreases) steadily between f(a) and f(b) 
and is defined for all points in (a, b), it is continuous in (a, 6). 

A function is said to increase steadily between f(a) and f(6), if, whilst 
increasing in the broad sense, it takes every value between f(a) and f(6). 

There must be a neighbourhood of any point zo, within which /(z) 
increases from f(x») — ¢ to f(x») + €, i.e. the function is continuous at 
Zo. Similarly a function that decreases steadily is continuous. 


2.12. Rolle’s Theorem. If f(x) is continuous in a <x <b), possesses 
a derivative in a < x <b and vanishes at = a and x = 4, then f(z) 
vanishes at least once in a<a<b. For (i) if f(z) =0 throughout 
(a, b), the theorem is true ; (ii) if f(x) > 0 at any point of the interval, 
f(z) attains a maximum f(é) at some point § in a<a <b. 

Hence f(é + h) — f(é) is always negative (a <&+h <6). There- 
fore ‘the progressive derivative f’(f + 0) cannot be positive and the 
regressive derivative f’( — 0) cannot be negative. But these deriva- 


(a) iby 


tives are equal to f’(é), if this exists and each must therefore be zero, i.e. 
f'@) =0. Similarly f(x) vanishes at least once if f(x) < 0 at any point. 
We have here the geometrical result that if the curve given by y = f(z) 
meets the z-axis at x = a, x = b, and if there is a unique tangent at 
each point, the tangent is parallel to the x-axis at some point interior to 
the interval (Fig. 2). 

2.13. The Mean Value Theorem. If f(x) is continuous ina <z <b 
and if f’(x) exists in a < x < 6, then, for at least one point « = ¢ of the 


interval a< 4 <b 
f(b) —f(@ = (6 — af"). 


Let F(x) = (a — 6) f(z) + (6 — 2) f(a) + (v — a)f(b). Then F(z) satis- 
fies the conditions of Rolle’s Theorem; F(a) = 0 = F(b). 
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F(z) exists and is equal to (a — 6) f’(x) — f(a) + f(b). This vanishes 
for = c¢ where a<c<6, ie. f(b) — f(a) = (b — a)f'(c). 

Geometrically, this means that the chord joining the two points 
P, Q of co-ordinates {a, f(a)}, {b, f(b)} respectively, is parallel to the 
tangent at some point R of the curve between P and Q. (Fig. 3.) 


Fic. 3 


Corollary. fb = a +h, a number between a and 6 may be denoted by a + Oh, 
(0< 6< 1); and the theorem becomes f(a + h) = f(a) + Af’(a + 0h) for some 
number @ in the interval 0< 0< 1. 

2.2. Functions of Two Variables. If z, y are two independent 
variables, real and continuous, belonging respectively to the intervals 


Fig. 4 


a<r<b; A<y<B 
and if a third variable z is known when z and y are given, then z is a 
function of the two variables specified in a rectangle of the 2-y plane. 
(Fig. 4.) 

2.21. Continuity. A function z (= f(z, y) is said to be continuous at 
(@o, Yo) if, given e, we can find 6 such that for all points (x, y) of the 
square specified by |x — x| <6, |y — yo| <6, the inequality 

f(z, y) —f(@o Yo)l <e 
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is true. This might be described briefly by saying that near (Xo, Yo), 


f(z, y) — fo; Yo)| is small. 

Notes. (i) The neighbourhood need not necessarily be taken as a square, but 
there is no loss in generality if we do so. ; 

(ii) Not only is| f(x, y) — f(%o» ¥o)| small near (x9, yo) but also | f(x, y1) — f(%2 ys)| 
where (2;, 41); (%2» Ya) are near (Xp, Yo). 

2.22. Double Sequences. In the same way that simple sequences are 
’ associated with functions of one variable, so we may expect double 
sequences to be associated with functions of two variables. An aggregate 
of numbers (a,,,,) in which m, % may take all positive integers for their 
values is called a double sequence. The terms may be arranged in the 
following array : 


Qy3, Mo, U3, - + +; Bn ++ - 
15 G22; 23, Sb 6 es A2n; o. a 

UE koe Oe a Ce Ce ee ee 
Gos Gene. ME i ee. +. 


o 2) 6 |b lof 6 Mer © emmee © op 6S 8) 


The suffix m denotes the row and n the column ; and a finite number 
of terms may be omitted without altering the essential character of the 
sequence (i.e. its behaviour when m, n tend to infinity). 


2.23. Limit of a Double Sequence dn». The sequence @,,, is said to 
tend to a limit | as m, n tend independently to infinity if, given e, we can 
find N such that |a,,, —1| <e for all m,n > N, and we write 

m4 t. 


mn 

It is, however, sufficient (and necessary) that |@,,»,— @yy| < e for all 
m, n>N. 

This is necessary, for, if / exists, |@,,, —1| and |ayy —l| are small. 
It is sufficient, for the condition shows that the simple sequence a, 
converges to the limit /. Thus |ayy —1| is small ultimately and there- 
fore also |@mn — |. 

2.24. Repeated Limits of a Double Sequence a,. The convergence of 
Gmy, implies the convergence of u,,, when m, » tend to infinity in any 
particular way, although the converse is not true. 

Example. If dm = 2"-", dmn is obviously not convergent, whilst the sequence 
obtained by putting n = 2m, converges to zero as m (and therefore n) tends to 
infinity. 

If ¢(n) > © when n—> oo and if a,,,—> 1, then a,,,—> 1 when 
m = ¢(n) and n— oo, 

There is a particular way in which m, tend to oo that is important 
in the theory of double sequences. This consists in letting m (or n) tend 
to infinity before n (or m) tends to infinity. The sequences ap, dz, 
- + « Gmns - - - Where m is fixed are simple sequences, that may or may 
not possess limits (even when the double sequence converges). Suppose, 
however, that lima,,, exists. It is a function of m, say f(m). Then 
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lim f(m) = Lif ay, —>1. For |am,_ — | is small and also | iM @nn — Ann 


is small, when m, n are large, ice. | f(m) —1| is small, or, f(m)— 1. 
The limit lim f(m) may be denoted by lim lim a,,, and is called a 


repeated limit. Similarly if lim a,,, exists we may have the repeated 
m . 
limit lim lim a@,,,, which is equal to 1 if a,,,—> I. 
n om 
Note. When lim a, does not exist, a, must have an upper limit lim a, and 
n n 


a lower limit lim a, ; so that if the double sequence converges to a limit /, we 
must have ~ 
lim Tim ay, = lim lim amy = 1. 
mn mn 
For completeness therefore we may include this case in the above by regarding 
the symbol lim lim a,,, as inclusive of lim Tim ann. 


mn mn 
‘ 1 1 . 
Examples. (i) dm = (— Lymtn( = a ). 
Here lim amy, wh, lim dan = ae lim an, = 0; 
n Fe come m mn 
Tim ann = a lim dan, = — and lim fim @mn, = lim lim am, = 0. 
ad nn — n — —_ 


m 
(ii) dmn = (m — n)*/(m + n)*. 


Here lim lim an, = 1 =limlimap,. But dm, is not convergent SINCE Gy», is 
m n n m 


always zero. Thus the repeated limits may exist and be equal whilst the double 
limit does not exist. Ref. Pringsheim : Zahlen u Funktionenlehre. 

2.25. Double Monotones. If dinyn <Qm,n+1 204 ny <4n41,n for 
all values of m, n, the sequence is called an increasing double monotone. 
As for simple sequences, a bounded monotone is convergent. For the 
simple sequence a,, is monotonic and therefore converges to a limit 1. 
But a,,, lies between a,,,, and a,,, and must therefore tend to J. It is 
obvious that in a bounded double monotone, the repeated limits exist 
and are equal to the double limit. 


2.26. Limits of a Function f(x, y). If &m is a sequence tending to 
rand 7, a sequence tending to yo, and if the double sequence f(é,,, Mn) 
tends to a limit | which is the same for all sequences &,, 7, that tend to 
Lo, Yo respectively, then / is called the limit of f(x, y) as 7—> 2», y—> yo 
and we write 


mn nm 


If 1 = f(o, yo), the function is said to be continuous at (zo, Yo), for then, 
near (, Yo), |f(z, y) —f(£o, Yo)| is small. 

though z, y may tend to 2», y in any manner, there is no loss in 
generality in taking two monotones for z, one increasing and one decreas- 
ing and having a common limit x». Similarly two monotones may be 
taken for y with a common limit y. One of the x-sequences may then 
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be associated with one of the y-sequences thus distinguishing the four 
quadrants bounded by the lines x = xo, y = Yo. 

Let (Em), (jn) be the two monotones that decrease respectively to %o, 
yo (Fig. 5). Then if f(Em, Nn) tends to a limit independent of the par- 
ticular monotones selected, this limit ; 
is written f(z. +0, yo. +0) and if 
this is equal to f(x», Yo), the function 
is said to be continuous for the quad- 
rant under consideration. There are 
obviously similar definitions for 
Sf (Xo i 0, Ye 0), f(@o ars 0, Yo ot 0), 
f(to — 9, yo — 0) for the other quad- 
rants, and for continuity all the four 
limits must be equal to f(%o, Yo). 

The continuity of f(x, y) at (xo, Yo) 
implies that f(x, y) tends to f(x, Yo) 
when 2, y tend to 2», Y» in any par- 
ticular way. For example, if ¢4(t) is FIG. 5 
a continuous function of ¢ tending to 
az» when ¢ tends to ¢, and y(¢) a continuous function of ¢ tending to yo 
when ¢ tends to ty, then f{¢(t), y(t)} is a continuous function of ¢ at 
t = ty. 

Again, as for double sequences, the repeated limits lim lim f(z, y), 

LPL yo 


lim lim f(z, y) exist, when f(z, y)is continuous and are equal to f(x», yo) 


Yo 0 

although, a modification of this statement is necessary when either 

lim f(a, y) or lim f(x, y) does not exist. Thus if f(z, y) is a continuous 
lo t—>Xy 


yy 

function of both variables at (xo, yo), f(z, Yo) is a continuous function of 
az at x, and f(x», y) a continuous function of y at yo. Conversely, how- 
ever, the continuity of f(x, yo) at 2 and the continuity of f(x, y) at Yo 
does not imply the continuity of f(w, y) at (Xo, Yo). 


Baamples. (i) Let f(z, y) = (@ + y)sin (= +=), (@#0, 940); 


f(a, 0) =f(0, y) = 0. 
When +0, ¥~0, |f(x + y)| < |v +y| and therefore f(z, y) is a continuous 
function of both variables at (0, 0); actually in this case the limits lim f(z, y), 
I a—>0 


(y 0) and lim f(x, y), (0) do not exist. 
y—>0 ‘ 


(ii) Let f(x, y) = { — 2y)(2x — y)}/(a* + y?), (0, 0) = 2. 

Here f(x, 0) =/(0, y) =f(0, 0) = 2 so that f(x, 0), f(0, y) are both continuous. 
However f(x, mx) = (1 — 2m)(2 — m)/(1 + m*) when x0 and tends to this 
value when x—>0. This function of m can have any value between — }$ and 9/2 
by a suitable choice of m. The function is therefore not continuous at (0, 0). 

(iii) Let f(x, y) = x*y/(a* + y?), f(0, 0) = 0. 

Then f(z, 0) = 0 =f(0, y) are continuous functions of x, y respectively. Also 
f(x, ma) = mx/(m* + a*), when x + 0, and when « —> 0 with m fixed, f(z, mx)—> 0. 
The function is therefore continuous in every direction from (0, 0); nevertheless, it 
is not a continuous function of (x, y) for if x, y vary along the curve x = kt, y = @, 


38 ADVANCED CALCULUS 


S(z, y) = k®/(1 + k*) (when <0) and tends to this value when t—>0. This 
function of k can have any value between 0 and } by a proper choice of k. 

2.27. Properties of a Continuous Function of Two Variables.—These 
are analogous to those of functions of one variable and may be estab- 
lished by similar methods. Corresponding to linear sets of points we 
have plane sets, which possess at least one limiting point. A continuous 
function may be shown to be uniformly continuous and bounded. It 
may be shown that it has a maximum M and a minimum m and that 
if k is a number between m, M inclusive, the equation f(x, y) =k is 
satisfied for at least one pair of values (a, y). 

2.28. The Polynomial and the Rational Function. A function that 
consists of a finite number of terms of the type c,,,7”y" may be called 
a Polynomial in x, y, where Cj, ate independent of «, y, and m, n are 
positive integers. The degree of the polynomial is the greatest value of 
m +n that occurs. The polynomial is obviously continuous for all 
values of x, y since a —> x" when z—> a, and y" —> y,” when 
¥— Yo. 

A function reducible to the form P(x, y)/Q(z, y) where P, @ are 
polynomials is called a Rational Function of x, y, and is obviously. con- 
tinuous for all values of x, y except those that satisfy the equation 


onemmmamadie sere ie 
xe — y8 +27 + y 

Baample. aah 4 yi = dy + Aly? = Be) 
line x = 2, the parabola y* = 2x and at the point (0, 2). 

2.3. Differentials. Functions of One Variable. Let y = f(x) be a 
continuous function of x and let y + dy correspond to x + dz, so that 
dy = f(x + dx) — f(a). 

If dy can be expressed in the form Adz + o(éx), where A is inde- 
pendent of dx, f(x) is said to be differentiable. 

Example. Since (x + dx)" — 2” = nat—16x + o(6xz), the function 2” is differ. 
entiable. 

Adz is called the differential of y and written dy. 

In Fig. 6, P is the point (x, y), Q 
PR=8x the point (x + dz, y + dy). 
RQ-6 Now déy/éx = A + {o(dx)}/5x and 
RS- mi therefore dy/da exists and is equal to A. 
| We may therefore write dy = f'(x)éz. 

In the figure, dy is SR, dy is QR. 
Thus when a function f(z) is differen- 
tiable, it possesses a derivative /’(z). 
Conversely, if it possesses a derivative, 
it is differentiable, for if lim dy/da 
exists, dy is of the form Ada + o(da). 

If y=«a, d(z)=dx2 and we can 
therefore write dy =f'(x)dz, this re- 
lation being actually more general than 
Fig. 6 dy = f'(x)éx, for 6a is an arbitrary in- 


is continuous except along the 
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crement, whilst da is a differential, which, for example, is equal to 


—dt, when x is expressed as a function of a new variable t. 


dt 


2.31. Functions of Two Variables. Let z=f(x, y) be continuous 
throughout a certain domain and let z-+ dz correspond to (x + 62, 
y + dy). 

Then 6z = f(x + dx, y + dy) — f(a, y), which —> 0 when éz, dy — 0. 
If dz can be expressed in the form Ada + Béy + 0(dp) when dx = dp cos 8, 
dy = dp sin@ and A, B are functions of , y independent of da, dy, the 
the function f(z, y) is said to be differentiable. 

Example. Since (x + 6x)*(y + dy)* — x*y’ = 2ay%da + 3x*y%dy + « where x 
is equal to the sum of a finite number of terms of the form Coéx" dy’, (C independent 
of dz, dy, and r +s >1), and since (dx)"(dy)’ = (dp)rts cos’ @ sin’@ (so that 
x = o(dp)), it follows that the function 2*y* is differentiable. 

The expression Adz + Béy is called the differential of z and written 
dz. Also since d(x) = 6x and d(y) = dy, we may use the more general 
relation dz = Adz + Bdy. 

2.32. Partial Derivatives. Let z (= f(x, y)) be differentiable and let 
dy = 0, then dz = Adz + o(dx); i.e. lim 6z/dx, when dx—> 0, exists and 
is equal to A. Thus A is the derivative of z with regard to 2 when y 
is constant, and has a meaning even when z is not a differentiable function 
of the two variables. This derivative is called the first partial derivative 


with regard to x and is written ee or z,. Similarly B is the first par- 
tial derivative with regard to y, x being constant, and is denoted by 
=~ Or Ry 


We therefore obtain the fundamental relation 
dz = za + zyly (or fda + f,dy). 
Notes. (i) Continuity is necessary but not sufficient for differentiability. 
(ii) If f(a, y) is differentiable, it possesses the derivatives f,, fy but the converse 
is not necessarily true. 


ar a 

Baample, Let fle, y)=(@+y)sin(=+ 2), (e240, y x0) with 
f(x, 0) =f, y) =f(0, 0) = 0. 

Th ba, 6 0, 0) = (6 in (~ ~) 5 but ai in (+ = 

en f (dx; dy) =f(0, 0) = (dz + dy) sin |g + 55) 3 but since sin ie t dy 

does not tend to a limit when dx, dy —> 0, the function (which is continuous) is not 
differentiable. 

Also f,(0, 0) =lim {f(dx, 0) —f(0, 0)}/da = 0 and similarly /,(0, 0) exists. 

(iii) It can be shown, however, that if /, exists at (x, y) and at all points near 


(a, y) and is a continuous function, and if f, exists at (x, y), then f(z, y) is differ- 
entiable. (Ref.: Young, ‘Cambridge Tract’, No. 11.) 


2.33. The Derivative along a Curve. Let « = x(t), y = y(t) where 
a(t), y(t) are differentiable. 


Then 6x = wat + o(6t); dy = a + o(dt) 
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But dz = z,6x + 2,dy + o(dp) if z is differentiable 
des Bites (sz + nap) + o(6t) 


2 : 
since (8p)? = \(@) Le (7) Kas + of(6t)} ie. dp = O(6t). 
Thus z is a differentiable function of ¢ possessing the derivative 

da = Zz dx +z dy 
is. ek ee. 


Note. This is the rate of change of z with respect to ¢ along the curve. In 
particular, if t = s = are of the curve measured from some fixed point on it, 
4 = tate + ve = 2, 008 0 + z,sin@, (where @ is the angle that the tangent to 
the curve makes with OX) ; and this may be called the derivative of z in the direction 0. 

2.34. Change of Variable. Let x, y be expressed as differentiable 
functions of two new variables wu, v. 

Then da = x du + x,dv, dy = ydu + ydv, 

i.e. dz = (2,24 + ZyYuldu + (2% + ZyYp)dv 
which shows that z is a differentiable function of u, v with derivatives 
Zy, 2) given by 

y= Ahy + 2yYus By = A Ly + ZY. a 


2.4. Functions of Several Variables. If z, x,, z., .. ., Zp, are 
(n + 1) variables such that when 2,, 2, . . ., % are given, z is deter- 
mined, z is a function of the n variables z,, 22, . . ., z, which may be 
written 2(7,, %, .. ., %). 

Definitions of derivatives and differentials are obvious extensions of 
those associated with functions of two variables. The function is con- 


tinuous at (¢;, ¢, .. ., ¢,) in the domain specified by a, <a, < A, 
(r = 1 to n) if, given ¢, we can find 6 (> 0), such that 
|2(24, Be, + + +5 Ln) 7 2(C1, Co, 2 + sy ¢,)| <eé 


for all x, that satisfy |x, —c,| <6. 
The differential dz is given by 


ne Se Y Be 
Ox, OX, OL, 


2.41, Functions of Functions. When x, (r = 1 to n) is itself a differ- 
entiable function of m other variables u,(s = 1 to m), then, as in the 
simpler case, z is a differentiable function of the u-variables, possessing 


derivatives tl where 
du, 


Oz __ 02 Ox, | A Ox, 8% Oe, 

Ou, EP Ox, Ou, Oat, OU, 0x, Ou, 

2.5. Higher Partial Derivatives. If f, is differentiable, it possesses 
ate a 0 , oO, 
derivatives 5y\d2)> ay! fz) which may be denoted by f,.,; fry oF ees 


ae (s =1, 2,...; m). 
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BL, respectively. Similay, if f, i diferntiable, it poses 


ie Pa a2 
derivatives 2(f,), Z4f,), which may be denoted by yn fry 9 a 


a respectively. For the functions that usually occur, it will be 

found that f,, = fy: (except possibly for particular values of 2, y). 
Examples. (i) Let f(x, y) = axty + baty® + oxy’. 

Then fr = 4ax*y + Sbaty® + cy; fy =ax* + Sbaty® + Boxy*; 

fee = Wax*y + Gbry®; fay = 4ax* + Obey? + Bey =fyz; fy = Bbaty +. Wery®. 


(i) Let f (x y) = 2* are tan (4) — y? arc tan (=), with 


S(x, 0) =f, y) = f(0, 0) = 0. 

The function arc tan k is the angle between — }zand + 47 and is therefore finite. 
Since arc tan y/x, arc tan x/y (x, y =~ 0) are finite, f(x, y) is easily seen to be con- 
tinuous at (0, 0). 

fe = Qn are tan (y/z)—y; fa0, y) = —ys fale, 0) =fe(0, 0) = 0, 80 that 
f2(z, y) is continuous and possesses at (0, y) the derivative with regard to y, 
fe(O, y) = lim {— (y + dy) + y}/dy = — 1. 
by—>0 

Similarly, fy = x — 2y arc tan (x/y); f,(0, y) = f,(0, 0) = 9; fix, 0) = 2, and 

therefore f,(z, y) is a continuous function possessing the derivative 


Sual#, 0) = lim {(% + 6x) — 2}/dx = 1. 
sz—>0 


In this example, f,,(0, 0) is not equal to fyz(0, 0); in general 
Sov(%, y) = (@* — y*)/(@* + 9?) 
which is not continuous at (0, 0) and may tend to any value between — land + 1. 
2.51. The Equivalence of fr, and fy Sufficient conditions for the 
truth of the relation f,, —=f,e can be given in various ways, but the 
simplest set of conditions is used in the following theorem : 
If f(w, y), fel, ¥)> Fyl(@s Y)> Fayl® ¥)s fyalas y) are continuous at (x, y), 
then fry = fy: 
The continuity of f,,, f,. implies that of f,, fy 
Let E = fle + dx, y + dy) —fe + 6a, y) fe, y + by) + fle, 9) 
F(a, y, 6y) =f, y + dy) —f(@, y), 
Gr, y, 6x) = fle + dx, y) —fle, 9); 
then E = F(a + dx, y, dy) — F(z, y, dy) 


= Hie + 0160, y, dy)3e, (0<0, <1) (by the Mean Value 


Theorem) 
a {f(z + 6,62, y+ dy) — fir + 6,62, y) joa 
= f(a +060, y + 0,dy)dedy, (0<0,<1) (Mean Value 
. Theorem). 
Similarly EH = G(x, y + dy, da) — G(a, y, dx) 
= V2, y + 0;dy, dx) dy, (0 < 6; < 1) 
, = file + 0,62, y + 9,dy)dxdy, (0 < 6, < 1) 
i.e. Foyle + 9,62, y + O:dy) = Ful + 9,60, y + 6,6y). 
Hence f,,(z, y) =fy:(v, y) since both are continuous. 
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Note. It is, however, sufficient to assume— 

(i) fe, fy differentiable (Young), or (ii) fx, fy, Fey to exist and be continuous 
(Schwarz). (Ref.: De la Vallée-Poussin, ‘ Cours d’ Analyse’, I, 153.) 

Similar results hold for higher derivatives and also for the higher 
derivatives of functions of several variables. In particular, when the 
derivatives that occur are continuous, the differentiation may be effected 
in any order of the variables. The third order derivatives of I (a, y) are 
WOON Ties Juan Sue lave OF i ay and there is 

wax rry? zyy? vyy dx? 0x0y’ axdy”’ dy® > 
a corresponding notation for the fourth and higher derivatives of 
f(x, y) and also for the higher derivatives of functions of several 
variables, 


2.52. Change of Variables in Higher Derivatives. The rules already 
established may be applied to determine expressions for the higher 
derivatives when a change of the variables is made. Whilst the method 
is simple, the formulae are usually long, and it will therefore be sufficient 
to consider a particular case as an illustration. 

Let V(z, y, z) be a function of 2, y, z and let z, y, 2 be expressed as 
functions of any number of variables w, v, etc. Let us find V,,, V adit 
terms of the derivatives of V with regard to z, y, z. 


V,= Vit, + Vs ut Vy: V, = Vat + a ot VAS 
) a] 0 
ah V tu) aa Tux (Vz) 4 Vax (tu) a Dl V ecihn, a ge PR Vital Ae Vilos 


eee, C) C] 
with similar results for al Vu 4) and cm Visi). 


Thus Vw = V eghy® + Viagg eats Vatu 7 Wyte te QV athu 
+ WV yu + Vittwu + VyYuu + V Pun: 
Similarly Vy = VeeXio + Vyas + Vezeute + VyclYuto + Yoru) 
t Vex(%uo + %u) + Viyl@rfo + Leu) + Vetue + Viuc + View 
Examples. (i) Ife =a+u+v,y =b + cu—cv and V is a function of z, y, 


find Vz, Vy, Vows Vay» Vyy in terms of the derivatives of V with regard to u, v. 
Here 2u =z —a-+(y—b)/e; 20=% —a — (y — b)/c. 


Vo = Vaile + Vote =HVu + Vo)i Vy = Vatly + Vary = (Vy — Va) 
Vow = HVuutle + Vuvrte + Vurtz + Vovre) = EV uu + Vu + dV wv 
Nee 1 1 
Similarly Vy = ag Vuw — Vow); Vay = i Vuu = Vu + Veo). 


(ii) If = uv, y = uvw, and z is a function of z, y, find Zuvw: Here zy = wey ; 
Zyw = UVZey + UvwWeyy + Uy; and 
Zuvw = (ZreyU*0® + Zeyye*v2w + Woy) + (Zryyt2V2W + Zyyyu2v%w? + 2z,,uvw) 

+ (Zeytv + Zyyuvw + zy) 
= Deny + Wwryzeyy + Yyyy + Baz_y + BYzyy + Zy- 

(iii) If V = 3a? + 2y? + g(a* — y®), prove that yVn + xVy = 10zy. 
Vz, = 6x + 2x¢’(u), Vy = 4y — 2y¢’(u), (where u = 2? — y*), from which the result 
follows. 


TAYLOR’S THEOREM WITH REMAINDER 43 
(iv) If V = 2 + y? + d(zy) + y(y/2), prove that 
x®V, 2 


— Vy + 2Ve—y y = A(z? — y?) 


Vp = 20 + y$'(u) — (y/22W'(v)s Vy = 2y + 24'(u) + (1/z)p'(v), where u = 2y, 


_ v=y/e. 

Thus Veg = 2 + y2d(u) + (y?/a*)y(v) + (2y/x*)y'(r), 

Vy = 2 + 296’(u) + (1/x*)y(v), giving the ‘required result. 

(v) Homogeneous Functions. Fay, tq « « +» %n) is called a homogeneous function 
of degree m if F(t&, t&, «+ +» tn) =t™F (Ey Sy + - +» &n)- Thus x° + y® + 3a%y; 
(a5 + y® + 25)/(w@ +y+2)°; xy’ + 2z4u® are homogeneous functions of degrees 
- 3, 0, 9 respectively. 

Euler’s Theorem states that for such a function F 


or oF oF 
at a A ae rm = mF. 


Let x, = t&,(r = 1 to n) so that deep _ , (t being assumed constant). 


dt 
d,, %aF de, 1% oF 
Th =— F = —, soak. =e, tes 
aa dt x Bhat an 
But PF =1"F(&,, &) « « -» §) and therefore = =F. 
n oF 
i.e. va = mF, 


2.6. Taylor’s Expansion with Remainder. The object in this 
expansion is to express a function near « = a approximately as a poly- 
nomial. It is more convenient here to obtain the result by the mean 
value theorem, although there is some advantage in using another method 
involving integration in which the remainder is expressed as an integral. 
(See: Darboua’s ‘ Formula’, § 11.31, Ex.) 


2.61. Taylor’s Expansion. Functions of One Variable. Let f(x) be 
a function which with its first n derivatives is continuous in 
a<2z<a+t+h (ora>«>a+t+h) 
and which possesses an (n + 1)th derivative ina <2<a-+h. 


Let F(c) =f(a+ h) — fie) —“* 5, —F@) 


ad a sei —(a+h—2)"K 


where m> 0 and K is independent of z. Then F(a+h)=0. Also 
F(a) = 0 if K satisfies the equation 


; h" 
hK = f(a + h) —f(a) —hf'(@) —.- -- a). 
F(z) is continuous in a <2 <a + h and its derivative exists in 


a<u<a+h. 


Therefore, by Rolle’s Theorem, F’(a) = 0 when 2 =a + Oh where 6 is 
some number satisfying 0 <6 <1. 
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But F’(z) = — Oth a pote) + ma +h —2)""1K 
and since (a + h — x) ~0 when x =a + 6h, we have 
2 hn 
fa +m = fa) +h pa + Rpt... +E fora) +R, 
where F,, (called the Remainder after (n + 1) terms) is equal to 
Att] ea 6)s—™+1 By 
oe f+)(a + 6h) (Schlémilch). 
In particular 


(i) (taking m =n + 1), x, lt 


rs (n+ 1 

(i) (taking m= 1), R, = een ~ 6y"f"+0(a + Oh) (Cauchy). 

If we write x for h and 0 for a we obtain Maclaurin’s Expansion 
S(@) =f (0) + af'0) + 540) +...4+ = f™(0) + R", where 


() By = <= f+N02), (Lagrange) ot 


(ii) 2, = sail For f(x), (Cauchy). 


An important case that arises in practice is one in which the (n + 1)th 
derivative is bounded at x =a in Taylor’s expansion and at « = 0 in 
Maclaurin’s expansion, for then, in the latter, for example, if n is fixed 
and z is 


fla) = f00) + 2f'0) + Ff") +... + 2 F040) + Oe"), 


2.62. Taylor's Expansion for n=1. (The Second Mean Value 
Theorem.) The expansion for n = 1 is 


fa +b) =fla) + Wa) + Ppa + 6H) 


In this case, let us assume for simplicity that f”(z) is continuous at 7 = a 
and in the neighbourhood. 
In Fig. 7, P is the point {a, f(a)}, Q the point {a + h, f(a + h)}; 


(c) 


ve “+D(a + 0h) (Lagrange), 
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the tangent at P meets the ordinate at Q in S and the parallel through 
P to OX meets that ordinate in R. 

The height of Q above the tangent is f(a + h) — f(a) — hf’(a) 
; $h2f"(a + Oh). 

If f(a) > 0, so also is f(a + 0h) > 0 if h is small. In this case the 
curve is above the tangent (Fig. 7 (a)). If f’’(a) < 0, the curve is below 
the tangent (Fig. 7 (b)). Iff’(a) = 0 and f”(x) changes sign as z passes 
through a, the curve crosses the tangent (Fig. 7 (c)). A point where the 
curve crosses the tangent is called an inflexion; and the problem of 
determining the inflexions is therefore the same as that of determining 
the maxima and minima of f’(x) ; for at such a point a, f’(a) is zero and 
f(a) changes sign as x passes through a. 

Example. If y(1 + 2%) =(1— 2), then y(1 + 2*)*= 2? — 22-1 and 
y(1 + 2)8 = — 2a +1)(a*—4x+ 1). There are, therefore, inflexions at 
x—=—1, 2+ /3 (these being simple roots of y” = 0). 

Note. The mean value theorem gives also a method (Newton’s) of approximating 
to a root of the equation f(x) = 0. Taking a typical case, let us suppose that 
f(a) >0, f(b) < 0 and that f(x) does not vanish in the interval b< 2< a. The 
derivative f’(x) is therefore of constant sign in (6, a) (in this case positive). There 
is one root x and one only of f(z) = 0 in the interval and 


i.e 


0 =f(a) + (x — a)f(a) + ea aN (2< c< a). 


The error in taking = a —/f(a)/f(a) is of the order {f(a)}*f"(c)/(f(a))®, and is 
therefore small in comparison to f(a)/f’(a), if f(a) is small. Suppose for example 
that f(z) >0 in (b, a), then since a >a — f(a)/f"(a) > x the sequence a), a3, . . . 
where an4-1 = an —f(an)/f’(an) is monotonic and decreases steadily to x. Similarly 
if f(a) < 0, the sequence increases steadily to x. In the former a, > and in 
the latter a,< x. If f”(x) = 0 (when f(x) = 0), the terms are alternately greater 
than and less than 2, and tend to x provided x — a is sufficiently small. 


2.63. Taylor’s Expansion. Functions of Two Variables. Let f(z, y) 
and all its partial derivatives up to and including those of order n be 
differentiable near (a, 6); and let F(t) = f(a + ht, b + kt). 

Expand F(t) in powers of ¢ by Maclaurin’s formula. To obtain this 
expansion, we have F(0)=/f(a, 6); F’(t) =f,h + f,k and therefore 
F’(0) = hf, + kf, where f,, fy denote the values of f,, f, respectively at 
(a, b). Similarly F’(0) = h®f,, + 2hkfw + k*fy, which is conveniently 


written rao + Ee f 
da sb) * 
Thus, continuing ‘the differentiation, we find 


fla + ht, b+ lt) =f(a, 0) + hg + ke) f 


t?/, 0 a\? "7. ¢ a\" 
+ 5(hge + bey) I+ + Sig + by) + R, 


o 


where 


we prt a Q\nt1 ee 
Busy ats +) fle, eee el <2 <1). 


3 
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Putting ¢ = 1, we have 
fla +h, b+ # =fla, b) + hf. + iy + 3i(*5, a 


F) 
+= ail *5e + #5p 5) + Be 


oh 1 +1 z=a-+O6h 
where R, = Fest = ayi(*as 4 i) F(a, 0G ei, on)" 
Writing a= 0=b, h= 2x, k=y, we obtain the Maclaurin Expansion 


S(@, y) =f, 9) + {af.(0, 0) + yf,(0, 0)} +... 


+ Sil (age + 95,) 6 n= 7B). 


* wml *%e,) 46 9} 69) 


2.64. Taylor's Expansion. Functions of Several Variables. The for- 
mula for two variables may be extended in an obvious way to functions 
of any number of variables. In particular, 


flat+h, b+k c+l)=fla, b, A Se eae 


n whe +he + ia) e+ awe aman (as +e + ie). fle. y, a} 


where in the a term a + 0h, b+ 0k, c+ 6l are substituted respec- 
tively for x, y, z after differentiation. 


Examples II 


In the sets of points given in Hzamples 1-14, where, unless otherwise stated, 
m, n take all positive integers for their values obtain (i) the upper and lower bounds, 
(ii) the upper and lower limits, if any (iii) the finite limiting points, if any (iv) the 
maximum and minimum if they exist. 


1.342" = 2. (1-5)" + (0-5)" 3. (101)" + (0-9)" 4.3" 4(— 2) 
5. 2" + (— 3)" 6. (0-9)" + (— 0-8)" 16 ( 8)" + (= Br 
gods hs 4), gigas 9. 2", Q—n 
n n+) 
10. 2sin $nx + 38in jnz + sin $nz U1. 2%, 2" (4540) 


(—1" , (-—1)™ n+2 ,4m+1 
12, ~—— + ~—_— —— 
: n + m n+3 m+4 
14. 2™ + 2”, all integer values of m, n, positive and negative, including zero. 
State the limiting-points, infinite and finite, of the sets of points given in Vxamples 
15-21, where m, n, p take all positive integers for their values. 


13. 


15. = 6, 2 pees. 18. 2”, y™ 
n m+n (m + n)? 
19, Me, 2mt8 3p + 5 


n+3 m+4. pt+l 
20. The limiting points of Example 19. 
21. The limiting points of Example 20. 
22. If G is set given by 3-™ + 5-" + 7-? (m, n, p all positive integers), find 
the derived sets of G, ns ine that G is of the first species and third order. 
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23. If @ is a set of points, and G, = GG’, G@, = G — G,, show that @,@,’ is void. 
Aba As Bh egy 2 ICA AT 

24. If f(x) = sin (=) where x, = sin (=) and x, = sin (=). show that the 
zeros of f(x) form a set of points of the third order. 

25. Prove that the set of all numbers that are the roots of all equations of the 
type por" + pzt-1+...+ pn =0 where po Pi» Po +++, Pn are integers 
positive or negative, or zero is enumerable. 

26. From the interior of the interval (0, 1), an open interval of length /, (<1) 
is removed. From the remaining intervals of length z,, x,, open intervals of length 
Sots, fotq Tespectively are removed from the interior. The process is continued 
indefinitely with the intervals that remain. Show that the measure of the set of 
points that remain is lim (1 —f,)(l —f,) .- - (1 —/f;,). Find the measures in the 

rm—>o 
J : sd 1 is 2 eer 
following cases: (i) f, = ¢, all n, (ii) f, = ore (iii) J, = in? (iv) fn = 2-". 

27. Is it possible for a function to be continuous in the rational domain and to 
be unbounded ? 

Show that when the mean value theorem f(a + h) —f(a) = hf'(a + 6h) is 
applied to the functions given in Examples 28-31, the values of 9 are as stated 
(h > 0). 

28. f(x) =xz*; 6=4. 


et, 0m ete Sey itive ai 
29. f(z) = z*; 0 t+ (5+5+5) , but the positive sign must be taken 


when 3a + h >0 and the negative sign when 3a + 2h< 0. 


a Ly, 4 Ba ..atyt 

30. fz) =2t; 0= -— 24 (F454 045)". 

Wl os, uate aos han 24 @tar 

31. f(x) as 6 i "wade (a+h<0); 4 -e = 
(a >0). Explain why the interval a + h> 0> a is omitted. 

32. Show that the radius of the circle whose centre is on the normal to the 
curve y = f(x) at x = a and which passes through the point whose abscissa is a +-h 
is (1 + A*)*/2/u + AA(L + A*)t + $uh%(1 + A*)t where A=f"(a), w =f"(a + Oh), 
(0< 6< 1). 

33. The breaking weight W of a cantilever beam is given by the formula 
WL == kbd?, where 6 is the breadth, / the length, d the depth and & a constant depend- 
ing on the material of the beam. If the breadth is increased by 2 per cent, and 
the depth by 5 per cent, by how much per cent should the length be altered so 
as to keep the breaking weight unchanged ? 

x? + y?- i 
; ; Find the 

BARR C 

relative errors in c in the two cases (i) « = 10, y = 1, (ii) x = 10, y = 5 when 

the relative errors of x, y are +45 in both cases. 

35. Prove that if in a triangle ABC, the area is calculated from the elements 
a, B, C, the measurements of which have errors da. 6B, dC respectively, the approxi- 
mate error 6S in the area is given by 

68/S = 26a/a + cdB/(a sin B) -- 66C/(a sin C). 

36. Find the derivative of (x?/a®) + (y?/b?) at (xo, yo) in the direction making 
an angle @ with the z-axis. Prove that its greatest value is along the normal to 
the ellipse (x*/a*) + (y2/b%) = (29%/a*) + (yo*/b%), and is equal to 

2 {(aq*/a*) + (yo?/b*) }. 

Find the points of inflexion of the curves given in Examples 37-43. 

37. yz? +1) =1 38. y = (a? — 1)? 39. y = 3x — 4827 + 196z° 

40. y(x? + 1) =23 41. y(x — l(a +2) = 3" —2 

42. xy(x + 3) = 1 — 6a — 32? 43. y(z? + 22 + 2) = 2? + 11 


34. A physical constant c is given by the formula c = 
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44. Prove that the curve Ay(x — a)(x — 8) = ax* + bx + has one point of 
inflexion at x =A, where (4 — «)(aB? + bB + c)i = (A — B)(aa® + ba + ci. 

45. If pv = RO determines 6 as a function of p, v, prove that 0 = RO,0,. 

46. Show that if 2* + 2ay = c(z® + 2yz), where c is a constant, 

(2y%2 — x*y — a2*)da + (a* — 28)dy + (yz* + az — Qay?)dz = 0. 
47. If x = 3u — 4v + 2, y = 2u + 3v — 1, V = a? — y?, show that 
Vy = 6x — 4y, 

when V is expressed as a function of u, v. 

48. If V = x* + 8y° — 18ay, find the real values of x, y that satisfy the equa- 
tions V, = Vy = 0. 

49. If P = ay — y® — y%z, Q = ay* — 2° — x, R = ay® + ay, show that 

P(Q, — vy) + AR, — Pz) + R(Py — Qu) =0. 
50. ifu=a+y+2z,v=2% + y? + 23, w = 28 + y® + 23 — 3xyz, prove that 


51. If V, P, Q, R, u are functions of z, y, z satisfying the relations Vn. == BP, 
Vy ——} BQ, Vz = BR, (40), show that 
' PQ; — v) + ORy — Pz) + R(Py — Qz) = 0. 
Discuss the continuity of the functions given in Fxamples 52-4, where in each 
case the value of the function at (0, 0) is 0. 


a + of 53,7 t¥ 54, tly + 2°) 
rT, (aty PE ed 
55. Transform the relation Vz, + 8xy*V_ + 8y(1 — y*)Vy + 16x%y2V = 0 by 
means of the change of variables wu = 2ay, vy = 1. 
Find Vz, Vy, Vix Vus View» Vaver Veveu for the functions V given in Examples 56-9 


a®y*u atys wyZu 
A 57. ———. 58... —_= 
7 a* — 22 us + 2? (% + yz + u) 


6g a Fe 
yo2 & 2 a 


60. If F = 


x om) y an ro 
x +y G ~ gt ty? show that PF, = Gy, F, =— Gy, 


VF = V@=0 where Vi= 4 
: ~~ Gat " ayt 

61. If V, a function of r, 6 is expressed as a function of p, ¢ by means of the 

equations: pr =c*, ¢ = 2x — 6, prove that 
P*V pp + PVp + Ves = 22 Voy + Vy + Veg. 

62. If V = xd(y/x) + y(y/x), show that 2*V2_ + 2ryVey + y?Vyy = 0. 

63. If V is a function of x, y and 2, y are functions of u, v such that 2, = Hur 
%y = — Yy, prove that (Vuy + Vow)/(Vawe + Vyy) = 2u2 + ty? = Yu* + Yy*. 

64. If V is a homogeneous function of three variables x, y, z of the mth d . 
prove that 2°Veu + y*Vyy + 2°V gg + 2ryVey + WyzVy_ + 2xV zy = m(m — 1)V. 

65. Prove that if zy = F(zz), then zpgz%yy = Zpy?. 

66. If z = x(x + y) + G(x + y), show that zee — Wey + zyy = 0. 

67. Ifz = Fly + mz) + Gy + m,x) and m,, m, are the roots of the quadratic 
equation am* + 2hm + 6 = 0, then azgg + 2hzzy + bzyy = 0. 

68. Prove that the function z = z°¢(y/x) + (1/x°)y(y/x) satisfies the equation 
han + Bag t Oey t ti ere z, 

69. If = ery — Bedi FZ =clas—re)s 2 e(B,— ay) and 


ot 
= ¢(Y, — Zy); oF = oe — X,); oY = (ky — Yah c being constant ; 
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and if %, + By + 72 Xe + Yy + Z, are both functions of ¢ only, show that 
X, Y, Z, «, B, y, all satisfy the equation (]?V = 0 where 
a? oe. 0%... 
te Ee —¢ i — — 
=m (B+ aya + za), 
70. If {F(x) + G(y)}*e* = 2F(x)@’(y), prove that zzy = e*. 
71. If z = g(x — y) + ple + y) — af — y) + ve + y)} 
+ $x? o'"(a — y) + ye + y)}, 
show that 2(zgq — Zyy) = 422. 


72. Prove that a homogeneous polynomial V(x, y, z) of the second degree which 
satisfies the equation Vz + Vyy + Vz, = 0 is a linear combination of the five 
polynomials xy, yz, zx, x* — y*, 2* — z*. Find corresponding polynomials of the 
third degree. 


Solutions 
1. «©, 5; ©, none; none; none, 5. 
2. 0, 2; o, none; none; none, 2. 
3. 00, (1-01)? + (0-9)2®; 00, none; none; none, (1-01)*° + (0-9)?°. 
4. c, 1; o, none; none; none, | 
5. 0, — ©}; ©, — ©} none; none, none. 
6. 1-45, 0; 0,0; 0; 1-45, none. 
7. ©, — 0; ©, — ©; none; none, none. 
8. 2, —«; 2, —o; 0, 1, 2; none, none. 
9. ©, 0; o, 0; 0; none, none. 


OE a ae. er: ee 
10. 3V3 5V35 5v3 5V35 t V3 +5 + gv3, + 2, + 2 , Os 

5 5 
11. (x >0,x1), 0,0; 0,0; 0; none, none; (x< 0,2 —1), 0, —~; 
co, — 0; 0; none, none; (x =1),1,1; 1,1; 1; 11; @=—),1,-1; 


1, —1; 1, —1;3 1, —1. 
12. 1, —2; 4, —1; (—1)"/n, 0; 1, —2. 


: ; n + 2 4m + 1 
13.5, 13; 5, 2; aura 1+ or 

14. 0, 0; ©, 0; 2", 0; none, none. 

15. All real numbers with oo, 0 as upper and lower limits respectively. 

16. All real numbers in the interval —-1< a< l. 

17. All real numbers in 0 < x< }. 

18. Various possibilities: (i) 0, (ii) 1, (iii) 0, (iv) «©, 1, (v) 2, 0, (vi) 2, — , 
(vii) 1, 0, (viii) 1, — 1, (ix) «©, 1, — 1, (x) «0, 1, — «, (xi) ©, 0, — ©, (xii) ©, 
1, —1, — ©, (xiii), 0, 1, —1. 
Qn+3 , 3p+5 n+2 
m+4 p+l’n+38 
3p +5 n+2 2m + 3 6 


» 4 ’ 
pti AES ila rate 


» 5; none, 1Z. 


3p +5 n+2 , m+3 


p+l’n+3 wie 


19.1 + 2+ 


eee. t LF 
22. @: gm + Bn’ Bat Ze’ gm? Te’ Bm’ Bw 7p 
25. See: Hobson, ‘ Real Variable’, I, § 59. 
26. (i) 0, (ii) 0, (iii) 2/x, (iv) 0-29 (approx.) 


27. Yes, for example. 33. 12 per cent. 34. 0-0008, 0-02 


i wn, ie Cae | . or. 
—,0; G”: aw pr ap 0% @ 36 


1 
a2 — 2 
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36. 22 cos 6 + 2¥0 sin 6 37. (+43, 3) 38. (+ $3, 4) 


39.2 =5o0r7 40. (+ 3, F 88) (0.0) 41.2 =0 
42.2=—-—1 43.2 =—4,745 3 48.x=0, y=0 or z =3, y=% 
52. Continuous. 53, 54. Discontinuous at (0, 0). 


55. Vuy + 2uv®V, + 2x1 — v)V, + we2V =0 
2 
Ne. es ps pa ie 5 gis os a V uty 


ofp al SI ane Pah 2 es, 
(a? ve 2°) (a? — 23) (a? ai 2)? 
7 ae i ua ae V; _ Says <3 4 
eee @rey " ~ af Aue ~ (22 + ua)” ™ (2? + 48)?” 
v.. . 8%? ee 12xy%z V _ T2ay*zu? 
zy ~ (2B wy’ penne cad gst | 
ba. vy. yrzu wu yu 
8" @tyety "~@etyery ~ @FHe- yz + u)®” 
eae Ae ae | abe oe aaa 
“ @+nerur ™ @tyeru’ ™~ eye +? 
Vr 2: 4ayzu 
me (@ + ye + Uw) 
cae MME Pe eas ae, Bk ae 
ae ie a ee’ 7 he zu iia any Tone 
Te, eae ee bs Sad gl 
Vy ar a ro Vey ~ x i ou Vays ns ue? Vayeu = ua 


70. Take the relation as z = log 2 + log F’(x) + log u(y) — 2 log (F(a) 4- Sa). 
72. xyz, 3x*y — y%, 3xy? — 23, 3y%z — 23, 3yz? — y3, Baz? — a3, 32a? — 


CHAPTER III 


IMPLICIT FUNCTIONS OF ONE VARIABLE. ALGEBRAIC 
CURVES. CONTOUR LINES. 


3. Implicit Functions of One Variable. If f(x, y) is a function 
of two variables, the relation f(x, y) = 0, may, under certain conditions, 
determine y as a function of x. Functions defined in this way are called 
implicit, although explicit forms may sometimes be obtained for them. 
A simple illustration is provided by the inverse function. 


3.01. Inverse Functions. Let the relation connecting x, y be x = F(y) 
where F'(y) is a function whose properties are known. If this determines 
y as a function of x, the symbol F~!(z) is sometimes used for y; and 
since more than one function y may satisfy the equation, this symbol is, 
in general, ambiguous. The function F~!(z) is called the function inverse 
to F(x). If F(y) increase steadily from F(B) to F(A) as y increases 


FIG. | _ Fig. 2 


from B to A, then y is a continuous function of x in the interval 
F(B) <a < F(A) for y increases steadily from B to A as x increases 
from F(B) to F(A). (Fig. 1.) Similarly a continuous function of x is 
determined when F(y) decreases steadily from F(B) to F(A). More 
generally, when F(y) does not increase (or decrease) steadily for all 
values of y, it is usually possible to divide the range of variation of y 
into intervals given by A, < y < A,,,, within each of which F(y) is 
monotonic. To each such interval, there will correspond a single-valued 
continuous function of z. (Fig. 2.) 


A further specification is necessary in order to make y definite. Thus a function 
defined by the relation 2 = sin y is made definite by defining sin—! x (or are sin x) 
as that value that satisfies — 42< y< 4x. When more than one value of y is 
determined by a value of x, the various values are called Branches, 

51 
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3.02. The Derivative of an Inverse Function. If « = F(y) and F’(y) 
exists and is of constant sign near (a, 6), then F(y) is monotonic near 
(a, 6) and therefore a continuous function y of z exists. Also since 


lim (¢ ms ;) im ¢ — ;) = 1 when one of the limits exists, the other 


limit exists, if the former is not zero, i.e. since in exists and is not 
zero, so also does : and its value is 1/ (=) When 

dx 

dy 

3.03. Rational Indices. Consider the relation x = y%, where q is an 


integer. As y increases from 0, a increases steadily from 0. (Fig. 3.) 
Thus the relation determines for z > 0 a unique positive function y. 


alia 


> + ©. 


Fig. 3 


By the laws of indices, this function may be denoted by x!/%, a symbol 
we shall regard as non-ambiguous. If p, g are integers with no common 
factor, the function 2°/4 may be defined as (x'/2)? and satisfies the equa- 
tion yt = @. Finally, the function 2*, (x > 0), where « is rational and ° 
negative, is (by the laws of indices) equal to 1/a-*. 


It should be noted, however, that the equation y% = z?, when q is even, deter- 
mines for z > 0, two real functions, viz. + «?/7; and, when q is odd, a single function 
for all x. Thus when z > 0, this function is x?/? and when x < 0, it is — (—ax)p/a 
when p is odd and (— x)?/” when p is even. 


3.04. The Derivative of «*, « rational. Let « = p/q, then yt = x? 
and gy*~*y’ Tis 


ie. Se) = me V(gp/ayi—a — gg}, 
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3.05. Expansion of (1 + x)*, « rational, x small. Using Maclaurin’s 
expansion, we find 


(1 + z)* 
=1 fon + Me Nas +. : ns eee} - ee 
where R,, = at —1)...(«—n)(1 + 62)=-*"! = O(a"*}) for 


a fixed n since 1 + 0% ~0 when z is small (0 <@ <1). 

3.06. The Graph of y™ = ax". In this equation we suppose that m 
is a positive integer and that » is an integer that may be positive or 
negative. In view of future applications, however, we will no longer 
assume that m, n have no common factors. The graph is easily drawn 
by finding a quadrant in which the curve lies and completing the curve 
by symmetry. 

Notes. (i) The curve touches OX at 0 ifn > m-> 0; and touches OY at O 
ifm>n>0 

(ii) If n <0, the axes x = 0, y = 0 are asymptotes. 

(iii) If a < 0, m, n positive even integers, then (0, 0) is the only real point on the 
curve; whilst if a <0, m an even integer, n a negative even integer, there are no 
real points in the finite part of the plane. 


Some typical cases are shown in Fig. 4. 


Seis each 


3.07. The Implicit Function Theorem for f(x, y) = 0. Let f(a, 6) = 0 
and let f(a, y) be a continuous function of (x, y) near (a, 6). Also let 


FIG. 4 
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f(z, y) be a function that increases (or decreases) steadily with y for any 
fixed x in the neighbourhood. Then f(a, b — «), f(a, b + e) have opposite 
signs, when ¢ is small, so that f(x, y) vanishes for a value of y between 
b — e,b + «, for any x near x = a (Fig. 5); for, 

bre since f(x, y) is continuous, f(a, b—e) and 

’ f(a, 6 + &) have the same signs respectively as 
y ‘ J (zx, b — e) and f(z, b + e) when # — a is small. 
b-€ Also f(a, y) can vanish once only for a given x 

when b—e<y<b + e,since f(z, y) increases 


Bae steadily with y. Thus the function y so de- 
fined is unique and since ¢ is arbitrarily small, : 
Fig. 5 the function is continuous. A similar proof 


holds if f(x, y) decreases steadily with y. In 

particular, it is sufficient for the existence of y that f, should exist and 
be not zero at (a, b). 

Again, if f(x, y) is differentiable, since f(a +- dx, b + dy) = 0, we have 

Sobu + fydy + o(dp) = 0 (where dx = dp cos 0, dy = dp sin @) thus verify- 


ing that 6y—>0 when éx— 0 and showing that 4 which is equal 


to lim (—/ ze) has the value —J@ (since f, +0). 
Gee cee ae 
The second and higher derivatives of y may also be calculated by 
direct differentiation of f(z, y) = 0, their existence being dependent on 
that of the higher partial derivatives of f(z, y). 
dy dy dy\? | .d¥y : 

For example, /, +Siaz =0; fat 2fevze + Sn(Z) + Svgza =0 give 
? £4 = —Ueahy? — Moxley + fuvhe 

3.1. Algebraic Functions. The function y, if it exists, that satis- 
fies the equation 
S(@, y) = Po(x)y™ + Py(x)y™2 +... 4+ Pwyym" +. + P,,(2) =0 
where Py, P,, . . ., P,», are polynomials, is called an Implicit Algebraic 
Function. Since for a given x, y may have more than one value, further 
specification is necessary to make the branch definite. By the implicit 
function theorem, however, if f(a, 6) = 0, and if f, 40, there is one 
branch that tends to the value b when z tends to a. 


Note. It is, of course, possible for J, to be zero and yet a unique function to 
exist (at least when real variables are considered). Thus there is a unique function 
at (0, 0) in each of the two cases y’ — x* = 0, y3 = x8 + at, ; 

3.11. Explicit Algebraic Functions. A function y that is expressed 
in terms of a finite number of fundamental operations together with the 
operation of root-extraction (i.e. that indicated by the rational index), is 
called an explicit algebraic function. It is easy to show that such a 
function satisfies an algebraic equation of the type given in § 3.1, but 
since it is tedious to write out a proof of a general character, it is suffi- 
cient for us to illustrate the result by particular examples. 
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Examples. (i) y =(% — 1) + {&/(x + 1)}. 

Here [y — {a/(x + 1)}!]® =(« —1), from which we find 

(x +1) {(x + Ly? + Bay — x? + 1}* = 2 By%Xx +1) +2}. 

(ii) y = 2 + V(z* — 1) + V(e* — x) + V(2? + 2). 

Therefore (y — x)? — 2(y — x)«/(x* — 1) + (x? — 1) + 2a? + 2Qa/(%? — 1) from 
which we find y* — 4xy? + 2y? + 42y + 1 =0. 

The converse of the above result is not true, in general, as it is not 
possible to express the roots of a general algebraic equation (of degree 
higher than 4) in terms of the processes indicated. Sometimes, the 
form of a particular branch of an algebraic function suggests the correct 
expressions for the other branches. 


y*-4.xy?+2y*+4-xy +1-0 


Y; 


FIG. 6 


‘Thus in Example (ii) above, we have shown that y* - 4vy* + 2y? + day + 1=0 
is satisfied by 
yy = % + Vf (2* — 1) + V(a* — 2) + V(2* + 2). 
An inspection of the method by which the algebraic equation was obtained shows 
that the other three branches are 
ys =2 + ¥ (at — 1) — v(x? — 2) — V(x" + 2), 
ys = 2% — f(x* —1) + V(x* — x) — ¥(z? + 2), 
yg = 2% — V(x? — 1) — V(x — 2) + V (2? + 2). 
These are shown in Fig. 6, the curve being easily drawn by our previous methods 
by writing the relation as 4% = (y? + 1)*/ {y(y? — 1)}, thus expressing x as a 
rational function of y. 


3.2. Algebraic Curves. As in the simpler cases, the functional 
relationship is made clear if we plot pairs of values (x, y) that satisfy the 
equation, the corresponding curve being called algebraic. In dealing 
with this geometrical aspect, however, it is better to regard the relation- 
ship as a mutual one between « and y, rather than one in which one of 
the variables is necessarily taken as dependent. 

The condition that has arisen, viz. f, ~ 0, if interpreted algebraically, 
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is the condition that f(x, y) = 0, regarded as an equation in y, should 
not have a multiple root. Interpreted 
geometrically, since dy/dx is equal to 
—fr/fy, it is the condition that the 
tangent to the curve should not be 
parallel to OY. The interpretation 
of the case f,=f,=f=0 arises 
naturally in the course of our sub- 
sequent work. . 
3.21. Ordinary Points. Let P, of 
FIG. 7 co-ordinates (a, b) be a point on the 
curve f(z, y) = 0. (Fig. 7.) The co- 
ordinates of a point Q on the line through P making an angle 0 with 
OX are given by 
x=a-+rcos0, y=b-+rsin0, where r is PQ. 
If this point is on the curve, we have 


f(a, 6) + r(f, cos 6 + fy, sin 8) +- Sos cos? +- 2f,, sin 8 cos @ 4- fy» sin? @) 


od a » wee 
-.. + (cos 05% + sind) f= 0 


by Taylor’s Expansion (f(x, y) being of degree 7). 
This use of @ is not necessary, but it makes the exposition simpler. 
Since f(a, b) = 0, one root of this equation is of course zero and the 


remaining points of intersection Q,, Q., ... are determined by the 
real roots of the equation 


(f, cos 6 + f,, sin 0) + Fan 008? 6 + 2%f, sin 0 cos 0 + fry sin? 8) 


go-t 0 oct i 
Ga wil (cos 0. + sind) f 0. 
One, at least, of these roots tends to zero if Jf, cos 6 + f, sin 0 —> 0, thus 
verifying that the gradient of the tangent is — f,/f, and also that the 
equation of the tangent is 
(v — a)fa + (y — b)f, = 0. 
Thus if f, = 0, f, ~ 0, the tangent is parallel to OX, and if 12 FO fp =O, 
the tangent is parallel to OY. 
When f,, fy are not both zero, (a, b) is called an Ordinary Point. 
3.22. Singular Points. If f, = 0 = f,, every line through (a, b) gives 
at least two zero roots for r, and the point (a, b) is therefore called Singular. 
3.23. Double Points. If f, = 0 =f, and f,,, Suv» Soy ate not all zero, 
the point (a, b) is called a Double Point. In that case, the equation 
giving the other values of r is 


“ n—2 
yil/aa 0080 + 2fay 0080 sin + fy sin?) + *( +... 4+ TD yeo. 
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One, at least, of these values tends to zero when 6 tends to a value 
that satisfies the equation 
Sua 008" 6 -- 2fay cos 6 sin 6 + fo» sin? 6 = 0. 
If the two directions determined by this quadratic in tan 6 are real and 
distinct, the corresponding lines satisfy the geometrical concept of tan- 
gency and are therefore called the tangents at the double point. 


nodes 
Fie. 8 


A double point with real, distinct tangents is called a Node. (Fig. 8.) 
If the two directions are not real, no value of r can tend to zero for a 
real direction and therefore there are no real points of the curve near 
(a, 6). A double point of this type is called an Isolated Point. 


EXCS 


cusps 
Fig. 9 


Note. A node is sometimes called a crunode and an isolated point an acnode or 
conjugate point. 

If the two directions are coincident, there is a single real tangent and 
such a point may or may not be isolated. In this case the point is called 
a Cusp (or Cuspidal Point) and it will be seen in the examples that the 
cusp may be simple or double. (Fig. 9.) 

A double point is therefore a node, a cusp or an isolated point according as 
lai= = or <faaleo: 
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3.24. Multiple Points of Order m. If all the derivatives of f up to 
and including those of order (m — 1) vanish, but not all those of order 
m, the point is called a Multiple Point of Order m. 

Thus, for a triple point, for example, we deduce, as in the simpler cases, that 
the directions of the tangents are given by 

Saaa 008° 9 + 3faqp 008" 0 sin 8 + 3fqyy cos 6 sin? 6 + fi, sin? 0 = 0. 

3.25. Summary. A simple way of summarizing the above results is 
obtained by taking the origin to be the point under consideration. Let 
the equation therefore be 


1 1 
By oh + Ayy + gi t20r® + ay ry + dosy?) + gj (220? +..3)+...=0, 


(i) If a,9, @, are not both zero, O is an ordinary point, the tangent 
at which is ay9r + dgy = 0. 

(ii) If a4, = 0 = ao, but not all the numbers ayo, a4,, Gog are zero, 
then O is a double point, the tangents at which, if real, are given by 
Aso? + 2a, ry + Aoay* = 0. 

The point is a node, a cusp or an isolated point according as 

Ay,7 > = OF < AgoQos. 

(ili) If a9 = 0 = ag, = eq = Ay, = Ayo, but not all the numbers a5; 
1, G12, Gos are zero, O is a triple point, the tangents at which are given 
by @sor* + 3a,,07y + 3a,22Y? + Aosy* = 0. 

Similarly we may write down the tangents at O, when 0 is a multiple 
point of any order. 

3.26. The Shape at any Ordinary Point. Let the origin be the point 
under consideration and let the equation of the curve be 


ax + by + Az® + 2Bry + Cy?+...=0 
where a, b are not both zero. 


Note. For any other point on the curve, we may suppose the origin transferred 
there by a change of axes. 


If b 40, y = — ax/b +- o(x) and therefore by substitution 
y = — ax/b — x*(Ab® — 2Bab +- Ca®)/b3 + o(x*) 

i.e. 
y = — ax/b + Ka* + o(x*), where Kb? = Ab? — 2Bab -+- Ca?,(K 0). 

The constant K may vanish, however, and so, in general, the curve 
departs from the tangent like 

y = —ax/b + Lat, (s >2, b 40). 

If a=0, the approximation is y = La*. If b=0 (so that a +0), 
the approximation is = My’, (s > 2). 

Examples. (i) Find the approximations for 4x — y — 6x* — y? + 223 = 0 at 
(0, 0), (1, 0), (0, Ta 1), (1,’ _— 1). 


At (0, 0), y = 4x — 622 — (4x)? = 4x — 2222, 
At (1, —1), take «=1+ X, y=—14+4/Y and find 


—2X+Y—Y?...=0. 
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ie. (y + 1) = 2(e@ — 1) + 4(a — 1)*. Similarly at (1,0), y = — 2(x — 1) — 4x — 1)? 
and at (0, —1), y+ 1 = — 4x + 2227. (Fig. 10 (a).) 


Nes -1 (b) 


4x-y-6x%-y?+2x7=0 2x-y+4x7-y?4+2 x? =0 


Fig. 10 


(ii) Find the approximations to 2x — y + 4x? — y* + 22% = Oat (0,0), (0, — 1), 
(—1, 0), (—1, —1). The results are: y = 22 + 2x; y+ 1 = — 2x — 22°; 
y = —Ae+1)*s (y+1)=Ax+1)%. (Fig. 10 (b).) f 

3.27. Shape at a Multiple Point. (1) At a node: the equation has 
the form : 


(pa + qy)(la + my) + da(z, y) + file, y) +... =0 

where ¢,(z, y) is a homogeneous polynomial of haiase r. Near the 
tangent px + gy = 0, we have y = — pau/q + o(z), if g 40, and there- 
fore one pe of the curve departs -from its tangent like 


y = — pu/q + Le’, (s > 2). 


If gq = 0, the approximation is of the form x = My’, (s > >2). In par- 
ticular, when q ~0, the approximation is 


(pa + gy)(l — mp/q) + 2*$3(1, — p/g) =9, {ba(1, — p/q) ~ 9}. 
When pa + qy is a factor of ¢,(x, y) but not of ¢,(z, y), then 


pu + gy = Oz") 
for ¢5(x, y) = O(x*), (s > 5), i.e. the approximation is 


(pa + qy)(t — mp/q) + 2*4.(1, — p/q) =-0. 
More generally, the approximation is 


(pe + qy)(t — mp/q) + x*p,(1, — p/q) = 9 
where ¢, is the first ¢, that does not contain the factor px + qy. In 
the same way, the approximation near the other tangent la + my = 0 
is obtained. 
Examples. (i) Find tte ee at (0, 0) to 
a® — y* + 2 — y® + Baty = 0. 
The tangents at (UV, 0) are xz —y = =0 and z+y= = 0. 
Near z — y = 0, (a — y)2u + 3a%2 =0, ie. y =a + 32° 
Near «+ y =0, (% + y)2a + 22% —0, ice. para at (Fig. 11 (a).) | 
(ii) Find the approximations at (0, 0) to 3ay + 52° + 4y4=0. The tangents 
are z= 0, y = 0. 7 
Near x = 0, 3ay + 4y4 = 0, ie. 32 = — 4y?. 
Near y =0, 3zy + 52° =0, ie. 3y = — 52%. (Fig. 11 (b).) 


60 ADVANCED CALCULUS 
(2) At an tsolated point ; the terms of the second degree do not break 
up into real factors and there are no real points in the neighbourhood. 


prween Gi) da + day + 2y* + a? — y= 0, (ii) x? + 4ay + 5y? + 23 = 0, 
(iii) 4y? = at — 2°. 


(3) At a cusp. The coefficients of x, y? cannot both be zero ; let us 
therefore assume for definiteness that there is a term in y* and that the 
equation is 


(y — mz)? -+¢ds+d+t+...+$,=0. 


Since y — ma may be a factor of ¢5, 4) - + «5 Oy (kK <n), we deduce 
that the effective approximation takes the form 


(y — mz — Aja? —Ayw®— ... —A,_,2')? = Ket, (t > 


3K ese 


xtyrex?-y%e3x°y=0 Sxyt5x*+4yt=O — (xcty)*+x%y*=0 


(f) 
4 : 


(y-x?)?=x5 (x-y)?+x?-y 342x420 y?-x 4-xy3+x5=0 
(go) (h) 
g 7 y 
° x 
0 x 
(y-2x?}?=9x8+x9 (y-x*My-x 9) =x xylx%y Ne(x?+ y>)?* 
Fig. 11 


If K < 0, ¢ even, the origin is isolated with a real tangent y = ma ; 
otherwise there are real points near O given approximately by 


y = me + Ag+... +A,_ 12" + (Kat. 

Examples. (i) (% + y)* + 2 — y? =0. 

Here y = O(x), and the approximation is (x + y)? + 223 =0 
ive. y=—2+ y(— 22%), Keratoid Cusp. (Fig. 11 (c).) 

(ii) (y — 2)? = 2°. Rhamphoid argh (Fig. 11 (d).) 

(iii) (2 — y)* + (a® — y3) + 2at = 

Here y Syd oy ay pg =0,ory =x+2°,y =z + 2x%. Double 
Cusp. ets ig. 11 (e).) 

(iv) y* — 2 — ay +25 =0. Here y=+2% Double Cusp. (Fig. 11(f).) 
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(v) (y — 2x)? = 92° + 2°, giving y =22° + 3x4. Double Cusp. (Fig. 11(g).) 
(vi) (y — x*\(y — 2°) = 2°, giving y = 2*, y = x. Double Ousp. (Fig. 11(h).) 
(vii) (y + 2)? + 2 =a’. The origin is isolated. 

(viii) (y + x)? — (y + )9(22 —y) +24 =0. Herey + x = ke® + o(z*) where 
k? +1 =0, ie. the origin is zsolated. 

(4) At a multiple point: similar methods may be applied but the 
details for the general curve are tedious. 

Example. xy(x — y)(a + y) = (x? + y*)®. 

O is a quadruple point with 4 real tangents, x =0,y =0,%=+y. 

Near x =0, zy(—y)(+ 9) =y'*, ie. c= —y®. Near y =0, y=2*%. Near 
x=y, x(x — y)2x = 8x5, ie. y =x — 4x3; similarly near x = — y, we have 
y= —a— 42%. (Fig. 11 (%).) 

3.3. Graph of the Algebraic Function. A representation adequate 
for picturing the functional relationship is obtained if the shape of the 
corresponding curve is determined— 

(a) at critical points in the finite part of the plane ; 

(b) at places where one, at least, of the variables is large. 

Under (a), we should determine (i) where the tangent is parallel to 
an axis, and (ii) the singular points and the approximations there. 

In general, the approximation is usually of the type 

(y — b)’ = A(w — a)* 
where 7, s may be positive or negative integers ; but it should be remem- 
bered that this may be the common approximation of two or more 
branches of the curve and that further approximation may be necessary 
to separate these branches. In the two paragraphs that follow, examples 
are given that admit of an obvious treatment. 

3.31. The Relation y” = P(x)/Q(z), where P, Q are polynomials with 
no common factor. 

Find the shapes at points (real) where y is small, where y is large 
and where « is large. 

Obtain the points, other than those that have already occurred, 
where a tangent is parallel to OX; these are given by 

P'(x)Q(z) = P(z)Q"(2). 
Their number and approximate position are often deducible from a 
knowledge of the roots of P(x) = 0 and Q(z) = 0; and if only a rough 
graph is required, it is unnecessary to find them; but their determina- 
tion not only provides a verification of previous work, it also gives an 
idea of relative dimensions. 


Examples. Find the approximations to the following curves when 2 is large: 


or EBs # Brat} d+eld) cro. 


rid 
w= ecafeen: Yall B08) Cog) 


Z 1 1 
ie. ¥= 5+ go (% })- 


ovary fo 1- $4 o(Z) y= +(1- 3)(o, 40. 


(iii) yf = 
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F Le. "2 1: ly, 
GY) Mit peg CG Oe het: o(=), («, 0). Herey =% + % is an 
asymptote and the curve is above (below) this asymptote when =z is large and 
positive (negative). 


(v) ni Tat ve =a + of2%), (005 co), 
(vi) y? = ee ae “ay=a-— 445 +o(=), (00, 0). 
iviifgh aS free ae OF a. oh deel ad wel points. 


Draw the gilt curve for the following examples: 


Gi)? = (e+ 1)° (0,'0), y? = 2%; (— 1, ‘c), y? = (co, 0), y? = 


1 
(x ; (a + 1)3' 
Parallel to OX when a = 2, y = + /£ = + 0-385; x cannot be < — 1; 
symmetry about OX. (Fig. 12 (a).) 


c+ VE 
yt x(x-1) 


ria. 12 


a Be 
(ii) y3 = @=i%e +): find the approximations at (0, 0), (1, ©), 
(— 1, ©), (co, 1). In particular at (co, 1),y =1+4 = The tangent is parallel 
to OX. at (— 2, 0-84). (Fig. 12 (5).) 


(iii) yf = rE 1? find the approximations at (— 1, 0), (0, 0), (1, ©), 


(co, 00). In particular at (0, 0), +y =2 43 + a the tangent is parallel to 
OX at (1-59, 4-24). (Fig. 12 (c).) 
3.32. The Relation A(y)/B(y) = C(x)/E(x) where A, B, C, E are 


polynomials. 

Let F(y) = A(y)/Bly), G(x) = C(x)/E(z). Then it will usually be 
sufficient to consider— 

(i) places where F(y), G(x) are simultaneously small or simultaneously 
large ; (ii) places where 2 or y is large or both 2, y are large, if they have 
not occurred in (i); (iii) singular points that have not occurred in (i), 
(ii) and also the points, where the tangent is parallel to an axis, 

Thus the curve is parallel to OY when F’(y) = 0, G’(z) 40; it is 
parallel to OX when F’(y) ~0, G(x) = 0; but if (a, 5) is a point where 
F'(b) = 0 = G'(a), F(b) = G(q@), that point is singular and by writing 
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the given relation in the form F(y) — F(6) = G(x) — G(a), the approxi- 
mations there are easily determined. 


Examples. (i) Show that the curve 4ay(~z — 1)(1 — y) = 17y* — 17y + 4 has 
a singular point and find the approximation there. 

Write the equation 4a(z — 1) = — 17 — 4/ {yy — 1)}, (f(z, y) =0). Then 
St, =0 =f, when x = 4, y =} and this point is on the curve. The relation is 

2 

equivalent to (2a — 1)? = “ao. showing that the singular point is a node 
with tangents 2x —1 = + 4(2y — 1). 

(ii) It may be found similarly that the curve 

a(2y'— ly — 2) = y(% — 2)(2z* — 42% + 4x — 1) 

has a double cusp at (1, 1). The equation may be written a(y — 1)? = y(x — 1)*. 

(iii) Find approximations for 4%*(y — 1)(y + 1)(z + 1) = 3(@ — 1)%(y + 2) at 
(— 1, @), (0, 0), ©, c). 

At (—1, 0), 4y = —24/(e +1); at (0, 0), 4y = — 3/2%. 

When «—> o, 4(y — 1)(y + 1) —> X{y + 2), ie. y— 2 or — 5/4. 
(y—2(4y +5) (de® — Be = 1) 


Writing the equation as wy +2) me iy we find 
13 12 13 12 
FSR) pe see aor aye 
the cl ti ie og 
giving the closer approximations y = 2 — 7,7, y = — g + 7a: 


Draw the <a curve for the following relations. 

(i) 18y(y* — 3) = a(x — 3)(x — 8). 

(0, 0), — a 242; (0, 1/3), 108(y — 1/3) = 242; (0, — 3), 

108(y + +3) = 24a. 

Similar results at (3, 0), (3, + /3), (8, 9), (8, + V3). 

There is a node at (6, 1) with tangents 54(y — 1)* = 7(x — 6)?. The tangent is 
parallel to OX at (6, — 2), (1-33, — 1-6), (1-33, — 0-3), (1-33, 1-9). The tangent 
is parallel to OY at (— 1, 1), (8-7, — 1). And at (00, 00) the first approximation is 
y = 0-382, the next is y = 0-38% — 1-4. (Fig. 13 (a).) 


By ly*-3) = 3c (2c-3)lc-8) yy" (y+ 1)? =x? (x+1)* és yy-lP(x+l Jex'exe? 
(a) (5) (c) 
Fig. 13 


(ii) yy + 1)8 = x(a + 1). Obtain the approximations at (0, 0), (0, — 1), 
(— 1,0), (— 1, — 1), (2%, ©). (Fig. 13 (6).) 
(iii) yy — 1)*%(2 +1) = 2%(x%+7)%. Find the approximations at (0, 90), 


(0, 1), (— 7, 0), (— 7, 1), (— 1, ©), (00, 00). In particular at (00, 0), y=a2+ 7 


ll 
a Ra oe ee There is symmetry about the line y = }. (Fig. 13 (c).) 
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(iv) 50y*(2y + 1)%(a + 1)* = x%(8y — 3). (Fig. 14.) 


50y?(Ly+l)*(oc+l)* =x*(8y-3) 
SEED 


os 


Fia. 14 


(v) (y — 4)(y — Ily + 20y + 3)y = 4)(y + 6) 

+ (x* — 1)(a* — 4)(x? — 9)? — 16) = 576 

No large values of x, y. Symmetry about OY. (Fig. 15 (a).) 

(vi) 16y4(x + 6)? + igh + 3)°(y — 2)? =0. (Fig. 15 (6).) 

(vii) 9xy = (x* + 1)y* +1). This example illustrates the importance of 
finding where the tangents are parallel to an axis, since there is an oval within the 
first quadrant. Actually /,, = 0 at (0-79, 4-54 or 0-22) and f, = 0 at (2 or 0-22 or 
— 2-22, 1) and (— 0-22, —1). (Fig. 15 (c).) 


y 
! 
Tye oper oe 
ly 4(x+6)*+ 
x'(x+3) (y-2)*0 Ixy=(xc*+Iy+l) 


(y-4(y-Wly+2y +3 y+4 (y+ 6) 
+(x N)(x>4) (2-9 x*16) =576 i 


(a) (b) (¢) 


Fig. 15 


3.33. Newton's Polygon (or Analytical Polygon). When the variables 
cannot be separated as in the two preceding paragraphs, and when it is 
not obvious what terms give the correct approximations in significant 
neighbourhoods, these approximations may be obtained by using a 
subsidiary diagram known as Newton’s Polygon. 

Let the origin, which may be a singular point, be on the curve and 
let the equation of the curve be 

XA, .x"y’ = 0 (Ago = 0) 
where there is at least one non-zero term A,,9x” and at least one non-zero 
term Ao,y". In a subsidiary diagram (Fig. 16), take rectangular axes 
QE, Qn and plot all the pairs of values (r, s), that occur in the given equa- 
tion. Draw through these points a polygon that is not re-entrant, such 
that every vertex is one of the plotted points and such that every plotted 
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point is either within the polygon or on one of its sides. The sides may 
be classified into eight types as follows (Fig. 17) : 


Ky . ' | Inequality for pounts 

Type: Fig. 17 Equation pace g Aig 
we at p>0,q>9 pe+qn>1 
(ii) DE, p<0,q>0)  pe+gn<1l 
one i p>0,q <0 Pech ater 

v = = 

(vi) PA n=0 n> 9 

(vii) FG m=1, q>0 jie gn<t 
(viii) LM pe'= 1; p>o pe <1 


Fia. 16 Fig. 17 


The characteristic property of the polygon is as follows : 

The terms of the equation that correspond to the points on a par- 
ticular side give the first approximation to the curve in a particular 
neighbourhood; and the particular neighbourhoods to be associated 
with the different sides are given by the scheme— 

“(@ , 0), (ii) (20, 20), (ii) (0, 0), (ev) (20, 0), (v) (0, ¢), (Wi) (@ 0) 
(vii) (c, 90), (vill) (00, ¢). 

Note. The different types may not, of course, all occur. There may be more 
than two points on a side, and to any side, as we shall see, there may correspond 
more than one branch. The constant c, for example, may have many values. 

Let K,, K, be two points of a side pf + qn = 1 and let these corre- 
spond to Ax”y%, Bay’: respectively so that 

pry + 981 = prs + 982 = 1 
Let « = O(A?), y = O(A*) (where / is chosen, later, to be small or large). 
Then Aa’y% — O(A) and Baty* = O(A) so that these terms are of the 
same order in the neighbourhood {O(A?), O(A%)}. Also, if (rs, 83) is a 
point not on the line, the corresponding term Ca’xy* = O(A?"*%). 
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Thus for type (i), prs + qs; > 1 and therefore for A small, 
O(APrs+48s) — o(A) 


and so (i) gives an approximation at (0, 0) since p,q > 0. Similarly for 
type (ii), by taking A large we find that the corresponding terms give the 
approximation for (co, 00). In the same way the other results may be 
established. In particular, (v), (vi) give the points where the curve 
crosses the axes of y and x respectively ; and (vii), (viii) give respectively 
the asymptotes parallel to the axes of y and 2. 

Also, the polygon gives the next approximations to the curve in the appropriate 
neighbourhoods, since it follows from the above proofs that if the line containing 
a particular side is moved parallel to itself until it meets another plotted point (or 
a number of points simultaneously), then the term corresponding to that point 
(points) provides in general the next approximation. These new terms may be 
required when the first is linear or involves repeated factors. It may also be used 
to obtain the tangents at the points where the curve crosses the axes. 

In the following examples, the complete curve is in each case indi- 
cated by a dotted line in the corresponding diagram, but the reader at 
the present stage should regard these dotted lines merely as tentative. 


Fh ahi brig Dhak ot 
yx *y*-Sxy*+Lxiy'= 


(d) 


ae 


n é Pa 
(x-yNx3-y?)-3y?-x +2y=0 
(f) 


Sve i a AY 
(y3-x7)*-x y3-x)-2x7=0 2lx+y)*-Six+y)*(x-y)+8x*=0 
Fie. 18 


Examples. (i) x* — y? — xy* — Say! + 2x3y3 = 0. 

(0, 0), «2 — y? = 0, with closer approximation x? — y* = 8zy4, i.e. (x — y)2a = 8x5 
and (x + y)2x = 825 giving y = x — 4x and y = —a# + 

(¢, 0), (— aty* — Bayt) + 2x3y3 — 0 gives 3y(x + 2) =2; 

(0, 0), 8ay? = —1; (0, 0), a%yt=—1. (Fig. 18(a).) 
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(ii) 2a — yt — ay + we? =0 

Find the approximations at (0, 0), (c, 0), (<0, 0), (2, ©). 

In particular, (c, 0), 2(2 +) =ya* gives 4y =x%+2(c = — 2); (0, ©), 
(— ay — y*) + 2? =0, ie. y(x + y)(x* — zy + y*) = 2* giving the real asymptote 
x+y =0, with closer approximation z + y = — = (Fig. 18 (6).) 

(iii) (y2 — #°)* = a"y®, Find approximations at (0, 9), (0, 0), (co, oo). In 
particular at (0, 0) (y? — x*)? = a’y® gives y* = «* + x®, (Fig. 18 (c).) 

(iv) (x — y)*%(a* + ay + y*) — 8y? — 2 + 2y =0. 

Find approximations at (0, 0), (¢, 0), (0, ¢2), (0%, ©). 

In this case c, = 1; c, may be l or —2. (Fig. 18(d).) 

(v) (y3 — a)? — xy? — 2?) — 2a7 = 0. If the terms that give the second 
approximation vanish when the first approximation is substituted, a temporary 
change of variable may be used to obtain the correct second approximation. Thus 
at (0, 0), y? = 2? in this example and the terms that should give the second 
approximation vanish. Take therefore Y = y* — z* and the new equation is 
Y¥2 — x3Y — 2x? =0. From this we deduce that Y=2* or — 224, ie. 
y? = 22 + 2%, or y? = a — Qxt, (Fig. 18 (e).) 

(vi) 2(a% + y)* — 5(w + y)*(% — y) + 8a? = 0. 

At (co, co), the first approximation gives x 4- y = 0 and this makes the terms 
giving the next approximation vanish. Let # + y = Y and find 

2Y4 — 5Y%(2¢ — Y) + 8%? = 0. 
By drawing the Newton polygon for the equation in (x, Y) we find that at (co, ©), 
(¥? — 2) ¥2—4z)=O,ie. e+ y=+ Ve ande+y=+ 2/x. (Fig. 18 (f).) 


3.34. Summary of General Method for f(x, y) = 0. (i) Draw Newton’s 
polygon. If O is not on the curve, the approximations for one or more 
of the neighbourhoods (c, 0), (0, ¢), (20, 0), (0, 2), (¢, 2%), (00, ¢), 
(co, 00) are obtained. If O is on the curve, we obtain also the approxi- 
mation at (0, 0). 

(ii) Solve the equations f=, 0; and obtain the points (q, b) 
where the tangent is parallel to OX (if f, 40). Solve the equations 
f=f, =; and obtain the points (a, 6) where the tangent is parallel 
to OY (if f, 0). Iff=fa= sf, =0 the point is singular. 

(iii) If (a, 6) is singular, take =a + X, y=6 + Y and draw that 
part of the polygon for f(a + X, b + Y) = 0 that gives the approxima- 
tion at X =0, Y = 0. 


Examples. (i) x? + y* = ay’. 

(0, 0), y* = —2®; (0, 00), ay =1; (w, oc), y® = 2%. 

fe =0 when 32z’ = 81, ie. at (1-14, 1-31); Jy =9 when 31252’ = — 256, 
ie. at (— 0-70, — 1-14). (Fig. 19 (a).) ; 

(ii) aty* — a — y* + ay? = 0. 

Find approximations at (0, 0), (wo) ; (co, £1); (+1, ©). 

Se = 0 when 9a* — 16z* + 3 = 0, giving (1:25, + 0-97), (0:46, -- 0-59). 

Sy =9 when 42° — 427+1=0, giving (0-5, + 0-52), (0-92, + 1-24). Also 
when x = 1, y = +1, gradient — 4. Symmetry about OX. (Fig. 19 (b).) 

(iii) x? — y® + aty® — 4a3y2? = 0. (Fy. 19 (c).) 

(iv) y3 — 4a%y + at —2*+y* =0. (Fig. 19 (d).) 

(v) (y — x)? =aty. Find approximations at (0, 0), (@, 1), (2%, ). 


If z=t— Ty = (8 1): S is never zero, and 7-0 only at (0, 0). 


Curve crosses y = 1 (the asymptote) at = +1//2. Symmetry about OY and 
y cannot be <0. (Fig. 20 (a).) 
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x*-y?4+x7y3 


-4x3y7=0 


A+ yFty4x?y +x? 


ria. 19 


(b) 


fy? x*)*4x°(x+)) 


FIG? 20 
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(vi) y? — a — 2a%y? + ay = 0. 

Approximation for (0, c) is not real, and the tangent is never parallel to OX. 
(Fig. 20 (6).) 

(vii) (y3 — a*)? = 4a* + $a5. (Fig. 20(c).) 

(viii) (y? — 2)® + 25y? =0; in this example the origin is isolated and % must 
be <—2. (Fig. 20 (d)). 

3.4. Unicursal Curves. If the co-ordinates of a point (x, y) on a 
curve can be expressed rationally in terms of a parameter ¢, the curve 
is said to be wnicursal. The complete curve is obtained by allowing ¢ to 
vary from — 00 to + ©. Such a curve is algebraic since the elimination 
of t between the equations giving x and y obviously gives an algebraic 
equation in (x, y). Conversely, however, the general algebraic curve is 
not unicursal, the conditions that it should be so being associated, as 
we shall find, with the number of singular points possessed by the curve. 
It should be remembered that the determination of analytical conditions 
of the type indicated may lead to results that have no real geometrical 
significance, and that geometrical ideas are used merely to simplify the 
exposition. The analysis of algebraic functions requires the use of the 
complex variable for an adequate treatment, and our illustrations here 
are therefore confined to those for which the results obtained are real. 

3.41. The Number of Points required to specify a Curve of Degree n. 
The number of coefficients in the equation 
oo + (Grot + Gory) + (Gace? +... -) +. +--+ (Gnoe™ +... + dony”) = 9 
is 14+24+3+...+(n+1)=H(n+ 1)(n+ 2), and therefore the 
number of arbitrary constants is }(n + 1)(m + 2) — 1 = $n(n + 3). 

Thus a conic can, in general, be drawn through 5 points, a cubic 
through 9 and a sextic through 27. 

Note. This result is only true in general, since the equations determining the 
constants may be indeterminate. 

Examples. (i) Find the equation of the conic through (0, +- a), (+- a, 0) (2a, 2a). 

When x = 0, y = -- a; equation is Az? + a(By + C) + Diy? — a*) = 0. 

When y = 0, = +4; equation is Az? + Bry + Ay* = Aa’. 

When x = 2a, y = 2a; therefore A(7a*) + 4Ba* = 0, i.e. the required equation 
is 4x2 — Tay + 4y* = 4a*. 

(ii) Find the conic through (0, 0), (0, — 6), (2, 0), (1, — 3), (3, 3). This is indeter- 
minate, since 4 of the points lie on the line y = 3x — 6; it may therefore be 
taken as (y — max)(y — 3a — 6) = 0 where m is arbitrary. 

(iii) Find the cubic through (0, 2) for which y = 0, y = Lare inflexional tangents 
at x = 0 and for whichz + y = 0 isanasymptote. This is equivalent to 9 points ; 
for y = 0, y = 1 must lead to x* = 0, and the substitution of x + y = 0 must lead 
to a simple equation in x. The result is 3ay(y — 1) + y(y — 1\(y — 2) — 223 = 0. 

3.42. The Number of Intersections of two Algebraic Curves. Let the 
curves of degrees m, n respectively be given by 

(1) y™Po(2) + y"2P,(2) +... + Pya(at) = 0, 
(2) y"Qulz) + y" O(a) +. - . + Orla) = 0 
where P,, Q, are polynomials of degrees not higher than r, s respectively. 
Form the (m + ») equations 
Pe) Ae «ot f Pz) = 0; (r= 0, 1,” m — TDs 
y"**Q (x) Se ¥°Q,(2) = 0, (s = 0, J uhh sacw MR Fe Aas 
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These consist of (m +-) homogeneous linear equations in the numbers 
1,y, y*,..., y™t"-1_ The eliminant is A = 0, where A is the deter- 
minant of the coefficients. This determinant may easily be shown to 
be a polynomial in z of degree not higher than mn. (Ref. Hilton, Plane 
Algebraic Curves, I, 7.) 


Notes. The actual degree of the determinant will often be less than mn, and we 
then say that the curves intersect at infinity. The introduction of intersections 
at infinity may be avoided by using homogeneous co-ordinates, this being equivalent 
to a projective transformation. 


The equations from which A = 0 is obtained also determine y asa 
rational function of z, and so to each value of z obtained from A = 0 
we can find a corresponding value of y. Thus, in general, two curves 
of degrees m, n intersect in not more than mn points. Some of these 
intersections may be multiple (corresponding to multiple roots), and 
some may be imaginary. 


Example. y® — y*(3x + 3) + y(3x 4-2) — x%(2x + 1) =0; y—y—xv=0. 
Multiply the second by y and subtract it from the first, thus giving 
y*(3x + 2) — y(a® + 3a + 2) + a%(2Qz +1) = 0. 
Solving for y*, y we find -a4(5a + 3)? = aA(a? +- 5x + 3) and y = 5 + 3 (a 340). 
Thus the curves meet at (0, 0), (0, 1), (— 3, %), (— %, — 4) and there is double 
contact (common tangent) at the first two. 


3.43. The Maximum Number of Double Points for a Curve of Degree n. 
Suppose that there are N double points and no other singular points. 
Let 3m(m + 3) <N; then a curve of degree m can be drawn through 
3m(m +- 3) of the double points. The number of intersections with the 
given curve given by these double points is m(m + 3) which must be 
< mn, i.e.m <n —3. Thus N < }(n — 2)(n + 1) but may be greater 
than $n(n — 3). Take therefore a curve of degree » — 2 through the 
N double points and through {4(n — 2)(n + 1) — N} other points of 
the curve. The number of intersections is 2N + 4(n — 2)(n + 1) — N 
and this must be < n(n — 2), ie. N <4(n — 1)(n — 2). 

We shall show by examples that a curve can possess this number 
3(n — 1)(n — 2). The difference between the number and the actual 
number is called the Deficiency of the curve. 


Notes. (i) The same result may be proved by taking a curve of degree n — 1 
through the NV double points and through }(n — 1)(n + 2) — WN other points. 

(ii) It does not appear to be a simple matter to obtain a correspondingly simple 
formula for the maximum number of singular points of f(x,y) = 0 where there are 
n, double points, , triple points, etc. It is sometimes true that a multiple point 
of order q may be regarded as $9(q — 1) double points. Thus if a curve of degree n 
possess a multiple point A of order n — 1, it can possess no other singular point B; 
for AB would then meet the curve in (x + 1) points at least. In this case one 
multiple point of order (mn — 1) is equivalent to }(n — 1)(n — 2) double points. 
That the equivalence is not always true is most simply shown by the fact that a 
quintic can possess 6 double points, but it cannot possess 2 triple points. However, 
our present object is to establish a relationship between the number of singular 
points and the problem of determining when a curve is unicursal. It will be sufficient 
for us to use the method adapted for double points to other particular cases that 
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arise. The problem is more adequately dealt with in the theory of algebraic func- 
tions, where conditions may be stated without reference to geometrical ideas. 

Example. A sextic has one quadruple point A. If all the other singularities 
are double points, what is the maximum number m? Here m < 8, for a conic 
could be drawn through A and 4 double points (giving 12'intersections), but a cubic 
could not be taken through A and 8 double points (since there would then be 20 
intersections). Take a cubic through A, m double points and 8 — m other points. 
Then 4 + 2m + 8 — m< 18, i.e. m< 6. Thus a quadruple point in this example 
is equivalent to 4 double points. 


3.44. A Curve of Deficiency Zero is Unicursal. Take a curve of degree 
(n — 2) through the 4(n — 1)(n — 2) double points and through (n — 3) 
other points of a given curve f(x, y) = 0 of degree n. 

The number of arbitrary coefficients is 


3(n — 2)(n + 1) — (nm — 1)(n — 2) — (n — 3) 
i.e. 1. The new curve is therefore of the form 
d(x, y) + ty(x, y) = 0 (¢ being the arbitrary coefficient). 


The number of known intersections is (n — 1)(n — 2) + (m — 3) and 
therefore the number unknown is 


n(n — 2) — (n — 1)(n — 2) — (n — 3) = 1. 
The co-ordinates of this point of intersection must therefore be expres- 
sible as rational functions of ¢. \ 


Note. The same result is obtained by taking a curve of degree (n — 1) through 
the 4(n — 1)(m — 2) double points and through (2n — 3) other points. 


Examples. (1) A sextic with one quadruple point A and six double points 
B, (r = 1 to 6) is unicursal. Take a cubic through these points and one other point 
of the curve. One coefficient is undetermined. The number of unknown intersections 
is 18 —(4+12+41)=1. 

(ii) A curve of degree n with one multiple point A of order (n — 1) is unicursal. 
Let A be the point (a, 6) and take the variable line y — b = (x — a). The sub- 
stitution of y in the equation of the curve leads to an equation in x having a root 
a of multiplicity (n — 1). The remaining root is a rational function of t. 


3.45. The Conic. A conic (assumed irreducible) cannot have a double 
point, and is therefore unicursal. If (a, b) is any point on it, the sub- 
stitution (y — b) = t(x — a) (see § 3.44, note) leads to a quadratic in z, 
one root of which is a and the other a rational function of ¢. 


Note. It is assumed here that the reader is already familiar with the simple 
equations of the conic to which the general equation of the second degree may be 
reduced. The examples given below are to be regarded as illustrations of the 
general theory. It is useful to note, however, that the method of Newton’s polygon 
enables us to obtain very quickly the nature, shape, and position of the conic given 
by a general equation. 


Examples. (i) 2+ 2y+y2=2+y. 

From Newton’s polygon, (0, 0), y= —2; (1, 0) x—1 +y?=0; (0, 1), 
y—1+2?=0; (0, o), 22+ay+y*=0, imaginary. (Hllipse.) 

y=tz givesx=(1+¢/l+t+#) y=(l+o/slt+e+ t#), (Fig. 21(a).) 

(ii) 2a* — Bay 4+ 2y? = 2x. 

(co, ), asymptotes: y=2e+ 3, y=4x—4%; (0, 0), y®=a; (I, 0) 
Aa2—1)= 

y =tx gives x(t — 2)(2t-—J)=2, y(t — 2)(2¢ — 1) = 2. Hyperbola. (Fig. 
21 (6).) 
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(iii) (Qa ++y*=2—y. 

Ne 0), y (x, 2), 2a +y = + (3x); (0, — 1), 5 = —(y + 1); (4,0), 
— 2’ =x. 

a tz gives x(¢ + 2)? =1—t, y(t +2)? =41—2). Parabola. (Fig. 21(c).) 


(a) (b) 


| ar 
xtexy+yt= x+y 2x?-Sxy+2y7=2x 


FIG. 21 


3.46. The Cubic. A Cubic cannot have more than one double point, 
and if it has one double point, it is unicursal. If the origin is taken at 
the double point, the equation of the curve must be of the form 

Az’ + Ba*y + Cry? + Dy? = Ex? + Fay + Gy?. 
The line y = tx gives 
e:y:l=E+ Ft+ G?: (Ek + Ft+ Gt): A + Bie+ Ce + De. 


Example. x* + y* = 3axy. 

y = tx gives (1 + ¢*) = 3at, y(1 + #3) = 3az?. 

Also (0, 0), y? = 3az and 2? = 3ay; (wo, o)a7+y+a=0. & 

The curve is parallel to OY when 2¢? = 1 giving the point (aW/4, a¥/2) and 
the curve is parallel to OX at (a¥/2, a¥/4). When t—> — 1, the point tends to 
the point of contact of the asymptote. (Fig. 22 (a).) : 

3.47. Other Examples of the Unicursal Curves. 

(i) af — yt = wy. 

Triple point at (0, 0) and therefore unicursal. 

(0, 0), y =a? and 2? = —y3; (w, 0), y= +a—}. 

y =tx gives 2(1 — ¢) =¢t, y(1 —#) =2%. Never parallel to OX or OY. 
(Fig. 22 (b).) 

(ii) y*(3y? + 2y — 9) + 4(z* — 1)? = 0. 

Double points at (+ 1, 0), (0, 1) (found by solving f=f, =f, =0). It is 
therefore unicursal. Take a variable conic through these points and (0, — 2). 
This will be found to be y? + tay + 2x2 + y — 2 =0, and the variable point of 
intersection is given by 

w:y:1 = 2424 — 5): — 24% — 4)(t? — 16): 3e4 — 2427 + 64. 

It is naturally simpler to draw the curve by our previous methods. In the 
diagram are shown the conics for ¢ = 1 (an ellipse) and ¢ = 3 (two straight lines). 
(Fig. 22 (c).) 

(iii) a*(y + 1) + 2a%(y® — 1) = (y — 1)%Xy + 1). 

It will be found that this quintic has a triple point at (0, 1) and double points at 
(0, —1), (+1, 0). It is therefore unicursal. A variable conic through these 4 
points is obviously «* + y* — try = 1, and the variable intersection will be found 
given by 

ary: 1 =dé® — 2)? — 6): (4 — 8 + #4): (4 + 4¢ — H+). 
In the diagram is shown also the conic for t = 1:8. (Fig. 22 (d).) 


CONTOUR LINES 73 


y2(3y+2y-9)+4(x*-1)*=0 xA(y+l)42x2ly 2D) =(y-l) y+!) 
2x*+bxy+y*+y-2=0, t=1, t=3 x7+y?-txy =1,0=1:8 


Fig. 22 


3.5. Graphical Representation of Functions of Two Variables. 
An explicit function z of two variables («, y) given by the relation 
z=f(x, y) may be represented by drawing the system of curves 
f(a, y) =~ for different values of z. 

If we regard the plane XOY as a horizontal plane and z the height 
of the point P vertically above the point (z, y), the curves S(a»-y) = 2 
are appropriately called level curves or contours. Again, if f(x», Yo) = 20 
and f(x, y) <f(&o, yo) near (%o, Yo), the point (x, yo) gives a maximum 
value to z and may be called a summit. Similarly we may have a 
minimum or immit. Other appropriate terms will arise in the examples 
we shall use as illustrations. 

It is to be expected that the critical values of z are those that belong 
to contours having singular points. Thus if (a, 6) is a point obtained 
by solving the equations /, = 0 =f, this point is singular for the con- 
tour f(z, y) =f(a, 6). It is important however to realize that whilst 
(a, 6) may be a singular point in the usual sense, the curve S(@, y) =f(a, 5) 
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may sometimes be composite and (a, 6) an intersection of the curves of 
which it is composed. 


3.51. The Linear Function z= aac +by+c. The contours are 
-parallel lines. Let P,, P, be the points (z,, Y1), (%, Y2) and let Q,, Q. 
be the corresponding points of the surface of heights z,, z, respectively, 
where z, = ax, + by, +c; % = at, + by,+c. (Fig. 23.) 

Also let +, — 7, = rcos0, y, — Y¥: =r sin 0 where r is P,P, and 
6 the angle that P,P, makes with OX. The inclination of Q,Q, to the 
horizontal is given by 


tan % =|z, — %3|/r =|a cos 6 + bsin@ | 


and is independent of r. The surface therefore satisfies the Euclidean 
definition of a plane. 

The lines of greatest slope are given by tan@ = b/a, and are, as we 
expect, perpendicular to the contours. The inclination of the plane to 


the horizontal (i.e. the gradient) is defined to be that of the lines of greatest 
slope and is given by tan %» = +/(a® + 6%). 

More generally, the curves that cut the contours at right angles are called lines 
(or curves) of greatest slope (or simply, the lines of slope). If S(%,-y) =z gives the 
contours, the lines of slope must satisfy the differential equation dy/dx =f, hs 
since dy/dx for the contour through (29, y,) is the value of — Selfy at (os Yo) ese 
curves are shown by dotted lines in the various illustrations. 

The example z = x + 2y — 2 is illustrated in Fig. 23. 


3.52. Quadratic Functions. The contours are similar conics but 
since, by a change of axes, the equations may be reduced to simpler 
forms, it is sufficient to consider the following cases. 

(i) z — % = az? + by? (a> 0, b > 0). 

The contours are similar ellipses: zz; (0, 0, Zo) minimum. 

(ii) 2 — z = — az* — by? (a> 0, b> 0). 

The contours are similar ellipses: z <2»; (0, 0, z) maximum. 
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(iii) z — 2 = ax* — by? (a> 0, b> 0). 

Z = 2%» gives two real straight lines which are asymptotic to all the 
contours. These lines divide the x — y plane into two pairs of opposite 
sectors. In one pair z > 2) and in the other z < 2, so that (0, 0, z») is 
a maximum for displacements into one pair of sectors and a minimum 
for displacements into the other. Such a point is called a Saddle Point 
(minimax, pass, or col). 

(iv) z = aw? + 2by (a ~0, b #0). 

The contours are similar parabolas. No maxima nor minima. 

(v) 2 — 2 = Mou + By) 

The contours are parallel straight lines, but z — z) and & must have 
the same sign. Every point on the line ax + By = 0 gives a minimum 
(maximum) if k > 0(k4 <0) for all displacements except those actually 
along this line. Along the line z is constant (z,)). If k > 0, the surface 
is a trough and if k <0 it is a ridge. 

Examples. (i) 34a* — 2day + 4ly* =z. 

(0, 0, 0) is a minimum ; elliptic contours; this surface is called an elliptic para- 
boloid. (Fig. 24.) 


Yj 


SS = jj}; 


N 
2=34x7-24-xy +41 y* 


Fia. 24 


(ii) 3a® + 4ay — 4y? =z. 
(0, 0, 0) is a saddle-point : hyperbolic contours with asymptotes x + 2y = 0, 
3a — 2y =0; this surface is called a hyperbolic paraboloid. (Fig. 25.) 


z = (x+2y)(3x-2y) 


Fig. 25 


(iii) z = — (y — 22). 
z cannot be positive; contours are parallel lines y — 2x = + +/(— 2). 
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The line y = 2x is a maximum for z for all displacements except those along 
the line. For these z is stationary (with the 


value zero). 
This surface is called a parabolic cylinder. 
i (Fig. 26.) 
Z=-(y-2x)? 
Fa. 26 


3.53. Examples of Functions of the Third and Fourth Degrees. 

(i) z = 3a? — y? + 2. 

The contours have singular points (a) when z=0 at x =0, y =0 (Node), 
(b) when z = 4, at x = — 2, y = 0 (Isolated Point), obtained by solving z, = 0 = z,. 

There is therefore a maximum at (— 2, 0) and a saddle-point at (0,0). (Fig. 27 (a).) 

(ii) z = a + y? — fat, 

Minimum z = 0 at (0, 0) and two saddle-points for z = 4 at (+1, 0). (Lines 
of slope are y*(1 — 2*)/a* = constant.) (Fig. 27 (b).) 

(iii) z = — 4x2 — y? + ay, 

Maximum z =0 at (0,0); two saddle-points for z = — 16 at (+ 21/2, 4). 
(Fig. 27 (c).) 


(a) 
FIa. 27 
3.54. Contours with Cusps. 
(i) z = (y — x)? + 2°. Minimum at (0, 0). (Fig. 28 (a).) 
(ii) z = (y -—- 2*)® — 2°. Saddle-Point at (0, 0). (Fig. 28 (b).) 
(iii) z = (y — x*)? — a®. Saddle-Point at (0, 0). (Fig. 28 (c).) 


(a) (c) 


z= (y-x*)?+ x zs (y-x7)*~ x 
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3.55. Examples of Rational Functions (illustrating Discontinuity). 

(i) 2(a* + y*) = 22%y, with 2(0,0) = 0; the function z does not tend to a definite 
limit when (x, y) —> (0, 0), and is therefore discontinuous there. The contours are 
parabolas. (Fig. 29 (a).) 


(ii) z(a — 2) = w*y?; this has a simple infinite discontinuity along the line 
a =2. The point (0, 0) is a maximum (in the broad sense). (Fig. 29 (b).) 

(iii) z(a* + y?) = at + y4, with z(0, 0) = 0. The function z is continuous for 
all finite (x, y). (Take polar co-ordinates to find points on the curve from @ = 0 
to 0 =27/4.) (Fig. 29 (c).) 


Examples III, 
Draw the curves os in Examples 1-14. 
Ley =a me eg = 1 3.y+a4*=0 4. wy +1=—0 
5. y +.2° =0 6. ays = 7.y' = a 8. y' +27 =0 
9. rye = I 10. * = 2 11. y° + 2° =0 12. y2 + 23 =0 
13. ay +1=0 14, y%a5 = 


15. Show that the function y = 1/(1 + 2) + /(1 — 2) satisfies the equation 
y* — 4y* + 42? =0 and write down explicit forms for the other branches of y 
given by this equation. [Illustrate by drawing the curve 42? = y*(4 — y?). 

Find the algebraic equations satisfied by the functions y given in Examples 16-22. 

l6o.yf(e+lh= ve lly=Vr+ Ve 1.yVe= (e+ 1) + V(@ —1) 

19. y{V/(@ + 2) + V(x — 2)} = hg —1)+ v(@ +1) 

20.y= Vx+ v(x — 1) ley = W (x —1)} + ¥ f(@ — 1)*} 

22,.y= Va+ Vu 

23. Draw the graph of y* — 4xy? + 4x1 = 0 and find explicit forms for the 
four branches of y. 

24. Prove that if yV/(x% + 2) = V(1 +2) — V(1 —~2), then 

y"(x + 2)* — 4y%(a + 2) + 422 =0 

Obtain explicit forms of the four branches and state for what values of x the branches 
are real. 

25. Show that the algebraic equation satisfied by 

y= Vet Vie —1)+ v(@+1) 

is y* — 12ey® + 2(152% + 4)y* — 4ay%(722 — 4) + (32% — 4)? = 0. What are the 
8 roots of this equation when (i) x = 2, (ii)  =17? 

26. Find the tangents to the curve y(2y — 1) = 2°(x — 1) at the points (0, 0), 
(dl, pd Me 4), (1, 4). Find also the closer approximations to the curve at these points. 

Obtain the first non-linear approximations to the curve 
yy — 1) = x2 — 2\(e — 3) 

at (0, 0), (0, 1), (2 1), (©, ©). 

Obtain the first non-linear approximations at (0, 0) to the curves given in 
Examples 28-35. 

28. (x* — y*)(x + 2y) + a+ y% =0 
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29, 2? — y® + (x — y)(x* + y*) + 2 + 5 =0 

30. (27 — y)*(e+y) +(e —yt)+a8+y’'=0 31. (e—y)? +254 y8 =0 

32. (x* — y®)(u + 2y) + Qala + y)*(x —y) + 28+ y% =0 

33. (x — y)® + 2x4 — 4xdy + day? — 2yt — x8 — y? —0 

34. (y — 2)? +4? + 2° =0 35. (y — 2°)? + ay — 2*)? + y5 — 2? = 0 

Obtain the first non-linear approximations to the curves given in Examples 36-57, 
when one at least of the variables is large. 

36. yx — 2) = at 37. ay* = (x — 1)8 

39. y3(x3 + 1) = 2 40. yy + 1\(*@—1)=2 

41. yy — 1)(a2? +1) = 25 42. (y? — 1)?(a® — 1) = 4a? 

+ 4adyt 0 44. xt — yt + Qry? =0 45.4% — aty? + 422 = 0 
46. 4y3 + 25 — ax7y? + Qariy3 — Sx5y5 -- 0 47. yx + 2) = 8x% (a + 1)? 
48. y%(x — 1)3 = (2x + 1)(4a + 3)? 49. y(4a? + 1) = (42% — 1)8 
50. 4y7(x — 2)%(a? +.1) = (2? —1)(@—1)? 51. yy — 1) = a(a — 1)(x — 2) 
52. y*(y — 1)%(a* + 1% + 2)* = x(x — 1)%y? + 1) 

53. yy + 1)%x3 + 1) = 8e%y — 1) 

54. yy — 1)%(a* + 1) = 3(9a? — 1\y + 1) 

55. y(2y* — y +.3)(2* + 1)? = QAy% + 1)(at + a? + 1) 

56. aty? — xyt + 4ayt — Qz2y3 + Qa — y? = 0) 

57. x®y%(y — 2x) + ay(y — 2x)%(y + 4x) + 3a® + 2y = 0 

Obtain the first non-linear approximations at (0, 0) to the eurves given in 
Examples 58-62. 

58. (x + y)® + a(x + y)* = at + y@ 

59. (2x — y)® — (2a — y)® + (2% — y)(a® + y%) + 2 = 0 

60. (x — y)? — Ax —y)® + a4 =0 61. (y + 2x)? + 24 = a5 

62. (x + y)? + A(x + y)® + (a + y)(a* — y3) + a — 2? = 0 

Draw the curves given in Hxamples 63-122. 

63. y? = x(x + 1) 64. y§ = x(x + 1) 

66. y® = x(x — 5)? 67. y = x(x? + 2 + 1) 

69. yx + 1) = 22 70. y¥(23 +1) = 23 —1 

71. xy* = (x — 1)%(a + 1) 72. y(%@ — 1/8 = 2 

73. y(x2 + 1) = a8 74. yx? +1) =(a — 1) 

76. y®> + (zw — 1)(a* + 1)? =0 

78. y*(x +1) = 2(a —1)2 

80. y(x + 1) = aXe — 1)? 

82. y(x + 2)? = a(x — 1) 
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38. y%(x? + 1) = 2? 
3 


65. y® =.a(% — 1)* 
68. v(x 4-2) = 2? 


75. yaa +- 1) = 
77. ya +18 =2 

79. ye —1)8 = a(x + 1) 

81. yx — 1)("4 + 1)? = a6 

83. ya — 1)" + 1)? = a? 


84. yx? + 4)? + 9) = a? +1 
86. 4a%y? — 9a? — 4y? + 16 = 0 
88. y°(x — 1)? = xy + 1) 

90. yy — 1)\(a — 1)? = 4x2 

92. yy — 1)%(z + 1) = ay + 1)! 
94. y*(y — 1)%(4y 
95. (y* + 1)(z? + 4) 
97.4 + x = 2ry* 
100. 24 + y4 = aby 
103. at — yt = aby 
106. 2° + y° = 52*y? 
109. yz —yP=a+y 

111. (z + y\(z — y)? = y(3x — y) 
113. 324 — 2a8y — 2a*y — y? = 0 
115. Ay — aw)? = x + 26 

117. x® — 2ary + 32y? — yt = 0 
119. a® — 4aty + 2aty + y5 = 0 
121. y — at + Qay(a*y? — 1) = 0 


85. y3(z* + 1)(z? + 4) = Ta? + 13 
87. y(y — 1)(a8 + 1) = 223 
89. y3(x + 1)® = at(y — 1)? 
91. y%(a? + 1) = aly — 1) 
93. (y — 1Xz + 1)*'= aty8 


— 5) = x(a? + 3a + 1) 
= (x* + Ily* +y + 1) 
98. x + y® = Qay 
101. a + y4 = Qr*%y 
104. 2 + y® = 5ay 
107. 2 + y5 = 5aiy? 


96. x3 + y! = Qay 

99. 23 + y* = ay 
102. 2 + 4 = aby3 
105. 25 + y5 = 5aty 


112. 2 + ay = yl — y) 
114, 2 + y° = 2%(a% — ay + y?*) 


116, 2x5 4 3a%y? — day! — y5 = 0 


118. x — 3x5y? + ay! — y§ =0 
120. (y — a)? = 2 + Quy 
122. y? — x? — 2ay(ay — 1) =0 


108. a(x + yz +y—1)=2 
110. y%(z + y)® = ay + 2) 


Find the singular points of the curves given in Hxamples 123-8. 

123. ¥°(6 — y)® = x4(2x + 9)? 124, (x? — 1)%y3 = aA(y? — 1)? 

125. wy? + 144a + 48y + 432 = 0 126. (x + 1)(y — 1)3 + 64a%y? =0 
127. (@ + y + 1)8 = 27ay 
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128. 4y4(~ + 16) — y%(1lla® — 1282? + 362 + 128) + 32(22% — 1)%~ + 2) =0 

129. Prove that if a sextic possess one triple point, it cannot possess more 
than seven double points besides. 

130. Prove that if a curve of degree n(> 5) possess two triple points, it cannot 
possess more than 4(n* — 3n — 8) double points besides. 

Express the co-ordinates of a point on the curves given in Examples 131-3 
rationally in terms of a parameter ¢ and draw the curves. 

131. 23 + y? = xt 132. 2(x* — 4y2) = 2? — 2 

133. 405 — 17a5y? + dayt = y® 

134. Show that the quartic y%(y — 3) + 4(x2 — 1)? =0 has three double 
points and prove that the variable conic xy + t(y + 2x22 —2)=0 meets the 
quartic in the point given by x = «(2¢? — 3), y = — 1 + 8¢? — 4¢4, 

135. Sketch the curve («* — a*)? = ay*(2y + 3a) showing that it has three 
double points. By taking a variable conic through these and the point (0, 3a) 
obtain the co-ordinates of a point (x, y) of the curve in the form 4x = at(6 — 22), 
8y = a(t? + 2¢ — 2)(t? — 2t — 2). 

136. Trace the curve given by «(t+ 1)¢ = 1, d(¢ + 3)y =1 and obtain the 
algebraic relation connecting x and y. 

137. Show that the point given by a(1 + 2t) = #°(2 + #), y(1 + 2t)®? = «(2 + 0)3 
lies on the curve (x* + 6xy + y*)® = l6xy(4ay — 3x — 3y + 4). 

138. Sketch the curve given by x: y: 1 = ¢(1 + #*): (1 + #%)®: (1 + 342 + #). 

Draw the contour lines of the surfaces given in Hxamples 139-59, and discuss the 
continuity of z. 


139. yz = y? — 2? 140. xyz = ot + y? 141. wyz = x? + y3. 

142. (y® + a4)z = 3 — at 143. 2 = ay + 24 144, z = avy + 23 
145. az = ay? + y? — x3 146. z = xy + ay? 147. zy? = 2(1 — y*) 
148. z = ay + 2 + ay 149. z = (a* + y?)(a? — 4y?) 

150. z = (a + y? — 1)(z* + y? — 4) 151. z(y* — x?) = a(x? — y4) 

152, z = 2x? + y? — 32y? 153. zy? = a(x — y3) 

154, xz(z2 — 1) = 2 — yy? — a? + y? 155. z = (a? + y*)(x® + 4y?) 

156. z = (x* — y®)(x* — 4y?). 157, zy? = xy? — x? + 1) 


158. (x — 1)z = a(y? — a) + (x? + y?) 
159. z = (4a® + y® — 4)(x? + 4y2 — 4) 


Solutions. 
I5.y= (1 +2)— V(l—2), —v(l+2)tV(l—2) 16. y%(e%+1)=2 
17. y* — 2ay? — day + a(x — 1) =0 18. x%yt — 4x4? +4 = 0 


19. 16y* — 16x%y® + 4(5x% — 2)y4 — 4e4y? +1 =0 

20. y® — 3y4(z — 1) — Qay® + 3y2(a — 1)? — 6ay(x — 1) = 23 — 4x2 + 32 — ] 

21. y® — 8xy(x — 1) = a(x — 1)(2% — 1) 

22. y® — 3xy* — 2ay® + 3a*y? — 6x2y + 2%(1 — x) = 0 

23.y = + V(% — 2) + Vz + 2?) 

24. yV(z +2) = + V(1 +2) + V(1— 2). Real when |2| << 1. 

25. (i) + V2+V3+41; (ii) + 1 + V2 each occurring twice. 

26. (0, 0), y = 2*; (1, 0), y =1—2x—(x—1)*; (0, $), y =4 — 2%; (1, 3), 
y—t=2—-—1+4+(e—1)§ 

27. (0, 0), y® = — 6x; (0, 1), y =1 + 6x — 7722; 


1), y= 1 %e—2)— Me 2); (00, 0), y=2—S— 2 
28.y = 2 + 9u*, y = —2 + }e*, y = — fa — 9? 
29.y=a2+ a4, y = — x — 223 
30.y=2+ 20%, y¥=2+}3,y = —x—-}oet 3ley =a + V(— 2) 
32.y+ua=e,y=2+ het, 274+ 27+ 22 =0 
33.y=a2+28 34. y =a? + /(— 25) 35. y = x? + 2A 


36. Sy = 9x + 6 + 8/z, (~, 0-0); y%(x — 2) = 16, (2, ©) 
5 5 
37. Ly =2—7 +t gop (m 0); yx+1=0, (0, 00). 
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a as wo); y= —1+ gy (-1, ©) 
39.y=1-g (h ©); y(e+1)=—43,(—1. o) 


40. tai o)} y= —#—- 1-55 (@, oo); yX(z — 1) = 1, (1, «) 


41. y=2+3-@ (00, 00) 42. y — 3 = V/3/(62*), (~, 1/3); 
y +3 = —V3/(62*), (<0, /3); ya — 1) =2,(1, 0); y(w + 1) = — 2,(-1, &) 
43. 4x%y? = 1, (0, 0) 44. ky sedi tee (@, oo) 


45. vy = 142, (00, 0); $y = 2 — pp (@, 00) 
1 3 
46.ry=+1, (, 0)s ¥-g=—ary (% 4)5 
by = 2 — FF Sy (co, @); Baty? =1, (0, 0) 
2 
47. y = 20 + 5, (~, ~); yx + 2) = 32, (—2, &) 
48. y= 24%, (00, 2)5 yX(@—1)' = 147, (1, «) 
49. ty 22-5, (00, o) 
1 | 
50. + ig +o (00, + 4); 20y*(xz — 2)* = 3, (2, 2) 
2 2 
5l.y =%—3— gp (™ 00) 
3. 63 9 63 
52. y =@— | +a97 (%, 0); y= —2+.7 — gay (™ co); 
5y4(a + 2)? = 576, (— 2, ow) 
83. y = 2-1-2, (~, 0); 2e%(y—1)=1, (w, 1); 3y%(x +1) =8, 
(—1, @) 54. 63x*(y — 3) = — 40, (00, 3) 


55. y = 42%, (w, 0); y-1=— (wm, 1); ay — 2) = 18, («, 2); 
2a*y = 1, (0, «) 


56. y =z + 1 toy (2, 0); = -2—3—5, (0, ©); (2-4 =-8, 
(4, co); 4xy*?=1, (0, 00); a%y? = — 2, («, 0) 

57. y = 2a — Fy (2, oo); y = £2y2— 5, (@, 4272); 16c*y+3=0, 
(00, 0); ay? eat (0, 0) 

58.y = —2+ V/2x 59. y = 2a + y/(— 24) 


60. Origin isolated = real tangent x = y. 

61. Origin isolated with real tangent y = — 2z. 
2.y+xe+a2? = + Qat 

123. (0, 0), (0, 6), to % 0), ae $, 6), ic 3, 3) 


124. (0, 0), (£1, +1). m25.f~ 2 +3) 
126. (0, 1), (—1, 0), (3, — 2). 127. (1, 1) 
128.{+ 1, O), (0, +1), (2, +2) 131.2 =14+8,y=e1+8) 


132. e:y:1=(1—#); «(1 aa (1 — 4¢%) 
133. tx = (42 — 1)(t? — 4), y = 136. (2 — y)® = 2ay(3y — 2) 


CHAPTER IV — 


FUNCTIONS DEFINED BY SEQUENCES. DISCONTINUOUS 
FUNCTIONS. CONVERGENCE OF SERIES. SINGLE 
AND DOUBLE POWER’ SERIES. EXPONENTIAL, 
LOGARITHMIC AND CIRCULAR FUNCTIONS. 


4. Functions defined by Sequences. Functions that are not 
algebraic are called Transcendental, and it may be expected that a simple 
way of defining such functions is through the medium of convergent 
sequences of known functions. Thus a function may be defined as 
lim f(z, n) when n —> co for those values of x for which the limit exists. 
In some cases, such a function may be expressible in terms of algebraic 
functions but this does not make it algebraic. 


Example. If F(x) =lim va) then when |z| > 1, F(x) = 2, but when 
|x| << 1, f(z) = — x. There are, therefore, discontinuities at x = + 1. 

Since discontinuities are of frequent occurrence in functions defined 
by sequences, it is convenient here to classify the various types of dis- 
continuities that arise. 

4.01. Discontinuities. Let f(x) be defined at all points near x = a, 
and let 2,, %, . . ., be an increasing monotone tending to a. Let U,, 
L,, be the upper and lower bounds of f(x) nz, <4<a. 

Then Uitte oS USS Sh Sl oS t, > 

The sequences U,,, L, therefore tend to limits U, L respectively (if 
f(x) is bounded) and U > L. If f(z) is unbounded, one at least of these 
sequences tends to + oo, and therefore we shall include ++ 00 or — 
as possible ‘ values’ of U, L. 

It may be shown that U, L are independent of the choice of monotone that 
tends to a. 

The limits U, L are denoted by f(a — 0), f(a — 0) respectively. 
Similarly by considering a decreasing monotone tending to a, we may 
define f(a + 0), f(a +9). 

(i) If f(@ — 9) = f(a — 0) = f(a) = f(a +0) = f(a + 0), f(a) is obvi- 
ously continuous at «=a. Otherwise it is discontinuous. 

(ii) If all the limits are finite, the discontinuity is said to be finite 
(or bounded) ; if one, at least, is infinite, the discontinuity is said to be 
infinite. 

(iii) If f(a — 0) = f(a — 0), each is the same as f(a — 0); and if 
f(a+ 0) =f(@+ 0), each is the same as f(a + 0). 
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(iv) If f(a — 0), f(@ + 0) both exist (f(x) not being continuous at a), 
the discontinuity is said to be of the first kind. Otherwise it is of the 
second kind. 

The discontinuity is still said to be of first kind when one of the 
limits f(a — 0), f(a + 0) is infinite, or both are infinite. 

(v) i f(a — 0) =f(a+ 0) ¥f(a), the discontinuity is said to be 
removable 

(vi) The greatest of the numbers f(a + 0), f(a — 0), f(a) is sometimes called the 
maximum of the function ata; and the least of the numbers f(a + 0), f(a — 0), 


(a) is called the minimum of the function at a. The excess of the maximum over 
the minimum is called the saltus at a ; whilst the oscillation at a is defined to be the 


excess of the greater of f(a + 0), f(a — 0) over the smaller of f(a + 0), f(a — 0). 
(vii) If the set of points of discontinuity of the first.kind is infinite, it is enwmer- 


é. 

At such a discontinuity, the saltus is not zero, but the oscillation on each side 
is zero, since the function tends to a limit on each side. Let k be any positive number 
- and let E(k) be the set of points for which the saltus of f(z) is > k. Let « bea 
limiting-point of E(k), if this set be infinite. Then near «, an infinite number of 
points of H(k) exist, so that on one side of « we can always find a point for which 
the oscillation is not zero. Thus « is a discontinuity of the second kind and does 
not belong to E(k).. The set H(k) is therefore isolated and enumerable. Take a 
sequence of numbers k,(> 0) tending steadily to zero. The limiting set 
E(k,) + E(k.) +... contains only the points of discontinuity and being an 
enumerable (or finite) set of im a hua finite) sets must be enumerable. 


Beamples. (i) Let fz) = lim 2( oat ~~) (§ 4, Example.) 


Here, f(— 1 — 0) = an Ne- 1) =f(— 1+ 0) = 13. f -0) =f) = —1; 

fi +0) =1. (Both of first kind.) 
~ n(x -- 1)(x — 2)(a — 3) + na(a — 1) +2 

By tt ap ee Ma Ga 8) ae & ie + 

Here f(z) = x — 3, (x41, x2); f(1) =4; f(2) = —}. (Removable.) 

(iii) Let f(z) = sin (1/z), (2 40); f(0) =0. 

SF 9 =1, f(+0) = —1; f(—9 =1, f(-9) = -1. 

Finite discontinuity of the second kind. Saltus at 0 is 2. 

(iv) Let f(x) = {sin (1/x)}/x; f(0) =9. 

FFD =f(—D = + w; f(+0) =f(— 0) = — ». 

Infinite discontinuity of the second kind. Saltus at 0 is + oo. 

(v) Let f(z) = xsin(1/x); f(0) =0. The function is continuous. 

(vi) Let f(x) = the greatest integer > x. 

Here f(n) =f(n +0) =n; fin —0) =n —1. (n integral.) 

J (x) has finite discontinuities (first kind) at x =n; but is continuous on the 
right of x =n. 

4.02. Infinite Series. From the sequence u(x, n) we can form a second 
sequence S(x, n) given by 

S(x, n) = u(x, 1) + ula, 2) +...+ ula, n) 

and if S(z, n) —> S(x) when n — oo, we write 


S(a) = u(x,'1) + ula, 2)+...= Sula, n) 


the right-hand side being called a convergent infinite series, and S(x) 
its sum. 
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Since the variable n takes only integer values 1, 2, 3, .. ., it is 
usually more convenient to write it as a suffix and obtain 


S(x) = u(z) + H(z) +. . = Xu, (2). 
Similarly we may have infinite series that diverge to + 00 or — oo or 
that oscillate (finitely or infinitely). 
It is seldom possible to find a suitable expression for S,(x) from 
which the convergence of the series can be directly investigated, and for 


this reason tests have been devised that apply to the general term of 
the series u,,(x). Before considering such tests in general, we note the 


following facts as a preliminary : 
(i) It is necessary for convergence that lim u,(z) = 0. 


For if S,(x) —> S(x), then S,,,; (x) —> S(z) and therefore 
U,(2) = Sn+1 (x) Di S,(2) — 0. 
(ii) It is not sufficient for convergence that lim u,(zx) = 0. 


It will be shown later that, for example, diverges although Z —0. 
1 


It is, of course, sufficient for non-convergence that lim u,(x%) ~0. Thus 


the series 3; + s3: + a3i+. . . diverges, since the nth term tends 
to x45. 


4.1. Series of Positive Terms.- With the object of obtaining 
comparison tests for convergence, let us assume that all the terms are 
positive. 

Note. If the only question that is being considered is that of convergence, a 
finite number of terms may be omitted without altering the character of the series. 


It is sufficient, therefore, that the conditions stated should hold from and after 
some fixed term; and this will always be implied in the course of our work. 


Let us suppose also that the variable « that occurs in u,(x) has a 
particular value. The terms are therefore constants and it is simpler 
to use the notation S, = u,-+ uU,+...+4U,. Since u, > 0 (all n), 
S,, is an increasing monotone. It therefore tends to a limit, if bounded 
and to + oo, if unbounded. Thus: 

A series of positive terms either (1) converges or (vi) diverges to + 00. 

4.11. General Comparison Theorems (positive terms). 


2) 0" 
A. If u, <v, and 2», converges, then Xu, converges. 
1 1 


If u, > v, and Sv, diverges, then Sup diverges. 
1 1 


ao 2] 
B. If —2 > Yn and 2v, converges, then Lu, converges. 
Unt+1  Un+1 1 1 
Un Un a ts 
If <—" and 2», diverges, then Xu, diverges. 
Unti — Unt1 I t 
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A. If u, <»,,; Lu, <2, and therefore Lp is bounded and con- 
1 1 1 


vergent. 


B. Bu, = u(1 + 8 ay tats | pith) ct Bo 
1 


U, —- UzUy Uys. Uy 
Therefore Sut, is bounded and convergent. 


1 
The theorems for divergence follow by similar reasoning. 


4.12. Comparison Series. The following series of positive terms are 
the most useful in practice for obtaining tests for convergence. 
1 
2n (log n)P* 
Note. It will be shown that the exponential function may be defined by a 
series whose convergence may be established by means of the geometric series (i). 


It is convenient, however, at this stage to assume the properties of this function in 
dealing with the series (ii) and (iii). 


n i ae © 
(i) dont ao, (ce #1); and =n+ 1, (c= 1). 
Fr = 


(i) So, (ce >0), Gi) £5, Gi) 3 


The series converges if c < 1 and diverges to + oo when c> I. 


Note. The series 2x" (for any x), converges for |x| < 1, oscillates finitely if 
0 
x = — 1 and oscillates infinitely when x < — l. 
ne anf 
(ii) $4, > let’ 8) = Fe: 
in? in” 


Since all the terms are > 0, it is sufficient for convergence that 


S,, S3, Sz, .. ., Sy . . . should be convergent (M = 2" —1, m=1, 
pe 
But S 1 2 4 gt tri : 
uw u< + 3 + gp t~-+ ++ gmmanp (@ geometric series) 
: 1 
<page 2); 

The original series therefore converges if p > I. 

Again, the original series diverges if S,, S., S,,..., Sy, ... is a 
divergent sequence (MV = 2”, m= 0, 1, 2, 

But .S > paren By. gomeTn eometri i hich 

Sag a + gt: +++ mp ® Seometric series whic 


diverges if p <1, ie. the original series diverges if p < 1. 

(iii) By a method of | grouping the terms similar to that used in (ii), 
we may show that the series (iii) also converges if p > 1 and diverges if 
p<. 
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Notes. (i) A similar proof may be obtained to show that the series whose 

general terms are : 7 
n log n(log log n)?’ n log n(log log n)(log log log n)”” pa 
are all convergent if p > 1 and divergent if p< 1.' 

(ii) The convergence of these series may be established by the Maclaurin- 
Cauchy Integral Test, which involves the use of an infinite definiteintegral. (See 
Chapter XI, 11.02.) 

4.13. Tests for Convergence (positive terms). The two principal ways 
in which convergence may be established are (i) by direct comparison 
with known series, using Theorem A, § 4.11, and (ii) by rateo-comparison 
with known series, using Theorem B, § 4.11. It will be found that the 
second method leads to more practical results than the first and that 
in each case the most useful form of the result is one involving a limit. 

4.14. Comparison Tests (positive terms). Theorem A relates the con- 
vergence (or divergence) of a series Lu, directly with that of a known 
series Lv,. 


Example. Dutern er When n is large, loglogn > 2, and therefore 


(log n) 96" > n?, i.e. the series converges since Oe converges. 
4.15. Limit Forms of the Comparison Test. (i) If lim “ exist (and 


n 
is not infinite), and if Dv, is convergent so also is Xu, ; for a finite number 
K (independent of n) can be found such 0 <u, < Kv, so that Zu, 
converges since Kv, converges. 


. Get lim “ exist (and is not zero), then Lu, is divergent if 2», is 


divergent ; fr a positive number k can be found, independent of n, such 
that u, > kv, and therefore Xu, diverges since kXv, diverges. 


1 
Examples. (i) If a is not an integer, Do diverges because lim —— 8 | 


a th 
> " 
and 2 diverges. 


(ii) Let u,, = n4/(n + 1)?+%, and v, = n-?. 

Then (u,/?,)—> 1 and so Xn%/(n + 1)?+¢ converges if p > 1 and diverges if 
pl. 

Notes. (i) These tests are sufficient tests but not necessary. 


(ii) When lim = does not exist, lim (=) may be used in the convergence test 
n n 
and lim (“) in the divergence test. 
(iii) If u,, can be expressed asymptotically in the form v, + 0(v,), then Zu, 
; : 2 Wig 
converges or diverges with 2v,, for lim thes :: 


( +1” 


1 1 
Example. Let uy, = n log _ 1); then u, = ian + o(-), using 


aTee 2 ENS , : 1 
the logarithmic expansion, i.e. Zu, is convergent since na converges. 
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4.16. Cauchy’s Test. If lim ne exists and is equal to k, Xu, con- 
verges if k <1 and diverges if k > 1. 
Let k< 1, and let k, be any number such that k < k, <1, then 


ultimately 4a Kibgiilieuthy, < hye and therefore du, converges if k < 1. 
The proof for divergence when k >1 may be obtained from the 
above by reversing the signs of inequality. 


I\" a 
Example. Let uy, = (1 +2)", (x >0). Here u,"—>z2. The series 


Zu,, therefore converges if x <1 and diverges if x > 1. 
"When x = 1, u,—> e, and therefore the series diverges if x = 1. 
4: 


Notes. (i) The test fails if Un” —> |. 
1 1 


(ii) When lim Un” does not exist, the series converges if lim un” < I, and diverges 
1 . 
if lim u," > 1, the upper limit being used in both cases. 
4.17. Ratio-Tests for Convergence. Ratio-tests are obtained by apply- 


ing Theorem B, § 4.11, and using the series Xe", Sn-”, Xn—! (logn)-? ... 
for comparison. 


When (i) v, =", —” ree 
nt1 = 
(ii) =n, n= (1+ 2)'=1+2+0(5). 
Un44 n n n 


ii) «, —<w-2 ogni, helo oe + of Ls 


Vias n nilogn n log 


——_ 1 1 P 

a =(1 + Z){1 + log (1 + 5) log n} 

wef FSU Be bg eee 
n n log n n log n 

wi) ET) + memes he 
n n log n n log n 


can be expressed in the form A +2 +} (<3). 


for in (iii) 


Suppose therefore 
since this covers a large number of cases occurring in ea a Then 
(i) If A> 1, Lu, is convergent, and if A <1, Lu, is divergent. 


For when A > 1, we can find c such that A > > 1 and such that 


ultimately u,,/up,., ime i.e. > 0,,/U_,, Where v, = c", i.e. LU, 18 con- 
c 


vergent since 2c” is convergent. 

Similarly, divergence is established when A < 1. 

(ii) If A = 1, B>1, Lu, is convergent, and if A = 1, B< 1, du, 
is divergent. 
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For when B > 1, we can find p such that B > p'> 1 and such that 
ultimately tn/Up,,>1+ p/n, Le. > p/Yny,, Where %, = 2~?, Le. 
Zu, is convergent since 2n~? is convergent when p > 1. Similarly may 
divergence be established when B < 1. 

(iii) If A= 1, B=1, Lu, is divergent. 


1 1 : 
For log n = o(n) and therefore mAs °(sioen) so that ultimately 
Un/Un+1 ~ n/n +1 if v, = n~* (log n)~. 
4.18. The Limit Forms of the Ratio-Tests. By comparisons similar 
to those used in the previous paragraph we deduce that 


(i) If lim —“” 
Unis 


diverges if A <1. (d’Alembert.) 
For u,/u,,, = A + o(1). , 


(ii) If lim nf - 1) exists and is equal to B, Lu, converges if 
n+1 

B>1 and diverges if B< 1. (Raabe.) 
For u,/Un4,, = 1+ B/n + o(1/n). 
(iii) If lim {n( - 1) = 1} log n exists and is equal to K, Lu, 

n+1 

converges if K > 1 and diverges if K <1. (de Morgan and Bertrand.) 

For tp/Uny, = 1+ 1/n + K/(n log n) + o(1/n log n). 


.b 1).6(6 + 1 
Examples. (i) 1+ i + re a +. .., where ¢ is not a negative 


exists and is equal to A, Lu, converges if A > 1 and 


integer. The terms are ultimately positive. 


ue _(e+INe+a) 1 
Here aoa GEaye+ ») (taking 1 = uy) 


=1+ oe ie o(-): 


The series converges if c > a + 6 and diverges if c< a+b. 


rah...» (is — ny 
CG) hes {? G44... J" 


u 2n \? p 1 : 
Here ao = (|) sl+o + o(=), so that Yu, converges if p > 2, 


and diverges if p < 2. 


Notes. (i) d’Alembert’s test fails when lim — =1. When it fails, Raabe’s 
n+1 
test is applicable but fails also when lim nH -- 1) = 1. If Raabe’s test fails, 
n+1 


the test of Bertrand and Morgan may be applied, which also fails in the critical 
case. By continuing the set of comparison series 

X(n log n)—1 (log log n)—?, X(n log n.log log n)—1 (log log logn)-?, .. . 
tests of greater and greater precision may be obtained but no practical purpose is 
served by doing so. No comparison test can be universally effective. 
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d’Alembert’s test may be taken in the form 


=) 


Corresponding modifications ihe be made to the other tests. 

(iii) It is not sufficient for convergence that u,,/u,41 > 1 for all values of n, since, 
for example, the limit of u,/u,,, may bel. Thusifu, = 1/n, u, > U_+1, but the 
series is divergent. 

(iv) It is sufficient for divergence that u, < u,4 1 even when lim (u,,/u,44) = 1, 
for Lu, is then > nu. 


4.19. Summary of Convergence Tests (positive terms). The essential 
features of §§ 4.13-4.18 may be summarized as follows (where C denotes 
convergent and D divergent) : 


A. Direct Comparison. 
_(@) If uy, <0, (> v,) and Lv, is C(D), then Lu, is C(D). 
gee gp ) In particular 
(6,) If u, =v, + o(v,), and 2», is C(D), then Lu,, is C(D), i.e. 
expand u,, for n large. 
1 
(6.) If lim u,” =k andk<1(>1), Lu, is C(D). (Cauchy.) 
B. si nibcage” 


(a) If 


2Upy, 18 CO. 


>(<) —* and 2», is C(D), then Lu, is C(D). 
Un+4 Un44 


(Theorem B.) In particular 


Un =4+7+0(5) and :(A>1) or (4u% 
Uns n n 
B> 1), Xu, is C, but if (A < 1) or (A = 1, B <1), du, 
is D. (Bromwich.) 


(6,) If 


ie. expand when 1 is large. 
Un41 
(b,) If lim a = A,and A >1( <1), is C(D). (d’Alem- 
bert.) 
(bs) If im ne vs i} = B, and B>1( <1), Sm is C(D). 
(Raabe.) 
(b,) If lim Iog.n{n( - 1) " i} =K and, K> lita 


Lu, is O(D). (de Morgan and Bertrand.) 


4.191. Notes on Cauchy's and d’Alembert’s Tests. Cauchy’s test is of greater 
theoretical importance than d’Alembert’s, but the latter is more useful in practice. 
: 1 


Cauchy’s test, in its simpler form, fails when lim uv,” = 1, and a series of tests may 
be devised to deal with this case analogous to those obtained when d’Alembert’s 
test fails. (Ref. Bromwich, Infinite Series, II, 15.) 
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u, 


1 
It is to be expected that if both limits lim u,”, lim in “_ exist, they are equal, 
n 


+1 
but we have given no reason to suppose that the existence of the one implies that 
of the other. 
Consider, however, the series 


Ug + ue + ucrt+... + Uyge" +... (c > 0) 
Let G = fim “2+? and g = lim “2+}, We have already shown that the series 


converges when Ge'< 1 and diverges when gc > 1, and no information is given 
1 


by the general d’Alembert test when 1/@<c<1/g. Also let H = lim u,” and 
1 


h=limu,”. The series is convergent when HC < 1 and divergent when HC>1 
(even when he + 1). Thus the general Cauchy test is more exact than d’Alembert, 


and fails only when cH =1. It follows from the above that a< #< - ie. 


G> H> g, and we deduce from the consideration of * that also @>h>g. Thus 
n 


= lim uy < me Tm 5. 

a implies that of lim ote and that thelimits are equal ; 
n 

but the converse is not necessarily true. 

4.192. Change in the Order of Summation (positive terms). Let 2uy 
be convergent with a sum S. Let the order of the terms be changed so 
as to form a new series and let u,,’ denote the new nth term and S,,’ the 
sum of n terms of the new series. Every S,,’ is contained in S,, for some 
value of m and therefore S,,’ tends to a limit S’ < 8. Similarly S < 8’. 
Therefore S’ = S, or, an alteration in the order of the summation for a 
series of positive terms does not affect the sum. 

4.2. Series in General. When a series contains an infinite num- 
ber of terms of both signs, the comparison tests cannot be immediately 
applied. 

4.21. Absolute Convergence. The comparison tests may, however, be 
applied to Z|u,| and if X|u,| is convergent, so also is 2u,. 


Let S, = Sup and T, = Tlup| ; if T,, converges, 7, — T,, is ulti- 
1 


1 
mately small (m, » both large); but 
Dn i 1 cs \Un+al x [Un +2l Feet [Um = [Un+1 + Unte + JES + Un| 
i.e. ; > | m— Pni> 
i.e. |S,, —S,| is small (m, n large); or S, converges. . 
When Z|u,,| converges, Lu, is said to be absolutely convergent. 
Example. 1 —2-? + 3-?—4-?+... is absolutely convergent if p > 1, 


= 


The existence of lim -” 


oO 
since 2n—? is convergent. 
1 


4.22, Non-absolute Convergence. Conversely, Yu, may be convergent 
when 2|u,| is divergent, and in this case Yu, is said to be non-absolutely 
convergent (or conditionally convergent or semi-convergent). 
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4.23. Leibniz’s Rule for Convergence. This isa test of frequent appli- 
cation to series that may not be absolutely Mesohay aie 


If (i) a, > @,,, > 0, (ii) lima, = 0, then i a 1)"-1a, converges. 
1 
If S, = 5(— 1)"—1a,, then 
1 
Soy 7 (a, ae az) ce ay (@op—1 ts 2,) 


= a — (42 — as) — (4% — as) — . + + — (Garg — Ggp_1) — Gey 
i.e. Sy, is a positive pares monotone < a,; also 
Sor41 = 1 — (a2 — ag) — — (Go, — as,+41) 


mf  B) Heiss ob ie ig Os 
so that S2,,, is a decreasing monotone > 0. Thus Soy, Baan both tend 
to limits as r—> oo and these limits are equal since 


Sor41 — Sop = Gor41 
which — 0. 


i] 
Thus the series a 1)"~1a, has a sum between 0 and a,. 
Notes. (i) The sum lies between S,, and S,,,, for all n. 


(ii) It is, of course, sufficient that a, should decrease ultimately provided that it 
tends to zero. 


Examples. (i) 1—$+4—-4F+4+.. - converges to a sum between 7 and I, the 
convergence not being absolute. (Actual value is log, 2 = 0-6931 . 
1 
(ii) 1 — a2 + 32 — ga t+ - - - converges to a sum between } and 1, the conver- 


gence being ener: (Actual value is ;},7? = 0-8225 . . .) 
(iii) a, = 5 eae Para (where no denominator vanishes). Here a, is ultimately 


positive and tends to zero. Also, by finding the maximum value of the rational 


3 
function at a we deduce that a, decreases steadily when n* > 3a. Therefore 


se 1)*-1 s converges (not absolutely). 
1 ni+a y 


4.24, Fundamental Property of Absolutely Convergent Series. The sum 
of an absolutely convergent series is unaltered by a change in the order of 


the terms. Let Lu, be absolutely convergent to S and denote Sup by S,. 
1 


Let p, = U, when u, > 0 and p, = 0 when u, < 0. 
Let g, = 90 when te 2 0 ane Qn = — Uy, When u, < 0. 


Then. P,'= Epps 2, = Zan are series of positive terms where 
1 
S, = Py —Qn; Pr+Q,=T, where T, = Sup, so that 
1 


P,—> KT +8), Q,—> 4(T —S) where T = S|u,|. 
1 


Let the terms of the original series be deranged and let accented 
symbols be used for the corresponding series and terms. Then 
lim S,’ = lim (P,’ — Q,’) = P—Q=S, 


since X’p,,', Xq,' are derangements of series of positive terms. 
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Notes. (i) It is necessary for absolute convergence that the series obtained by 
omitting all the positive or all the negative terms should be convergent. 

(ii) If a series is non-absolutely convergent, the series described in Note (i) tend 
respectively to + co and — o. 

4.25. Derangement of a Non-absolutely ‘Convergent Series. If the 
terms of such a series be deranged, the sum is in general altered. Rie- 
mann has shown that the sum can be made to have any arbitrary value 
by a suitable derangement. The series can also be made divergent or 
oscillatory. 


Example. If 1—-}+4-—4+...=4, find the sum of the series 
Vee ee ti aor oe ea ae oe 38 
obtained from the first by taking 4 positive terms followed by 1 negative. 
Denote the sum of n terms of the new series by S,,; then since the nth term 
tends to zero, S,, is convergent if S;,, is convergent and has the same limit. 


n n 
Denote 2(— 1)"-1/n by U,, and 21/n by V,, 
1 1 
Then Van = Uan + Vani Van = Usn + Vani Van = Usn + Van 
so that Van = Ugn + Urn + Vni Von = Usn + Usn + Uen + Vn 


1 1 Lk 1 
—— —s(1t+gt+gte- +2) 
Ba = Von — 4¥ en — Vn = Ven + U en + Ven 

ie. Ss, —> 2k since U,, —> k. 


4.26. Multiplication of Series. Let S, = 2t,, Ty, = 20, be abso- 


i 2 
lutely convergent to the sums S, 7 respectively, so that S,,7,,—> ST. 
The series obtained by multiplying the terms of Yu, by those of 


1 1 
Now Ss =ltgtgt---+¢ 


2», is absolutely convergent with sum S7, since (3 |p|) x (2 |v,|) con- 
1 1 


verges, The terms can therefore be arranged in any order without 
effecting the sum. The simplest way of exhibiting the product is by 
means of the array 
UV, + Uy, + Uys +... 
+ Used; + Ugde + Ug +... 
+ UY, + Use + Us¥s +... 


The sum ‘ by squares’ is lim S,7,, = ST. This must be equal to the 
sum by any other method that includes each term once and once only. 
In particular, it is equal to the sum ‘ by diagonals’ 
UyOy + (UyVe + Uys) + (UVs + UsV2 + Us0,) +... 
Example. Prove that a") x En + 1)g") = get ee when |g] < 1. 
By the ratio-test it is easily shown that the series are all absolutely convergent 


when |g| <1 and otherwise are not convergent. Arrangement by diagonals of the 
product on the left gives the coefficient of g” to be 
1424+3+4+...+(n +1) =}n + 1)(n + 2). 
Notes. The equation (Zu,) x (Lv,) = (Zw,), where 
Wy = UyVy + Udy—-1 + - s - + Ug; . 
can be proved true under less restrictive conditions than those given above. In 
particular, it has been shown by 
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(i) Abel: that (Xu,) x (Zv_) = (Zw,) if Tuy, Zv,z, Lw, are convergent (see 
§ 4.37 (ii).) f 

(ii) Mertens: that (2u,) x (Zv,) = (Zw,) if one of the series Du,, Dv, is abso- 
lutely convergent and the other convergent. 

(iii) Pringsheim: that (2(— 1)"-1u,) x (Z(— 1)"—1v,) = (2(— 1)"-1w,), when 
Un, Vp, are monotones decreasing to zero limit, provided Lw,v,, is convergent. 


4.3. Functions defined by Power Series. The series Za,2" is 
0 
called a Power Series and may be regarded as defining a function F(z) 
for those values of « for which the series converges. 


Note. Although F(x) may initially be defined in this way, it is often possible 
to continue the meaning of F(z) beyond the domain of convergence of the series. 


For example, Sx" defines a function only for |z| < 1, but we can prove it equal to 
0 
(1 — x)~1 which is defined for all values of x, except 2 = 1. 
4.31. Domain of Convergence of a Power Series. By d’Alembert’s test 


Gn 
Gn +10 


the series is absolutely convergent if lim exists and is greater than 1. 


Let lim = =. Then 2a,2” is absolutely convergent when |z| < R. 
n+1 
It is not convergent for |z| > R. For if lim a = R, then (§ 4.191) 
n+1 


1 1 
lim |a,*| =1/R and |a,2"|" > R,/R when |z,| = R,, i.e. there is an 
infinity of terms > 1 when R, > R. 

The series may or may not converge when x = +R and more 
exact tests must be applied. The number R is called the Radius of 
Convergence; and the domain of convergence consists of the interval 
—-R<2<BR and possibly x = R, sx = — R. 

Note. When lim |a,,/a,,,| does not exist, d’Alembert’s test does not give the 
radius of ee. However, Cauchy’s test, in its general form, shows that 


R = lim |a,|”. 
4.32. Substitution of a Polynomial in a Power Series. Let 
= bo + dé + 6,62 +...+6,E" 
be substituted in Xa,2” (of radius of convergence R). It is legitimate 
to arrange this as a power series in é at least when this series, written 


out at length, is absolutely convergent. The rearrangement is therefore 
correct at least if 
[bo] + [Olé] +. - » + [Onl |ElI™< Fk 

and for this it is necessary that |b.| << R. The inequality is then cer- 
tainly satisfied when |&| < k where k& is some positive number. It may 
be expected, however, that the greatest value & obtained in this way is 
less than what is actually necessary for the correctness of the rearrange- 
ment. 


Note. It may be proved by the principle of analytic continuation that if both 
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Zan (bo + b,§ +... + bmé™)" and the rearranged series are convergent, then the 
rearrangement is legitimate. (Chap. X, 10.72.) 
Example. 1/(1 + x + a%) = E(— 1)"(x + 22, 
0 


When rearranged the series is 1 — x + x3 — at + 2°— 2? .. . and the expan- 
sion is legitimate at least when |z| + |z|2 <1, ie. when |x| < 0-62 (approx.). 
Actually, however, 1/(1 + 2 + 2%) = (1 — x)/(1 — x*) when x +1 and therefore 
U/(L+ 2+ 2%) =(1— 21 +29 +284...) =1—24 23 — a fe te bole 
for |x| <1. 

4.33. Power Series obtained by Term-by-Term Differentiation. If we 
differentiate term-by-term we obtain new functions ON A ae 
defined by the power-series 


Fy(a) = 3 (a + ayy"; Pala) = Ein + 1ln + Qa pots, 


F(x) = Elm + Ulm $2). (+ ry 


The radius of convergence of F,(z) is lim ( then See ) = R, (since 
n+r-+ llan44 
r is fixed). 
Notes. (i) The radii of convergence of F, Fy, F,,. . . are all equal even when 
lim | “| does not exist. 
An +1 


(ii) The series for F,, F,,. . . need not be convergent at « = + R, even when 
the series for F is convergent at x = R or — R. 


4,34, The Continwity of a Power Series. If F(x) = Sax”, then 
0 


F(x) = a, + 2G(a) 
where G(x) is bounded when |z| < R. F(x) is therefore continuous at 
x =0, (R 40) and tends to the value ay. 
Let «=x, +h, where |x| << R and |x, + h| <R and let |A| be 
less than R — |x,| (> 0). 


Now F(x, +h) = Sa, (a, + h)" and the series when written out at 
0 


length is absolutely convergent since San|( (col + |h|)" is convergent. 
0 


It may therefore be arranged in powers of h without altering its value. 
The coefficient of h” in the rearrangement is 


1 2 : 
Bn + Anii(m + 1)ty + PR ies, eer Men? +...,1¢e = “F(ca). 


Thus F(r -+ h) = F(e,) + AF,(x,) +... + UF alto) oni ce: Sol ated 
the interval |h| << R — |z,|. This power series in h is continuous at 
h=0, since R — |z,| > 0, ie. F(x) is continuous at « = Z%, and has 
the value F(z,). 


4.35. Abel’s Theorem on the Continuity of a Power Series. The pre- 
vious paragraph has established the continuity of F(x) within the interval 
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of convergence. Abel’s Theorem gives the condition for continuity at 
the ends of the interval. 

If F(R) is convergent, then F(x)—> F(R) when x—> R. Similarly 
F(x) —> F(— R) when «—> — R if F(— R) is convergent. Since we 
may write Ra’ for 2, it is sufficient to take wnity for the radius of con- 
vergence. 


Let therefore wnity be the radius of convergence of F(z) = ¥a,a" 
0 
and let Lay be convergent (not necessarily absolutely). It is required 
0 


to prove that lim Sa," t= Sa,. 
s=—_ 0 


10 
Let F(x) = do + aye + Gyr +... + G__s0""? + pal) 
and F(1) =G) t+ @, +, +..-+4-1+1ns 
where p,(Z) = @,2" + Gy4:2"t2 +... .3 Tp =Gn + Gnyit--- 
Since 2a, converges, we can find m, such that |r,| < e (all n> no). 
Since a, =f, — Tri. 
Pn(X) = Tt” — (1 — 2)(P 412" + Type +. « «) 
and therefore |p,(x)| << + (1 — a)e(a" + a"t! +... .) form > mo, and 
0<2< il, ie. 
|Pn(x)| << € + ea” < 2e. 
Now F(x) — F(1) 
=a,(x —1)+a,(a?—1)+... + Gn -1(2"~! —1) + :p,(x) — rp. 


But given e, we can find 6, such that ) a,(z” — 1) <e for all x such 


1 
n—1 


that 1 —d<a <1, since Dale” — 1) is a polynomial vanishing at 


1 
z=1. Also |p,(x)| < 2e and |r,| <e, 
i.e. |F(a) — F(1)| < 4e for 1—d<2< 1, 
i.e. F(z) —> F(1) when z—» 1 from the left. 
Similarly F(x) —> F(— 1) when x—» — 1 from the right if F(— 1) 


converges. 


4.36. The Derivatives of a Power Series. If F(z) = 2a,2" and 
0 
xr R <= Lo <= R, 


[Feet = FE wey + SPs) + GPled +- + - 484) 


where the series on the right is a power series in h with a non-zero interval 
of convergence equal at least to R — |x,|. It is therefore continuous at 
h=0, ie. F'(x) = F,(z), or the first derivative (and similarly any 
higher derivative) is obtained by term-by-term differentiation. 

Note. If F,(R) converges it is the derivative of F(x) on the left of x = R, and 


F,(— R), if it converges, is the derivative on the right of x = — R. (By Abel's 
Theorem.) 
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4.37. Multiplication of Power Series. If F(z) = 2a,0", (|z| < R,), 
0 


G(x) = 50,2", (|z| < R,), then F(x)G(x) = eq", where 
0 0 


Ch = ad, a. @,b,,_1 a see -f- a,Do 
and |z| is less than the smaller of R,, R,. This follows from the fact 
that F(x), G(x) are absolutely convergent within their intervals. 


Notes. (i) If F(x) converges for R, (the smaller of R,, R,), and the product 
series converges for R,, then the result is true for R,, by Abel’s Theorem. 

(ii) If unity is the common radius of convergence, we have Abel’s Theorem on 
the Multiplication of Series: (Za,) x (Xb,) = (Xen) if all three series converge. 

(iii) If unity is the radius of convergence of Lanz" and R( > 1) is the radius of con- 
vergence of 25,2", then Merten’s Theorem (§ 4.26) shows that (Xa,,) x (2b,) = (Xe,) 
for then (20,,) is absolutely convergent. 


Example. The series x — $x? + 40°—... is convergent for —1 <2z< 1 
The series obtained by squaring is 5 — 1)"a,2" where 
2 


EL Pen eee me 
eo Ta eS Se Sy ee i Td 


1 l 1 i 1 
—\ltamat pt poet tot) 
2 : kes | 1 
=5(l+5t+5t-- tary): 

Thus (x — $v? + fa®.. .)® = a? — $e + 4) + Ze(1 +444)... for 
—1< << 1, since the series on the right is convergent for x = 1, (by Leibniz’s rule). 


4.38. Identity of Two Power Series. If F(z) = Za,x" is identically 
0 


zero for all values of z in a non-zero interval, then all the coefficients must 
vanish ; for F(x) and all its derivatives must vanish at x = 0, 
i.e. @,=4,=—a,=...=—0. 


Similarly, if it is known that Sa, 2" a 30,0" for a non-zero interval — 
0 0 
then a, = b, for all values of n. 
4.39, Taylor’s Expansion for a Power Series. If xo, (a +h) are 


within the interval of convergence of Sax" = F(z), then 
0 


F(a, +h) = Zag( ty + hy" 


and it has already been shown that the coefficient of h” in the rearrange- 
ment is F™(z,)/n!, 


2 n 
ie. Flos +h) = Flee) + WE '(xs) + P(e) +... + FO) Adee 


so that the infinite Taylor expansion is valid for F(x, 4- h) for at least 
the interval |h| < R — |2,|. 


Gn 


4.391. Entire (or Integral). Functions. If lim is infinite, the 


Gn+1 
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function ¥a,2" is defined for all finite values of x and is called an Entire 


0 
(or Integral) Function. It possess all derivatives and its derivatives are 
entire functions. 
x Lng x 
Example. 1— Gp + ape Bet: ane 


a 
Regard this as a power series in x?; then lim a or 


is infinite. This function is therefore entire. 


4.4. The Elementary Transcendental Functions. The elemen- 
tary transcendental functions are usually taken to be 

(i) The Exponential Function and its inverse, i.e. the Logarithmic 
Function, together with the related Hyperbolic Functions and their 
inverses. 

(ii) The Circular Functions and their inverses. It is not our inten- 
tion here to develop all the well-known properties of these functions, as 
it will be presumed that these are known to the reader. However, it is 
necessary to show how these functions may be adequately defined in 
terms of the ideas that have been introduced in the previous paragraphs 
and to indicate how their properties may be established. 


4.41. The Exponential Function E(x). The exponential function may 
be defined by the power series 


2 n 
B@)=1+ 5+ ate. tote. 


= lim (e2%) which 


! 
Since lim +4) js infinite, it is defined for all finite 2. 

(i) Its characteristic property E(x) x E(y) = E(x + y) follows by 
the rule for multiplication of series, and by repeated applications of this 
result we find that H(n) = e” where e = H(1) (= 2-718 . . .) (nm integral). 
The number e”/4 may then be identified with E(p/q) so that E(x) = e* 
for x rational. 

The number e* for z irrational is naturally defined to be lim e*” (if 

; n—>o 
this exists) where x, is any sequence of rational numbers tending to z. 
But lim e*» = lim E(z,) = E (lim x,) = E(z) since E(x) is continuous. 
n—>o n—>o 
Thus it is consistent to write E(x) = e* for all x. 

Similarly {H(x)}* when « is irrational is defined to be lim {H(x)}*» where «,, is 
any sequence of rational numbers tending to «, and this is easily shown to be H(«a) 
or e%, 


(ii) Differentiation term-by-term shows that i (e*) =e” for all 


values of n. 
1 


(iii) The function e? is obviously > 0 for z > 0, and since e~* = 
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then e* > 0 for all x. Also since oe) =e", the function increases 


steadily for all x; when s—> + «©, e*—> + o, and when z—> — o, 
e—>0. (Fig. 1.) 

4.42. The Logarithmic Function logx. If ev =a, as y increases 
steadily from — oo to + 00, & increases steadily from 0 to + 0; the 


E 

AB: e* 

CD: ie * 

EF: log,x 
Fia. 1 


relation therefore determines y as a single valued continuous function 


dx 
—-=7, 


of z forz>0. The function y is denoted by log z, and since a 


; d 1 ‘ 
it follows that - (log x) = z (Fig. 1.) 


4.43. The Function a*. Let a> 0, and let 6 = loga, then 
a® — et — et loga 
thus defining a* for a> 0 and all z. Also 
(i) The derivative of a* is a* log a. 


(ii) The derivative of x” is fle log ©) — ma”? for all those values of 


a, x, n for which the functions have been defined. 


4.44. The Logarithmic Scale. Since e* > 2™*1/(m + 1)!, («> 0) 
when m is a fixed positive integer, however large, e*/z*—> + oo when 
_£—> + oo (a any real number). 

Also e~*a* > 0 when x—» + 00, « being any real number. 

It follows that u/(log u)® —> + o when u—» + oo, (any f). 

Taking 8 > 0, and writing « for 1/8 and x for uw, we deduce that 
(log x)/a* —> 0 when z—» +- 00, however small « ( > 0) may be. 
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Writing now 1/z for z, we obtain finally that 2*logz—»0 when 
x— > 0 from the right, however small « (> 0) may be. 

Summarizing : 

(i) e*/a*—> + 00; e-*2*-»0, when r-—> + 0, (all a). 

(ii) (log x) /a*—> 0 when x —> + ©, (a > 0). 

(iii) z* (log 7) > 0 when x—> + 0, (a > 0). 

Thus e*, and therefore e**, (k > 0) increases to + 00 more rapidly 
than any power of z, and therefore more rapidly than any polynomial ; 
and log x increases to infinity more slowly than any positive power of x 
and therefore more slowly than any polynomial. 

A set of functions, called the logarithmic scale, may therefore be 
constructed as indicated in the following scheme 

. . « < log log log « < log log a < loga <a<e™<e®<... 
which all tend to + co when > + ©; each function is the log of 
the one that follows it and tends to infinity more slowly than the one 
that follows it, i.e. such that the ratio tends to zero. 

Note. We use the notation f(x) < ¢(x) when f(x) = o {¢(x)} for x large. 
Other Functions may be inserted in the logarithmic scale. Thus 
log a < (log 2)? < (logaz)*§<...<r<a8*<2... 

Example. Determine the relative positions of the functions 28%, (log x)”, 
(log x)log log * in the logarithmic scale. 

log x < (log z)?< %. Therefore x < wlog* < ¢%, 

Also e* < (log x)", but since x log log x < x* < e®, it follows that (log x)* < e®. 

Again (log log x)* < log x and therefore (log x)log log * < g, 

Thus log a < (log x)!og log < x < glog® < e% < (log x)® < ee” 

445. The Expansion of log (1 + x), (x small). If f(z) = log (1 + 2), 
f™(0) = (— 1)*"1(n — 1)! and Maclaurin’s expansion gives 


1 1 x” 
log (1 + z) =a — 3" “f ral eee t(— ge + R,, where 


|R,| = Pe ML. staal (0<6 <1). 
“(w+ 1)\(L + 62)[2+¥ 


If n is fixed and z is small, 
R,, = O(z"*") and therefore 


log (1 + 2) =a — x + i. »-#t(- ye + O(a"*1), (a small). 
In particular, 
abe. hack 1 pa f we n-1=" ret (-- 1)" 
tiny an (loe +2) a+ 5a ~eet(-—)) =) = ee 


Notes. (i) It is easy to see that if |2| < 1, R, —> 0 when n—>» 0, and therefore 
the infinite series for log(1 + 2), (which is convergent for |x| <1) is valid for 
|z| <1. It may also be shown valid for x = 1, but it is simpler to obtain the infinite 
series by integration. (See Chap. V, § 6.71.) 

1 


ie os 1 
(ii) Since z og (1 + x)—>1 when «—>0, it follows that (1 + x)*—»e when 
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n 
z->0. In particular (1 + +) —>e when n—> co; and it is by means of this 


(the exponential limit), that the exponential function is sometimes defined and its 
properties developed. It should be noted also that 


‘ 


: aN ‘ ’ pe 
gil, O sai mening + wl malig. thao) nA 
4.46. The Hyperbolic Functions and their Inverses. (a) The hyper- 
bolic functions cosh x, sinh z are most simply defined by the equations : 
cosh z = }(e* + e-*), sinh x = }(e* — e~*), and the other hyperbolic 
functions by the equations tanh z = S/C, coth z = C/S, sech x = 1/0, 
cosech = 1/S, (S = sinh x, C = cosh 2). 


Notes. (i) The functions cosh x, sech x are even, the others are odd and they 
have a relation to the rectangular hyperbola analogous to that of the circular 
functions to the circle. Many of their properties are analogous to those of the 
circular functions, but the analytical relationship between the hyperbolic and the 
circular functions requires the use of the complex variable for its expression. Their 
graphs are easily obtained from a knowledge of those of e” and e~* (Fig. 2). 


AB: cosh x ee AB: tanhx AB: sechx 
eD:sinh x (D.CD,: cotl x CDCD,:cosech x 
D D 


(ii) The most useful of their simpler properties are 

cosh? « — sinh?z =1; 1 — tanh?z =sech?2; sinh 2x = 2sinhzcoshz; 

cosh 2a = cosh? z + sinh?x; sinh (z + y) = sinh x cosh y + cosh xsinh y ; 

_eosh (2 + y) = cosh coshy + sinhasinhy; cosha> 1; |sinh2| < cosh x; 

‘ ae : ipa as 
rena come = T+ ee aye ied sinha =a+ at at: 
(the infinite series being convergent for all x); coshO =1; sinhO0 = 0; 


d 
4 sinh 2) = cosh x; qa cosh 2) =sinhz; y = Acosh mx + Bsinh mx 
satisfies the equation y’” = m*y. 


(b) If « = cosh y, x cannot be less than 1, and for a > 1, there are 
two values of y for a given x, as may be seen from the graph. The positive 
value y, is taken to be cosh~! a (or arg cosh). The other value is 
therefore — cosh! g. 

By solving the equation 2¢ = e” + e~¥ for e” we find that 
Ys, Yo = log (@ + V(x? — 1) 


so that cosh! 2 = log (a + »/(x? — 1) and 4 (cosh 2) is equal to 
V/y(a? — 1), 
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Similarly, x = sinh y, determines a single-valued function 
y = sinh~* & ='log (« + /(x? + 1)) 


dy _ 1 
where i VST 
And x=tanhy, (for |z|< 1), determines a_ single-valued 


‘ oe l+z2 i 

function y = tanh-'z = 3 log = , Wher alge aa 

4.47. The Circular (or i eee Funetions and their Inverses. 
The elementary method of establishing the properties of sin z, cos xz 
involve the assumption that a circular arc has a length which provides 
the measure of the angle subtended. Various ways may be suggested 
for using these properties to provide new definitions that are strictly 
arithmetical in character. From our present point of view, the most 
suitable method consists in using infinite power series as definitions ; and 
Maclaurin’s expansion enables us to obtain what these series must be. 
Thus, assuming that d” (cos x)/dx” = cos (x + i we easily obtain 


ae n@ 
cost=1— s+ 7 ai + (— 1) n oni + ® where 
hs 6 jn), (0<0<1 
=r Nha jx), (0<0<1). 
gent 
But | cos (Qa + 4(n + 1)z| <1, and eat © when »—~> oo; 
therefore R—> 0 when »— oo for all finite z, 
: a win of 
1.e. cos 2 = a Ta 
and similarly sin z = x — r+ =; —:: + for all finite x. These power 


3! 


series (which, like e”, are entire ined may be taken as new definitions 
of cos 2, sin x. 

Notes. (i) For the problem of re-establishing the properties of these functions, 
read Whittaker and Watson, Modern Analysis, Appendix. 

(ii) Another effective method of defining sin x (= S(z)), cos x (= C(2)) consists in 
using the relations 8’ = C, C’ = — 8, S(0)=0, C(0)=1. (Ref. Bromwich, 
Infinite Series, § 60.) 

The graphs of the circular functions should be familiar to the reader. 
They are useful, for example, when dealing with the inverse functions 
arc sin x, arc cos x, arctan x. 

Thus (a) y = arcsin z, (|x| <1), is defined to be that value of y 
satisfying the equation x = sin y and also the inequality — 4a < y < 4a. 
The other values are nz + (— 1)" arc sin x, (n being a positive or nega- 

aye ae 
tive integer) and 5m (arc sin 2) via) 
(6) y = are cos z, (|z| <1), is that value y satisfying the relation 
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x = cosy and also the inequality 0<y <a; the other values are 
d 1 
Qna + are cos x and ager’ cos %) = — Va 22) so that 
arc sin « + arc cos = 4a. 
(c) y = arc tan z is that value y that satisfies the relation + = tan y, 


and also the inequality — 41 < y <4; the other values are 
nz +- are tan x 


d 1 
and qr tan z) = recat 
Also lim arc tan c=}; lim arc tan x = — jz. 
I—> +0 t—>—2o 


Note. arc sec x = arc cos (1/x); arc cosec « = are sin (1/x); are cot 7 = 
are tan (1/2). 

4.5. Functions defined by Multiple Sequences. Functions of 
several variables z,, 22, . . ., 2, may also be defined by the limits of 
sequences of the sth order for those values 2, %, . . ., %, for which the 
multiple limits exist. Thus F(a, x, . . ., %,) may be defined as lim f(z,, 
Day » «+ Dey Ny, Mg, - + +, Mg) Where 7, M2, -. ., %, are integers that 
tend to infinity independently. Definitions could also be made by limits 
of functions of the type f(z, . . ., %, &, .- +, &) where &,, tends to 
infinity by continuous real variation. In many cases, however, such a 
definition is not more general than that obtained by integral variation, 
and in any case the function f may have significance only for integral 
values’ &,,. 


4.51. Functions defined by Double Series. From the terms of a double 


sequence u(m, n, &, y, 2, . - -) we can form the double sequence 
Sig = BM, 4,2, Y) % - lS > D> a A Ae eae 
r=1 s=1 


and if S,,, tends to a limit F(x, y, z, . . .) when m, n tend independently 
to infinity, F(x, y, z, . . .) is called the sum (Pringsheim) of the infinite 
double series. 

Writing m,n as suffixes, we may exhibit the double series as follows: 


Ui + Ua tUig +... + Uy t- 
+ Uer + Ue2 + Uses t+. .- + Un t--.- 
A LS ERP Cc So ee ce rarer 


It is obviously necessary (but not sufficient) for convergence that 
im t4., = 0. 

The necessary and sufficient condition for convergence is that 
|Syqg — Smn| Should be ultimately small. 

4.52. Repeated Series. If the mth row is summed, (m= 1, 2, 3, 
. . .) and if the sum of these sums is taken, the result may be written 
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22m, and is called the sum by rows. Similarly 2Zw,,, denotes the sum 
by columns. It is not true in general that 22w,,,, = LLU», even when 


the double series converges in the Pringsheim sense. 
Note. It is often convenient to use the symbol Dump for the sum of the infinite 
double series. re 


Example. 


Here Sinn —> 0, but the sum by rows and the sum by columns are not conver- 
gent; since, for example, Yu,, and Zu,,, tend to + oo. 
n m 


Again, 22U,, may be equal to LZw,,, when the double series is not 


convergent. 

Example. 1+14+0+04+0+4+0+ 
+#1—-14+0+4+0+0+0+ 
+0+0+1—1+4+04+0+4 
+-0+0-—1+4+14+0+4+04 
-0+0+0+0+1-—1+ 
+0+0+0+0—-1+41+4 


Here 22u,,, = 2 = Z2u,,,; but S,,, is either 3 or 2 and is therefore not con- 
mn nm 
vergent. 


4.53. Pringsheim’s Theorem on Double Series. 1f the rows and the 
columns converge and if the double series converges to S, then 
Pog = Doth, = 


For, since lim S,,, exists, |lim S,,, — S,»,| is ultimately small, (all m and 
n large); and since lim S,,, = S, then |S — Snn| is small, (m, n large) ; 
i.e. |lim S,,, — S| is small, (m large), i.e. lim lim S,,, = S. Similarly 
lim lim S,,, = 8. 

4.54. Double Series of Positive Terms. By a method similar to that 
used for simple series of positive terms, we can show that a double series 
.of positive terms, if bounded, must converge and if unbounded, must 
diverge to + oo. Also its sum, when convergent, is independent of the 
mode of summation, provided every term is included once and once 


only. In particular, the sum may be effected by rows, by columns, by 
diagonals, or by rectangles. 


A sum by rectangles is XS,, where m = ¢(n) and ¢(n) tends steadily to + 00 
n 
when n—> + co: for example, if m = kn, (k fixed). 
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Also if the series converges by any such method, it converges to the 
same sum by any other appropriate method. 

4.55. Tests for Convergence for a Double Series of Positiwe Terms. 
Tests for convergence (or divergence) may be established by direct 
comparison with a known series of positive terms. For 

(i) If 0 < Unn <Upp_ and mn converges, then 2m converges, and 


(ii) If tan > Umn > 0 and | en diverges, then te. diverges. In 
mn 


particular (all the terms ete hie), 
(i) If 2C, converges and Up, <C,,C0,,, then Zin converges; for 


Sonn < C,,C which converges since (3C;,,)(EC,) - == (2C,,)8. 


(ii) If XC, converges and Up» < Cine , then 2wu,,, converges; for 
n m+n mn 


2Umn = 2X (Uni + Ups ctthe + Uin) < erry C44 < XC a4 


— 1 
(ii) If XA, converges (or diverges) ss 2D, Sean and 
s DE ad 


then Lu,,, diverges ; for LUjn, > LAmD, > (XA,,)(2D,) which diverges. 


(iv) If 2D, diverges and w,,, > min then 2w,,, diverges; for 


the sum by diagonals of Atnn } is > a 


] 7 
cin Dnt 2 5e ns 


Examples. (i) The simple series aS ed converge when «> 1, B > 1 and 
mm= _nB 


diverge when «< 1, B< Li Therefore ri converges when « > 1, B > 1 but 


mn 


diverges when one at at of the numbers «, f is less than or equal to 1. 
(ii) The series = 
when « > 2. 
And — m& +- n% < (m + n)* (when « > 1), the sum by diagonals is greater 
than ara which diverges if « < 2. 


a i a Since m* + n* >2m*/2n2/2, the series converges 


ee when « < 1, the sum by rows (or columns) obviously diverges. 

4,56. Example of a Double Series. An example of a fairly compre- 
hensive type is given by <2) where Pnn = ) a,m*n*, a, > 0, 8, > 0, 
mn P.an r=1 

and Pmn > 0 (all large m, n). 

' Draw Newton’s polygon for p,,,,, the axes of reference being 0&, 07 
and suppose for simplicity that the coefficients a, that correspond to 
those sides giving approximations to p,,, for m or n large, are positive. 
Denote by w, the region determined by §>1,7> 1. Then if the poly- 
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gon overlaps w (in the strict sense), the double series is convergent ; 
otherwise, it is divergent. 


where pn» 


, 


P mn 

consists of the terms that lie on the sides giving the approximations to 
Pmn at (Cc, 0), (20, 9), (00, ¢). 

(1) Suppose that the polygon overlaps w. (Fig. 3.) 

Then (i) there is at least one vertex A in w, 
or (ii) there is no vertex in w but there is one side crossing w (like 
IM in the figure). 

(i) Let the term corresponding to A be aym*n*:, where «, > 1, 8, > 1. 

1 1 fae , 

But BH se < amenh which is convergent. (Example (i), § 4.55.) 

(ii) Let the terms corresponding to LM be 

aym™n + agm*n*2, 


It is obvious that converges or diverges with S" . 
mn 


it+Ds 
From the well-known inequality Gescal S p1”p2”: (all the 
Pi + Pe 


numbers being positive), we deduce, by putting 
Pip: = aym*nh, Pops = aym™n: 


that aymn + aym*nfs > Kmn* 
where 
—Pi_ /a,\ _? Pits + Pats Pibi + Pobs 
K = + (F)nta(S nt, A a eet x eee Re NS bat - 
(Ps Ps) 1 2 pi + Do " Pi + Po 


But since LM crosses w, numbers p,, p, (> 0) can be found such that 
A, i > 1, 

Thus the double series is convergent. 

(2) Suppose that the polygon does not overlap w (but that it may 
be in contact with the’ boundary of w). 

Then (i) the whole of the polygon lies between = 0 and &=1 
inclusive, 
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or (ii) the whole of the polygon lies between 7 = 0 and 7 =1 
inclusive, 

or (iii) there is at least one side RS lying on a line passing through 
the point (1, 1) or passing between this point and (0, 0). (Fig. 3.) 

In case (i) every index « is < 1 and therefore'the sum of every column 
diverges ; and in case (ii) every index f is <1 and the sum of every 
row diverges. These cases are of course not mutually exclusive. 

In case (iii), let R, S be respectively the points (a, B,), (%2, 62) and 
let the equation of the line joining be uf + 7 =¥ (u, ¥ > 0), so that 
v= My + By = Mee + Bs. 

Since the line passes through (1, 1) or passes between this point and 
(0, 0), we must have y — yz <1. Also, there is no loss in generality if 
we assume yz > | (since, if necessary, m, » can be interchanged). 

Let I(x) denote the greatest integer <a; then I(x) = kx, where 
4<k<l1l(e@>)1). 

If m = I(n“), then aym™n + aym*n*s = An”, where A (> 0) is 
bounded, (all ); whilst if («,, 6,) is another point of the polygon not 
collinear with R, S, the corresponding term a,m*mn'r = j’n"’, where 


1 
y’ <»v and 4’ (> 0) is bounded. The double series y—— therefore 
—4 P mn 
1 1 (nt) 1 kn 


di Rosodt. ba noc j yous 
rit sade i contal + aym*nP* yer te aym™n +- agm*n? > Fn 


m=1 
and therefore . is greater than & which 
aymn + agm*nPs An” 
mn n 


diverges since y — yw <1. 

Notes. (i) The equation of the line joining («,, B,) to (%», B,) is of the form 
pe + Gn 1 where p =(B,—f;)/A, 9 = (% — %)/A4, 4 = mf, — Xf. And 
(0, 0) is on the opposite side of the line from (1, 1) if p + q > 1 and on the same side 
ifp+q<l. 

(ii) If pé + qn = 1 is the equation of a significant side of the polygon it is 
necessary (but not sufficient) for convergence that every p+ q should be <1; 
whilst for divergence it is neither necessary nor sufficient that p + q> il. 

(iii) The conditions for the convergence of a double series of positive decreasing 
terms may also be related to that of a double (or simple) integral. (See Chap. XI, 
§ 11.03.) 


Examples. (i) ae where Ping = mini + min’ + mini. 


mn 

p+q for the first two terms is 20/21<1; p-+q for the second and 
third is 12/1l> 1. The series is divergent. Note, however, that when 
Pmn = mini + min’, then double series is still divergent although p + q < 1, since 
the indices for m are both <1. 

(ii) Pmn = mint + mink + min‘. The first two terms are the same as in 
Example (i); p + q for the last two is 116/117 <1. Series is convergent. 

(iii) The series Yp,,,~* where 2 > 0 is similarly convergent or divergent accord- 
ing to whether the polygon of pmn enters or does not enter the region specified by 
fl>1, nA>1. 

For example, if am? + 2bmn + cn® is of constant sign for m, n > 0, then the 


series 2 --— 


lam* - Steen + cope CTCES if A> 1 and diverges if A< 1. 


106 ADVANCED CALCULUS 
4.57. Absolutely Convergent Double Series. The series 2Umn is said 
to be absolutely convergent if 2|u,,,| is convergent; and as for simple 


series it may be proved that (i) the convergence of 2|u,,| implies that 
of 2u,,, (ii) a derangement of the terms of an absolutely convergent 
double series does not alter the sum. 


4.58. Substitution of one Power Series in another. Let z= Zb,y" 
0 


have a radius of convergence qg and let y = Saya” have a radius of con- 
0 


vergence p. If y is substituted in z we can arrange the result as a double 
series thus 


by 
+ ba, +6002 + 6,a,7%+.. 
+ bso? + QWyagaye +... ... a. where z is the 
rei Gatehittcs steimce astendaw be 4% 9% sum by rows (|y| <q) 


If the double series is absolutely convergent, the sum by columns is 
equal to the sum by rows, ie. it is legitimate to arrange the expression 
as a power series in z. It is obviously necessary for the series to be 
convergent when x = 0, ie. when y =a, and therefore |ao| <q is a 
necessary condition. When this condition is satisfied there must be 
some non-zero interval of x for which the double series is absolutely 
convergent, i.e. the rearrangement is certainly legitimate if x is small. 

(Ref. Bromwich, Infinite Series, V, 36, where the determination of such an interval 
is discussed.) 

4.59. The Reversion of a Power Series. Let Y¥=ar+az*+...,, 
have a radius of convergence p(0); then we may expect that when a,~0, 
it is possible to express z as a power series in y having a non-zero radius 
of convergence. If we assume this series to be by + by? +..., we 
can find formally, by substitution and by equating coefficients, the values 
of 6,, 6,, bs . . . in terms of a,, ay, ads... . From these equations it 
is possible to determine an interval within which the series in y is abso- 
lutely convergent. The problem is in this way reduced to one of the 
same type as that in the previous paragraph. 

(Ref. Bromwich, Infinite Series, VIII, 55, and VIII. » Examples B, 30-33, where 
the determination of the interval is discussed, where the case a, = 0 is considered 
and also the relationship with Lagrange’s expansion. See also Chap. XI, § 11.32.) 

Examples. (i) Let tmp, = 1/(m* — n*), (msén); Um, =0, (m=n). Find 
the sum by rows, by columns and by diagonals of Damn. 

™ 


n 
Bagels prerb henna rtaben ath umces 


1 1 
te.4+(-p +54 } 


= so Su'tn - 2 - Si2in) where S, = 2 (5). 
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If m is fixed lim Lumn mt 3/4m?2 since Snim == Sn—m—> 0 


E Linn — — §a*(using the result E+; -. 42) 
i.e. x 2 mn = — }n*\ using the res =" fap In 
Similarly ZL 2 mn = 4x; the sum by diagonals is zero. 
nm 


° n n2 n 
(ii) Prove that if |x| <1, E—~— =—<E* A +*) _ yinyen where A(n)is the 
ae ew 1 


number of divisors of n, (1, included). 


The double series : we ep-at tae +...4¢ 2% +... 
+attat +o +...-aM+..:; 
+a +a +2 + He enon 
a O18, 6.7'E) 8 OS Sea KS BVEF TO Bee vise =q 
ee a arr ee + = al 
ed See Ga ee sole te te hee 6 Woe és 

is obviously absolutely convergent when |z| <1, being part of the series 2x". 

Th b Se % 
e sum y tows it 2) a tp 


Take the first row and remainder of the first column; then the remainder of the 
second row and the remainder of the second column; and let the process be con- 
tinued. 


ert iatreet +t Poet Toa Gah hiens i ae 


Now arrange in powers of z. ‘There is one term for each divisor of the index of 


the power, i.e. the series is equal to EA(n)x”. 
1 


4.6. Functions defined by Double Power Series. A function 
F(z, y) may be defined by a double power series of the form 2a,,,2y" 
mn 


for those values of 2, y for which the series converges. 
If all the series Xa,,,7" and La,,,y" are convergent and the double 


series is convergent, then 
F(a, 9) = Leh CY” = Trigg ty" = SLiggt™y". 
mn mn nm 


If the double series is absolutely convergent, the summation may be 
effected in any order of the terms. In particular it is equal to 


Goo + (Ayo% + Gory) +. - -(Gnoe™ +... - + 4mny") +--+ 
the sum by diagonals. 

4.61. The Region of Convergence of a Double Power Series. This is 
not of such a simple character as that of a power series in one variable. 
However, if the double series is absolutely convergent for z = 2, ¥ = Yo, 
then it must obviously be absolutely convergent for |z| < |ao|, |y| < |yol- 
Also in this case F(x, y) is a continuous function at least for |x| < |z9|, 
ly| < |yo|, possessing continuous derivatives obtained by term-by-term 
differentiation. The region of convergence of the differential series may, 
however, have quite a different boundary from that of the original series. 

Ezample. If F(z, y) =1+ 2a + 4x? + 823+... 

+ By + 9? + WZyF +. 2 
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the region of convergence of F(x, y) is given by the rectangle |z| < 4, |y| < 4; 
but that of F, is given by the band |z| < }, 
In the general case, let r= rcos6, y=rsin@; then 
F(z, y) ; 
= 2 (Ayo cos" 6 + a,,_;, , cos"-! A sind +... + a, sin” Or" +... 


when it is summed by diagonals. This is absolutely convergent when 
I|r| <1 where, by Cauchy’s Test, 


1 
1 = lim |(ay9 cos" 9 +. . . + dp, sin” 0)|”, (if this exists) 


This limit Tis a function of 6 and therefore the polar equation of the 
boundary is given by rl(@) = 1. 


Refs. (i) Lemaire, Bull. des Sci. Math. 20, 1896, 286. 
(ii) Daniell, Quarterly Journal (Oxford) II, 43, 1940. 


Examples. (i) E(2n+1gngn+1yn + QNZN+1ynyn+1), 
0 


1 
Here J = lim | {2"3" cos” 6 sin” 6(2 cos @ + 3 sin 6)}|2"+1 = y/ |6 cos @ sin 6| so 


that the boundary is r/|6 cos 6 sin @| = 1, ie. |zy| =}. 
(m+n), 
OH) min 8" 
m,n 


1 
1 = lim [cos” 6 |+ "C, |cos"—1 sin 6| + . .. + {sin” 6|]" = |cos 0| + |sin | 
so that the boundary is lel + ly) =1. ¢. 

(iii) The region of absolute convergence for the expansion near (0, 0) of the 
function [(3 — x)(2 — ay)(2 — ay?)(2 — y)]-1 is bounded by the curves |z| = 3, 
|zy| = 2, |zy*| = 2, Jy] = 2. (Fig. 4.) 


jx|<3,|xyJ<2.lxy*]<2, lyl<2 


FIG. 4 
(iv) The series 
0 +0 +22 +278 + 4¢f 48275 +... 
+0 +0 +0 +0 +0 +0 ee te 
+0 +0 — a%y2? — QxSy2 — darty? — Say? — 
+y —2y £0 +0. 40. 40 + 
+ 2y4 — ay +0 +0 +0 +0 == 
+ 4y°—4ay' +0 +0 +0 +0 1 
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The formula for a finite number of terms is 
(L = y%)(a® + 2a? + 2M—ByM—1) + (1 — ally? + By +... + BO—dyn—1) 
With tails PO the series bei 
= = 1 ay When |x| <4, |y| <4, the series being 
absolutely convergent. ; 


Note, however, that the series converges (in the Pringsheim sense) to zero when 
ze=landy=+1. 


aRNN 
> 
NSERERs 
y.4E sears 
LER ERERER 
eK PRE ES 
so Kies eh esis 
RSEKESESEIA 
seseseseh A 
rl a Pal "andes 
Lil elena 


Ul 


lyl< 1, [2x] <]1-y] 5 |2y|<1, |x} <|1-2y| 
Il 2ack< 1, ly|<|t-22c]; |x] <1, [2y]<|1-x| 
ZZ [2a] + lyJ< 1; Ix + |2y|<1 

WN 2x + yl <'s [x + 2y| <1 

Fie. 5 


(v) The region of absolute convergence does not in general coincide with that 
of the sum by rows or columns or diagonals. 
Thus the series 2(m + n)!x™y"(2™-+ 2")/(min!) which is the expansion of 
mn 


(1 — 2u — y)—1 + (1 — 2 — 2y)—1 is absolutely convergent when both inequalities 
2x] + |y| <1, |2| + |2y| <1 are satisfied. 
The sum by rows is absolutely convergent for 
[2a] <1, |y| < [1 — 22] with |z] <1, 2|y| <|1 — al. 
The sum by columns is absolutely convergent for 
ly| <1, 2|z| <|1 — y| with |2y| <1, |x| <|1 — 29]. 
The sum by diagonals is absolutely convergent for 
2a + y| <1 with |x + 2y| <1 (Fig. 5.) 


Examples IV 


Find the derivatives of the functions given in Hzamples 1-15. 
1. tan(farctan}z) 2. $tan?x—tanz+2 3. log tan(4e + 42) 
5 
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4. are tan (75. — 2are tan (Y=) 5. arc cos epee) 
6. are 008 } -—— } 7. gloge 8. (log x)” 9. at” 
10. (log x)log ¢ 11. log,, logy) 12. (log log log x)log log 
13. 8° 14, e(log 2)” 15, e*” 
16. If siny = zsin (y + 42), prove that + dy = 2 sin? (y + 42). 


17. If y = x{e,(log x)® + Jy es x)* + haat x) + cy}, prove that 
aAyio + 2xdy’” + wry” — ay’ +y = 0. 
18. If (1 — diate 4 1, prove that 
V(1 — e* sin® x)dy + /(1 — e? sin? y)dz = 0. 


; Find =. dy and od for the functions given in Examples 19-21. 
Rema 20. xy = log (w + y) 


21. tv + ev = 2 
Obtain the nth derivatives of the functions given in Examples 22-31. 


22. e* sin 2x 23. cos* x sin x 24, xe 25. 2” log x 
26. cos x cos 2x cos 3x 27. zw sin 28. (log x)? 
29. x*%(x —1)-3 30. xe” sin x 31. zsin®* x 


32. If z = arc tan haa 29 find z,, zy and verify that az, + yzy = 0. 


33. If V =, log (x? + y?) + c, arc tan (Z ), show that ad + arn 

34. If « = e“ cosv, y = e* sin v, prove that (Vp, + Vyyje™ = (Vuu + Vov)- 

35. Change the independent variables from 2, y to u, v in the equation 
Aten, + Bhecyrey + by*zyy + Baz, + Ayzy + cz = 0 


when x = e%, y =e”. 


ae 


36. If x =rcos6, y=rsin6, show that Vi, + Vyy = V,, + A -f Vee, 
where V is a function of (x, y). 
37. Show that the nth derivative of a"—1el/2 is (— 1)"el/4a—!-", 
38. If (x.— 1) is small, show that 
TER ge ap ef u Z +a} i 
(e@—1)Xe +38) ~ °l8e —1* + We — 1). oa) TOP ) 
39. Show that near = x, 
sinz + xcosx nm 2 
eee aye te ee a a ah Ole: eh 
te 
40. Show that the coefficient of (¢ — a)—1in the expansion of yy =6 


et {(a — b)'x* — 2a — b)x + 2) 


near t = a is “=F 7 Giese see ifa ee b. 
e 1 
. Find lim ‘im (A = *). 
2. Show that 


mn + en + cyn*® + cyn® + cyn* + egn®) 


rs a = (C9 + & + 2y + Bes + 15cy + 52ey)e. 
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43. Show that 

(i) sin2 <tanz <cosa<secxr <cotx <cosecwifO<a<a 

(ii) sin <cosx <tanz<cotzx <secr <cosecxifa<2<jn 

(iii) cosz <sina <cota<tanz <cosecxr<secx if}an<a<}a—a 
(iv) cosz < cota <sin z<coseca<tanx <stc2 if}n—a<u<4n 


where « = arc sin (ha) (= 38° 11’ approx.). 


44, Show that 
(i) tanha <sinhz <secha2 <coshx <cosechx < cotha, if0 <a2<a 
(ii) tanha <secha2 <sinhz <cosecha <cosh x <cotha, ifa<a<b 
(iii) sech 2 <tanha <cosecha <sinhx <cotha <cosha, ifb<a<c 
(iv) sech  <cosecha <tanhz <cothx <sinhx <cosha, ife <2 
where a = } log (2 + 4/5), (= 0-72 approx.); 6 = log (1 + 1/2), (0-88 approx. ); 
ce =logh{iv5 + 1+ V(2vV5 + 2)}, (= 1-06 approx.). 
Prove the inequalities given in Examples 45-55. 


45. 5 <log (1 +=) <5 (« > 0) 
ee ie» 
47. i lal it 
8. >1tet+ 5 +. +5 ife>0 


‘i 2 of a? 
49, e~® lies between 1 — x + 5, ee eta tke, 


eer, (2 <1) 51. ax< xlogx + et! (x > 0) 
52. er <1-e-® <x, (@>—1) 53. (1 + 2)log (1 + 2) > 2(2> —1) 
54. |e* — 1| < (el2l — 1) < |zel#l 
Cd genti 
55. If S,(z) = 2 — ate: A (Gadd) sree § (@n + 1)! 
d Pm and 
an C,(%) = 1 — Gt «th (— a 


then sin x lies between S,,(x) and S;,41(x), and cos z lies between C,,(x) and C,,+,(2). 
56. Arrange the following functions in order of greatness when = is large and also 
determine their places in the logarithmic scale : 


(log log 2) 982, (log x)* 9% 22%, flog 2)®, (log x)(oe2)*, (log a)(l°8 2) 198%, 
(log a)* log x, 
57. In a sequence a, it is given that an;1 = a,%; prove that (i) if a, = 2, 
a,—> + ©, (ii) if a, = 1-2, a, tends to a definite limit, (iii) if a, = 0-02, a,, oscil- 
lates finitely with two limiting values. 


Draw the graphs of the functions given in Hzamples 58-60, where f(x) is the 
greatest integer < x and point out any discontinuities that occur. 


58. f(x) — x 59. V(x —f(x)) 60. ae 


Discuss the discontinuities, (if any), of the functions given in Hzamples 61-7. 
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ae 
61.21 62. x, (nx< 1); (2—2), (1 <2< 3); 0, (@> 8) 63, <— 


64. ~~ (w 0); 1, (2 =0) 65. =, (ase8) 2-O) Goeth 


66. x sin (= " (70); 0, (2 = 0) 67. vain (4 ay (730); 0, (27 = 0) 


68. Prove that the function given by y = 42°, (7< 1); y = (x — 3)%(4x — 3), 
(l<2< 2); y = 2x3 — (x — 3)i(2z? + 3), (x > 2), and its first derivative but 
not its higher derivatives, are continuous functions for all values of 2. 

Determine the functions that are defined as the limits when » tends to infinity 
of the functions given in Examples 69-76. Discuss their discontinuities. 


1 
a Ee z 1 nm+1l+a\n 
69. 142 70. ipa"ti 71; Reel ear 72. oot?) 
73 n®x(a% — 1)(e—2) + na(x —1) +1 74. x(x — 1) + ne +1) 
‘ n®a(% — 1) + na + 2 a®t+l(¢ + 1) + n(x + 2) 
75, +e 1 Cte 
@—Iptt + @— yr a (e+ 1) 


Discuss the convergence of the series whose general terms are given in Examples 
77-100. 


7 riety | eee wFHOrs 
00. 5g ray epee Geers 
RE wink 
85. ve 6. = 7. vigt 88. 

si (* ae Ss =") © f) 60° ae Bit-- pa Tur: 
a ENO gg aE gg MB ge 
94. (— rs 95. lira aale 96. * of 
ee 
‘00, (2 202 — 44)» « role eh 


(n + 1)! 
Find the radii of convergence of the series given in Hxamples 101-6, and verify 
that the sums satisfy the associated differential equations. 
a i x Ze \ 
SOAS y () Lees aie: eae ae --3 zy’ +y' + 4ey=0 
we Tags. GT 


102.y=1-— 3 + ro isflaw ge tes yt a= 
Qu 222 2343 
103. y = 1 — ay? + ap eet ay” + y’ + 2y =0 


3.10 3.4.10.11 
104. y = 1+ =F 14” a+ F245" +--:3 a(1 — ay” + (4 — 142)y’ — 30y = 0 
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2 bog 
Lae IE ae OY : ” , +. = 
105. y = x 5.10 + sg7013 °° 3 xy” + ay’ + (2 16)y = 0 
223 2a 22° 


106. + apai2 + @ns245 * (anss7.8 °° 


y” — 2y = x(ay” — 2y’) 

107. Find the rae “ convergence of the series 

mny 1 

Mi) = pam  By{a) = fal +3 +g+gt---+3) 
and show that y = S,(z) or y = 8, (2) log z — S,(x) fc the equation _ 
aly” — mty) + y’= 0. 
108. Kind the radius of convergence of the series 
2 wyl. 3 l 
fe) = B= EG + gt + “) 


and show that y = 2e-*loga —1— x + 2? — 2°f(zx) satisfies the equation 
xy” + (x — ly’ +y¥= 
The series given in Examples 109-11 are derangements of the series 
1—4+4-—3+4... (=log2) 
Kind their sums. 


109.1+4—4+}3+14-—-4+... (Two positive terms followed by one 
negative.) 

110.1 +4—}4—4-—4-}+4+1-— 4 .-.-.- (Two positive terms fol- 
lowed by four negative.) 

111. 1—4—}4-—}—}3+4-,4.-.-.- (One positive term followed by four 
negative.) 

112. Show that 

aPtl)\ /o ght! ® (DADs oe | 1 

(&— wS5)BA) -20-g+3-at = ie = {lal < 1 


Establish the results given in Hxamples 113-20. 


13.5... (2-1) 2” 135... (2n—1) 
At2; (z a ee Ne S45... oe x") 
o pee 
ae. ch tae iy 2", (|e| <1) 


z 13 1.3.5 2 

14. (14243 tat ins” Ne 
a eee 
=1l+t ete + evr. ae el 2) 
115. (1 -—$+ 5-3} . \l—4$4+4-F+ 
Say iosasaap + 
o 2n?—1 1 ee 1 
116. 2 ae ae 117. 2 zi (an — 12n +1) ~~ (w+ 1)2n + 1) 
1 

118, Fire eS 2 


12+ (—1 “7 (2" + (— 1") 


o ah pala 
119. 2j am = = 1)". yan’ (|x| <1) 
D 


120. 2- ipnt, 


= 3 oar (el < 
1+ a2+V 


ie (3n +1)" a se 
Se ES (Bm fay Od Hn Hit gy pel Tile Th i 


ee 


121. If u,,, = mt 
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122. Find the value of limlim {cos (m!zz)}®". 
mn 


123. Find the sum by rows, by columns, by diagonals and by squares of the 
double series 
—-24+1+4+0+4+04+04+... 


+1—2#14+0+0+. 
+041—-24140+. 
+0+041-241+. 


124. If f(n) > 0, and 2f(n) is divergent show that Zu,,, is divergent when 
n mn 


Unn > J(m* + n?*). 

Determine whether the series Xp,,,—1 is convergent or divergent when Pmn has 
the values given in Examples 125-8. 

125. mint + mink + mini + mind 126. mini + mini +- min + mi 

127. mini + min? + mini + mi 128. mini +- mint + mink 

Determine the boundary of the region of convergence of the series given in 
Examples 129-31. 

129, Z(2™"z™ +. Zry") 

mn 


130. Za,,,7"y" where dng - 2-™, Ann -- 1, don = 3", 4m», — 0 for other values. 
mn 

131. La ,x™y", Where don, y = 2", Am, om <= 1, Omy, = 0 for other values. 
mn 

Represent in a diagram the regions of convergence of the double series obtained 


by expanding the functions (near 0, 0) given in Examples 132-5. Also give the 
regions of convergence of the sum by rows, columns and diagonals. 


3--y 2—2 1 
132. l a ae i— By 133. 2 aap eey W 
1 . 1 
ta {ony ? toe oe 
1 1 1 
13. 


ee i EE ee” 

Represent in a diagram the region of absolute convergence of the double series 
obtained by expanding (near 0, 0) the functions given in Examples 136-8. 
1 1 1 


136. (1 — 22 — y)\(4 — 2? — y?) 137. 1 — a? — xy — y? 138. l1-y—z 
Solutions 
2 2 V2 
Sel (ea gener 4 So hhoel 
Poe i ee a. tant @ * sin + cosa 
a Val+27) 4x3 /(b® — a*) 
‘Atatt 1 tA otis “b+ acosz 
V/15 
poe aah + log x—1 
‘mpeTayet wae 7. (2 log x).«log x 
8. (log x)” (Io log x + ge) 9 2*.22(((lo x)? + loga + = 
; 8 log a: We 8 8 ze 
1 1 
i ere e ects a. 
10. zllos a)log %(1 +- log log x) 1, # log wlog 10 
hogy ken Ss re aBbs: 
ae x log x (tog log Jog tog #'4- log log log = 
wlog %y valog % 
13. i ea, 14. eflog x)” (log x)*.(log log x)* + (log #)#—-1} 


x 
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15. e*”.2%(1 + log 2) 

19. {sin (2% + y) + 2sin (x + 2y)}y’ + {2sin (2x + y) + sin (x + 2y)} =0 
{sin (22 + y) + 2 sin (x + 2y)}*y” + 9{1 — cos (2% + y) cos (x + 2y)} =0 
agree ay a (% + y){3x* + 2ay + 3y* — 2ay(x + y)*? — 2} 

fe iw — (1 — ay — x*)8 


n 
21. —cothy; -- coth y cosech® y 22. 52e*sin (2x + n tan—1 2) 


23. 9” sin (3a + 4nz) + }sin (x + 4mm) 
24, Qn-3,¢27(823 + 12nx® + 6n(m — 1x + n(n — 1)(n — 2} 


25. ni(log @ + m — ey + Mog te. + (— 1-12) 


26. 2"~ 2 {cos (2x -+ 4nz) + 2” cos (4x + 4nz) + 3" cos (6x + 4nz)} 
27. {x — 6n(n — 1)z? 4- n(n — 1)(n — 2)(n — 3)} sin (x + Anz) 
— {4nz? — 4n(n — 1)(n — 2)x} cos (% + Anz) 
28. 2(— iy (iog x —1 . - ; eae vata) 
» (— 1)*.(2n — 4)(828 — dna + 4n(n — 1) 
: 22n-2(m — 2)'(a — 1)n+t 
30. e*2in—1[ (2a? + 2nz} sin (a + fn) — {2na + n(n — 1)} cos (x + 4nz)] 


31. 2 sin (x + sn) — 3"~1sin (32 zs x) 


Bnf . 1 oe 1 
+ Br sin (« - al” - x) — 32 sin (32 +f 5(n - 1m) 
Sx%y3 = — Bxdy? 
xé + y” ax + y® 
35. Qzuy + Zh2uy + bey» + (29 — a)zy + (2f — b)zy + cz = 0 
1 


37. Use the infinite series for e” 41.4 

45-54. May be proved by calculating the minimum (or maximum) values of the 
appropriate functions. 

56. x < (log log x)los x < (log x) (log x)’ < e < (log x)* lose < at 

< (log x)(log 2)!°8 7 < (Jog x)#!°8* < ec* < wllog 2)” 

57. ii) The limit is the smaller root of log z = x log (1-2), ie. 1-258 (approx.). 
(iii) The sequence oscillates between w, v determined from (0-02) = v, (0-02) = u, 
i.e. between 0-0314 and 0-884 (approx.). 

58. F(n) =0 = Fn +0); F(n —0) = —1; points for whichn <2 <n+1 
lie on the line joining (n, 0) to (n+ 1, — 1). 

59. F(nj =0 = F(n +0); F(n—0)=1; for O0<a2<1, F(x) = Vx and 
for other points F(n + x) = F(x), (0 <a“ <1). 

60. F(0) undefined; F(+0)=+ 0; F(—0)=0; F(n)=(1L+n)/3n 


= F(n +0); F(n —0) =n/(3n — 1); ape Speke 


re S(+ 0) =f(0) =0; f(x) undetermined for « < 
ye discontinuity of the first kind at x = 3 sith 7d — 0) =f(3) = -1, 
f(3 + 0) = 


BK 0) = 

64. Gentian 
y 65. Infinite discontinuity of the second kind at ~=0. f(£0)/=+ 0, 
(0) = <1. 


32. 


nie discontinuity of the first kind at «=0. f(+0)=—, 
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66. Continuous. 67. Continuous. 

69. F(z) =0, |x| 41; F(1) a i F(— 1) undetermined; removable dis- 
continuity of the kind at x = 

70. F(x) =4, |z] > 1; F(x) =0, |x] <1; F(1) =4; F(— 1) undetermined ; 
a finite discontinuity of the first kind at x =1, with F(1 +0) =1, F(1) =4, 
FO — 0) =0; also F(—1+4 0) =0, F(—1-—0)=—-1. 

a. F() =>, je] <1; Fe) = 7— lz] >1; F(+ 1) undetermined ; 
H+ 0) =.— © e— RAO) F(— 1+ 0) =4, F(— 1-0) = —}. 

72. Continuous all x, F(x) = elt, 

73. F(x) =a — 2, (eI, «0); F(0) =}, F(1) =0; two removable - 
continuities met ay « = 0 with se Tes Fare egas 

z+ 

74. Fe) = sy |z|>1; Fe) = jz] >1; F(1+0)=0, 

F(1) = F(11 —0) =%; F(—1—0)=—o; F(—1+40)=F( —1) =0. 


1 3 1 3 3 
75. F(x) = ye @ 93 F(x)=4-5,0> 43 F F(;) undefined. 
76. F(z) =0, x >0; F(x) not determined for x < 0. 
77. D. 78. C. 79. 0, 80. C. 81. C. 82. C. 
83. D. 84. C. 85. D. 86. C. 87. C. 88. D. 
89. OC, |zj <1, <= — 1. 90. C, |z| <1. hae 
92. C. 93. OC, |z| <1. 94. 0, |2| <1. 

1 M 1 - 
95. =a alt—a = (2 ¥41)3°> 0. to ai—a if |z| a UF 

Coa, zp if [2] > 1- 

96. C, |z| <1 and x = —1. 97. C, |z| <1, 2=—-1. 

1 1 
98. 0, |z| < 5; 99. 0, |z| <5. 


1 1 1 
100. C, |e] < gos z= 55 (p+ 2)>0; 2 = 5, (pq> 0). 


101. «© 102. © 103. 0c 104. 1 105. co 106. 00 

107. 0, © 108. «© 109. $log 2 110. }log2 111. 0 
2n? — 1 2 2 1 1 

116. Take —— an + +if « 9 +1 | dededee | 


117. Each series is equal to 2 log 2 — 1. 
118, 119, 120. Arrange as a double series after expanding the general term. 


121. sag a = 0, _ lim = 1. 122. 1, (w rational); 0, (# irrational). 
m 
123. Soin ectaitecn! — 1; diagonals, oscillatory between 0 and — 2; 
squares, — 2; aoe series oscillates between — 1 and — 2. 
125. D. 126. C. . 127. D. 128. C. 


129. Rectangle bounded by |2| = 3, ly yl 

130. Area bounded by |z| "23, ly| < 8, |zy| <1. 

131. The area bounded by [x%y| = 1/]Ai, jay*| = 1/|y!. 

132. All the series absolutely convergent when |2| < <4} ly] <4. The double 
series, but not the others, i is convergent also when x = 2, 

133. Double series, |z| ‘+ 2|y| <2; columns, lyl < wey ‘with |z| < 2]1 — y|; 
rows, |x| <2 with 2|y| <|2—2|; diagonals, |x + 2y| <2 

134. Double series, |x| + |y| <1 with |2z| + |y| <1; " rows, |z| <1 with 
jyl <|1—2], and |2]<4 with |y| </1— 22]; columns, ly| <1 with 
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z| <|1—y| and |y| <1 with 2|z|<|1—y|; diagonals, |x +y| <1 with 
y| <1. 


2a + 

135. Double series within the square determined by |x| + |y] <1; diagonals, 
within the hexagon (+ 4, 0), (0, + 4), (1, — 1),(— 1,1); rows, within the pentagon 
($,0), (0, -- $), (— 4, + }); columns, within the pentagon (0, 4), (+ 4, 0), (-+ },—4). 

136. Area within the segment of the circle x* +- y? = 4 cut off between the lines 
e241, 

137. Within the area common to x? + ay +y?=1. 

138. Within the area bounded by y? = 1 — 2, (2 > 0) and y? = 1+ 2(x <0). 


CHAPTER V 
INTEGRATION OF FUNCTIONS OF ONE VARIABLE. 


5. The Indefinite Integral. A function F(x) whose derivative 
is f(z) is called an integral of f(x) and is written | f(a) dw. Tf F(x), G(x) 


are two integrals of f(x), the derivative of F(x) — G(x) must be zero. 
But the only continuous function possessing a zero derivative at all 
points of an interval, is, by the mean value theorem, a constant. Since 
the value of this constant is arbitrary, the general value of the integral 


of f(z) is | f(x)dx + C, where C is the arbitrary constant. This general 


value is known as the indefinite integral of f(z). 

When considering methods of integration, we shall often, for convenience, omit 
this constant. 

5.01. Methods of Integration. From the above point of view, inte- 
gration is a process inverse to differentiation, and it may therefore be 
expected that the process will not always be possible in terms of functions 
or operations that have hitherto been considered. We can, however, 
from our previous knowledge of derivatives obtain at the outset a list 
of integrals of certain simple functions. In order to obtain the most 
useful expressions for these simpler results (or standard forms, as they 
are usually called), it is better at this stage to consider the effect of a 
change of variable. 


5.02. Change of Voriaite, Let F(x) = | J (a) da, i.e. f(a) = F’(a), and 


let « = ¢(u) be a continuous function of w possessing a derivative 4'(u) ; 
then F {f(u)} is, for an appropriate interval, a continuous function of u, 
possessing the derivative f{é(u)}¢'(u) with respect to u, 


ie, [fla)de = Fe) = Fis} = | FH}. du + C. 
tan 6 uf c 
“a? aa — x) 


5.03. Standard Forms. Directly from the results of differentiation 
with the use of a suitable change of variable, we obtain the list : 


(ax + byr+1 


dz 1 
Example. Via = Ga Ssec* 6d8 (if x = asin 0) = 


I. (i) flav + by'de = ay» (a(n +1) 40) 
dx 
(ii) (i = log jax + 6], (a 0) 
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(ii) fem? de = See, (a 40) 

(iv) Joos (ax 4- b) de = * sin (ax +b), (a0) 

(v) fin (ax 4-6) de = — ~ 008 (az +b), (a £0) 


(vi) ftan x dz = — log |cos 2| 
(vii) foot 2 dx = log |sin 2| 
(viii) fsec* «dx = tan x 

(ix) Jeosec* «dz = — cotx 

(x) fsinh ma dx a cosh ma, (m 320) 
(xi) Joosh ma dx - sinh ma, (m +0) 


. 2 = + are tan (=), (a 40) 


(xii) aha 


sii dx a 8 : ‘ 
(xiii) vera” are sin=, (a> 0, |x| <a) 


dx 
civ) | Geer A) = 08 & F V(@* + AD} 
A useful appendix to this list is: 


n+1 
I. (i) $09¢e)°9'@) de = OP (ne — 1) 


(i » (= 2) 10g |4a) 


$() 
(iii) Jor a= ees — . (a log c +0) 


(iv) flog x. da = a —1) 
(v) foosec x dx = log |tan 42| 


i] tains 
cos & 


(vi) fsec ada = log |tan (4x + 2)| = log 
(vii) fsin? x dx = 3(x — sin x cos 2) 
(viii) Joos? x da = $(a + sin x cos z) 

(ix) ftan? 2 dx = tanz — x 

(x) foot? dx = — x — cota 


: dx 
(=i) , ia aa — =P em) 


Pe dx x 
- j (a+ ay ~ ae + ae (4 #9) 
(xiii) fo/(a® — 2*)dx = 4ay/(a? — x*) + 4a" are sin eC ), (a > 0) 
(xiv) [¥(a® + Ade = Fxv(a® + A) + $A log (x + V(2* + A)} 


\ 
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5.04. Integration by Parts. The formula for Integration by Parts is an 
adaptation of the formula for the derivative of a product, i.e. of the result 


t (u¥) =uv+u’'V, where V = [ode 
Thus |uvda = ufods -| wo da} da; or ® 
fase Function) x (2nd Function) dz = (1st Function) 


x (Integral of 2nd) — | Derivative of Ist) x (Integral of 2nd) dx. 


This formula is often effective if w is an inverse function such as arc sin & 
or is a positive power of x or log x, whilst v is e” or a circular function 
or a power of z. 


5 l 5 x 
Examples. (i) fa* log «da -- (log 2). - og de =F (log 2 - 5): 
(ii) fa are tan x.dx 
etivkene = he: 
sa? are nes) r 


1 
3” 

5.05. Reduction Formulae. In some cases an integral may be evaluated 
by repeated applications of the formula for Integration by Parts. This 
is one way in which Reduction Formulae arise. 

m dat 
Thus if I, =| ~~ ,. wh itive inte 
us if J, Vi +24) where m is a positive integer 


Ln = B™—14/(1 + 2?) — (m — yfomevi + a*)da 
= am ha/(1 + x?) — (m I? 1)(In—2 + In) or 
ie Await t/(1 + 2?) po 
m i 
By repeated applications of this formula, I,, is expressed in terms of 
T[= V(1 + 2*)] or I= log fe + (1 + 2*)}]. 

5.06. Integration of the Rational Function. Let P(x)/Q(x) denote a 
rational function where P(zx), Q(x) are polynomials with no common factor. 
The denominator Q(x) may, theoretically, be expressed in the form 

Q(x) = k(x — «)?(~ — B)t . . . (w? + 2ba + c)S(a? + Qew +f)’. 
where p, q, ..., 8 ¢... are positive integers, k, a, B, . . ., 6, c, e, ff, 

. are real numbers and b? <¢, e? <f, . 

Then P(x)/Q(x) may be expressed in partial fractions, as follows : 


P(x) _ = As 
dia) ~ T(x) + pS i 


1 1 1 
== se arc tan x — 3)( _ a ~ g(t + 2?) are tan x — 


Be 1 (Lyx 18 M,,) 
+ Qiemart +2 iota Bio oF 
m=) 


INTEGRATION OF FUNCTIONS OF ONE VARIABLE 121 


where 7'(x) is the quotient when P(z) is divided by Q(z) (and may there- 
fore be zero). 

Note. The reader may verify by multiplying up by Q() and equating coefficients 
that there is exactly the correct number of linear equations for the determination 


of the unknowns. (Ref. Goursat, Cours d’ Analyse, I, 5, where a justification of this 
method of decomposition will be found.) 


The theoretical integration of P(x)/Q(x) resolves itself into two parts 
(i) the determination of the unknown constants in the partial fractions, 
(ii) the integration of the fractions. 

(i) The Determination of the Constants. These constants may usually 
be determined most simply by finding the approximations to P(x)/Q(z) 
near the infinities of P(x)/Q(x). Thus 

(a) Near a multiple real root « of Q(x) = 0, we may take =a + ¢ 
and expand near é = 0. 

5 (Lint + Mm) 

(b) The terms of the form 4 (a? + Dba + o)™ may be found by de 
veloping the expansion in the form 


(ax + ,) + (42% + ba)E + (asz + 5,)E* +... 
where & = 2? + 2ba +. 
But it may be sometimes simpler to use the method of equating 
coefficients in the case of quadratic factors. 
(c) The function T(x) is simply the asymptotic polynomial. 


(ii) The Integration. (a) The integrals of T(x) and - a, are 


obvious. 
(b) By reduction-formulae it is possible to express the integral of 
L mt + My _ in terms of las ee and lax 
(x? + 2bx + c)™ x? + Ibe +-¢ g?4+ %er+e 
ever, it simplifies the analysis to write w= «+ 6 and the integrand 
(u* + k2ym’ 


How- 


becomes where q= Ly, r= My — bLy, k = V(c — 5%). 


: u i 1 =e 
te sia (3 RD Shite a 
The integral of ut is 3m — 1y(u® + key whilst if 
ss =| eae 
(u? a a 
we easily obtain the reduction-formula 


ya = bed ie. 
2k Wn are eat + Om | 


Note. I,, may also be expressed as k!—2™fcos*™—? 6d8, where u = k tan 6. 
These various points are illustrated in the following examples : 


; dx x 3 da 
Examples. (i) le +4) = 16a? +4) a eles na by the above formula. 
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dz lf dx hs a : 
lea +a ern + ile so that the given integral is equal to 
3a 3 
qa p43 + 198(2* + 4) + 256 8t° ton de. 


4 zw? +228 —2+4+1 f 
(ii) le — Ife + Ife — a) Denote the integrand by F(z). 


a0 0, Re) =e 2-24 0-H 


=a? +22 +5+40(-). 


Near xz = 0, F(x) = BQ -2.. te... yl—2.. pede...) 


Near z= 1, F(t) = yy ha ) + Ol) = - 36 =T + O(1). 
Near x ~ — 1, F(x) -- — Bie | O(); 
near « = 2, F(a) = ie 5 + O(1). 


meaieimniamias siy 1) * 1%@ — 2) as 


Sage 
SF(x) dxz= yotatt be 2-1} 7 log || — 3 hog |x — 1) — Flog |e + 1] 


+ 736 je —2I. 
Ae #—2+1 
-~-(ili) fF(x) dx where F(x) = (@@ — 1)\@ + Xe — 2) 
Near x = 1, take x = 1 + & and expand. 
Then F(z) = (l + 75+ wa wr ia a6 + + &) + O(1) 


1 7 115 
~ jan it Wie OT 14 =) -+ O(1) after simplification. 
7 


Similarly the terms required near x = — 1] are ier — Be +i 
Near x =- 2, the term is aa 2) and near « = 00, the terms are x? + 3x + 9. 
‘ai Pui is 
| 115 1 
2 ae 
+5 ikihcdas “EG y Tt ei - cL a | — sepa) 


85 
_ phe jz +1] + 7g log Ja —2|. 
- (x + 1) 
(iv) JF(x) dz where F(x) = ig — Alas 42 ive’ e 2 2) 
For the part corresponding to 2? + x + 1, develop F(x) as follows 
Fle)= (x+1)(~+2) har PMT —«z—1+32+2 a) _—#-} 
(#)= ap e—2\a*+a41\a* +242) (—3\e*+a41\)~(@*+241) 


(retaining the significant part). 
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imi 2 2 Myotis tae ot tha iaeyne leas nde 
Similarly for x +2 +2 we obtain (at tyes pep a) (ee way 


1 2a +1 x 


Thus F(x) = ge —1) 7 sa? e+) * set+e42) M4 
fF (a) da =} log |x — 1| — 4 log (x? + x + 1) + Flog (xz? + x + 2) 
esky te (2+") 
377 8 n\ 74 
x—2+2 
(v) fF(2) dx where F(a) = (z — 1)(x — 2a + Qe + 3) 
1 8 La + M 
F(z) is “Seat lie 2) t 2 $2433 let x = 0, then 
eer ia 
f 1 1 1 8 r 20 12 
and if r—> 0, >.. .=2(-F4+ 7+), ie. LD = 35, M=7y- 


fF(x)dx =-— Flog |x — 1| + 44, log |x — 2| + 39 log (x* + 2a + 3) 
8/2 a+1 
+ 33 are tan (==). 
: a — 2 +2 
(vi) SF (x) dx where F(x) = (x (eta + 1)" 
For the factor, (x? + 2 + 1)*, takea* = — 1 — a +- 0,sothata2* = 1+ 6(x — 1), 
vi=ax —O6(2x +1), 2 = —1 — 2x + (x + 3), (ignoring 6* and higher powers). 
Then 
(a —a® + 2Xe+2) (—2+40(e+2)  (1—2) + (4x + 7)0}{3 + 9} 
= a . 


(6 — 3)6? (6 — 3)6? — 90 


sh 11 2 
gives the required terms eS _ ve t*) so that 


Mg 2 , _(-)) 11(z + 2) 
Re) =1 +953) + at be 41) ot te 41) 
By noting that 
<{ on, bn 1 ak cia. 
dz la? +2+1 Sar auabiaehidi de® edie 
et | Oe Rhee ) cee) 
da\x?+2+1/ ~ (x?+2+41) 
we find that 
x dx —x“2+2 22 +1 
latecipcaeeri~ ven V3 ): 
j Es ae 2a +1 
ler ati at+e+17 pare tan ( v3 ) 
; ‘ 2 ll x+1 
The integral is x + 5 log |z — 1| — jglog (* + % + 1) - 3(2* + 2 +1) 
13/3 tele. 
i V3 / 


5.07. Notes on the Integral of the Rational Function. (a) The above 
examples indicate that the above method of integration is of no practical 
value when the rational function has many multiple factors in the 
denominator (especially if these be quadratic) or when (as in the general 
case) the factors of the denominator can only be determined approxi- 
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mately. The theoretical value of the method (apart from its use in the 
simpler cases) lies in the fact that it gives the form of the integral. It 
shows that the integral is expressible in terms of the rational function, 
the logarithmic function and the inverse tangent. 

Note. The inverse tangent is expressible in terms of. the logarithmic function 
by means of the complex variable. 

(6) Even when the denominator cannot be factorized (except approxi- 
mately) it is always possible to determine the non-logarithmic part of 
the integral. 

(Ref. Goursat, Cours d’Analyse, I, 5, where Hermite’s method of establishing 
this result is given.) 

(c) Simplifications may be made in the method of decomposition into 
partial fractions for certain types of rational functions. 


Examples. 


OF = BA +e +3 axe + go? _ 24-3 
ON) =F Nata) att Det) GF DeP + A) 
2 68 1 29 
~ Ae ~ 5 sey t aera) ~ 0 ~ gerry ra): 
a at+2—] 2 3 : ; 
@) Gt yet ile +242) a taplt pa pp (Peings rational 
function of z* + 2). 
Rs Re nod 
(it) Fa 16 ~ 8 — 4) ~ Het $4) ~ 39(n* — 2) ~ 32(x* + 2) 
1 
~ 8(a® — 22 + 2)(a® + Qe + 2) 
es ae fata wt) We ME PHS sl $1 ities Qt oe 
“G4y2\z — 2 z+ V2/ ~ 32(a* + 2) + Gd(a? — Qe + 2) 6d(a® + De + 2) 


(For a general denominator of the type z*" — a®" it is better to use complex numbers.) 


(iv) Let F(z) = (x — aa — ay eee where Ay, Ags + + +» Amy € 


are all different and where (for simplicity) the degree of f(x) is less than m. 


a ak 1 m 
Then F(x) = (Distche ne where A, = oan ($() = Ne — a,)) 


™m 
, A, O> Naty 
ie. F(z) S Qe t aa) ga near 6 =0 where x =c +0 
—1 
Py Ms A, (—1) 
iz —a,)etl @n—s_ 
r=1 8=0 (e pict igs 


r=m n—1 
£(4,) 1 > "__ S(@,) Cay 
so that F(z) = 2 ; { #(a,) (a, — oe —a,) + a Tale arriGcget ; 


INTEGRATION OF FUNCTIONS OF ONE VARIABLE 125 
z+1 2 1 1 
Example. (ie — 3\e — 2)" ~ co ca oe 3 


= (L+0+0%+...)+(1—-0+6%).. .} 5; near 0 =0 


e+ Cort a ae 3 1 
“® (@ — Ife — 8e@— 2)" 2-3 (@— 1)” @— 2 (@— 21 
3 2+(—1)r-1 
_ (~ — 2)n-2 or Q)n—2 a Tet emit (2 — ay 
(v) Let F(x) = & a y where the degree of Q,(x) is n, and that of P(x) is 


(nr — 1) at most. Assume F(x) = 3} é et + ee where the degree of A(x) 
n n 
is n(r — 1) — 1 and that of B(x) is (n — 1). 
Then P = Q,,A,/ — (r — 1)AQ,’ + BQ,"—1 giving mr relations for the deter- 
mination of the mr unknown coefficients in A, B. On integrating, we find 
A Bdx 
[reas Q,7=1 +f a, 


a + Lat + 48x + 1150 + 1432 + 64 


Example. Let F(x) = 


(x? + 4x + 5)* 
_@ a tag ats 
Take Fe) = 2) (at + a + | + ta +B) tO 


x5 + lat + 4823 + 1150? + 1432 + 64 = (x + 4x + 5)(Bax® + 2x + c) 
— 22x + 4)ax? + ba® + ox + d) + (ex +f)(a* + 4a + 5). 

It will be found that a = 0,6 = 1,c = 1,d = 2,e = 1, f = 3, so that the integral 
eR ioalh ounty 2 
is (at + 40 + 5) + 5 log (x + 4a + 5) + are tan (x + 2). 

5.08. Differentiation under the Sign of Integration. Let F(z, «) be 
a continuous function possessing continuous derivatives F,,, F,, which 
are therefore equal. 


Thea Fm fg dha <(F.) de: bus Ripe [Fe din, Uecit 
we write f(x) for F,, we have 
a _ af 
al fle) az\ ra \z ite, 


Examples. If by integration of the rational function Wie where P(p) 0, 
P(x) dx 


Q(x)(a — p) 
gave = 7 ol ety — (2, p). 
Thus (i) le ete a = \e—ers ee ea 
+ eae eT al eI 2 
1 


1 1 
a 5 a |x — 2| — Gey ja — 1] + a= ives) jz — al. 


Q(p) #0, we find that = F(x, p), then 
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Differentiating (n — 1) times we find 
dx 1 
@> le oa - ey ap ele - 3 - fi; = 
1 1 1 1 
amas” gmap) tA eee BIE 9 
(ii) Since | Bs 
a? + 2px +q- tir - p) 
we deduce that 


log |x — 1| 


are tan {Sige om +2}, (a> p*), 


: , ine: Laas qm— Ag 
(a* + 2pa +g)" (m— 1)! dgm—-1 re — p*) 


are tan gaze ees) ; 


Qa dx sea st AO 1 are tan (2+? } 
(a® + 2px + q)”" ~ (m— 1)tdpdg—2 | V/(q — p?) ® V(q — p* 
Thus since fe ea * are ss 
1 
jan = gga are tan = sf fone ti at)? 


3 ne 3a me 
(z® + a?)3 , ~ gas are ne ag 8at(x? + a®) + gat(axt + a*)? 
(after differentiation and simplification). 


5.1. Integrals associated with Algebraic Curves. The integral 
R(x, y)dx when «, y are connected by an algebraic relation f(x, y) = 0 


is called an Abelian Integral. It is not, in general, expressible in terms 
of elementary functions. It is, however, so expressible when the corre- 
sponding algebraic curve is wnicursal (i.e. has zero deficiency, for the 
co-ordinates of a point on such a curve can be expressed rationally in 
terms of a parameter ?). 

Example. Sydx when 4y? — 12y? = at — 82%, 

The curve is a quartic with 3 double points (0, 0), (+ 2, 2) and is therefore 
unicursal. The co-ordinates of a point on it can be expressed in the form 

* x2 = 2¢(2t — 3), y = 44 — 8243 

and so the integral becomes 6f(4i* — 8? + 3)(2¢2 — 1)dé. 

Notes. (i) When the deficiency is not zero, the integral may be expressible in 
terms of elementary functions in particular cases. 

Th Sola Aa CS Ce 

Ki (1+ a + a )V(1 + a# + a8) ~ (1+ at $ ay 

(ii) When the deficiency is unity, it can be proved that the co-ordinates of a 
point on it can be expressed as a rational function of t, u, where u? is a quartic (or 
cubic) int. (Ref. Clebsch, Crelle, 64, 210.) Abelian Integrals of this type are called 


Elliptic and they can be expressed in terms of elementary functions and Elliptic 
Functions. 


5.11. Integrals connected with Conics. The conic 
ax® + 2hay + by? + Iga + 2fy +e=0 


being unicursal, the integration of fe. y)dx can be reduced to that of 
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a rational function of one variable ¢ (although this general theoretical 
method is not necessarily the simplest). 


Example. Find \@ when 2? + ay +y2=2—y. 


2S ¢ hams ais tole) 3 
i aor “L+t+e 


dee (# — 2¢ — 2) de 
ona [@ =| Ses —t(l+t+ 2) = log |1 — ¢| — 2 log || 
2t + 1) 


+ 5log (1 +#+#) -— V3 are tan ( v3 


a 3 

log eae — 3 are tan ae ), (Ay A~0). 

6.12. The Conic y* = ax* +- 2bx + ¢ (ac ~b?). The conic of most 
frequent occurrence in this connection is that given by 

y* = az* + Ibe + ¢ 

which is a hyperbola, a parabola or an ellipse according as a >, = or < 0. 
The general equation of the conic may in fact be reduced to this form by 
a suitable change of the axes of reference. 

(i)@=0, y?=2br+c. Then R(x, y) = R{(y? — c)/2b, y} and 
= yw so that the integral may be written Jaw dy, where R, is 


rational. 


Kxample. 


Opa ~ [2A if y? =e —1 


z+] Sy? +3 
= yt — 9) + 6/3 are tan (4) 
gj Mic) 


yrs 
Ae A !(2e — 1)t + 64/3 arc tan {25 he 


(ii) a0, y? = ax? + Soe +c (b? ~ac). The substitution of 
ax* + 2bx +-¢ for y? in R(x, y) reduces R(x, y) to the form as 
‘where A, B, C, D are polynomials in x. Assuming that C, D do not 
vanish for any value of x under consideration we may multiply numerator 


and denominator by C — yD, and obtain R(x, y) = R,(x) -|- R,(2) 


(ax? +- 2ba +-¢ being substituted for y* wherever necessary), R,(z), 
R,(x) being rational functions of z. 
The integration of R,(x) has already been considered ; in the other 
part, let R,(z) be expressed in partial fractions and it will then be seen 
that the integration of R,(x)/y depends on integrals of the type 


m dx 
a i b In = [eam 
(a) . () oa 
da da 
ae Vee a > 
OX larmerey @ = ler rey 
where m is a positive integer (or zero) and «, p, q real with p* < q 
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(a) I. = \Ga Differentiation of yx”-! will show that 
mal», + b(2m — 1)Im—1 + em — 1)Im—2 = yx™—*, (m > 1) 


al, + 61, =y so that I,, is expressible in terms of I>. 
Also I, is easily reduced to one of the standard forms (if uw = x + b/a), 


A du ne 1 df 
Va) /(u? + A 1Pe7i: 0) wh 
® Jel gerray 22: peal =O 
din oe pat” 
iii an i 


The integral is not real if a < 0, ac > 6. 
6) J,,;= leary Differentiation of y(~ — «)'~™ will show that 
(a — «)™y 
(m — 1)(ax? + 2ba + Cm + (2m — 3)(ax + b)Tm—1 + a(m — 2)J m-2 
= — ye —a)-™ (m> 1), 
(aa? + 2ba + c)F, + (aa + b)J, = — y(x — a)? 
dx 
men T= heer eet ¢) 
stitution u(a — a) = 1. 
(c), (d) Differentiation of 
wy(a? + 2pa + q)'-™ and y(w*+ 2pa + g)'~-™ 
will give two linear relations connecting K,,, Zn, Km—1) 2n—1» Sm—2 3 
so that K,,,, Zn, ate theoretically expressible in terms of K,, Z,, Z>(= Io). 
No useful purpose, however, is served by obtaining the actual reduction 
formulae as, owing to the numerical labour involved, they cease to be 


of practical value. We shall therefore only consider the integration of 
fe. Z;. 
5.13. The Integration of 
waif Rs a, ohh 
(a? + 2pa + q)y (a? + 2pa + q)y 
(i) Consider first the simpler cases 
x dx da 
B= fers uyvaa ray =| 


reduces to the type J, by the sub- 


(a? + h*)\/(Aa? + BY 
: du 
please 3h) _ pee pate 
In E, write u? = Az? + B and E becomes \a ARB 
in F Yate 8 eal F Poona — \ eon. walt 
; x? k?u? —k?A +B 


these new expressions for Z, F are standard forms. 

(ii) We shall now express K,, Z, in terms of integrals of the type 
E, F. The quadratic (x* + 2px + q) — A(aw® + 2bx +c) is a perfect 
square if f(A) =(1 — aA)(q — cA) — (p — bd)? = 0. 
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The roots of this equation in A are real and different, since ¢ (1/a) < 0, 
¢(0) =q—p?>0. If the roots are 2,, 2, we have 
a? + Ipe + g — A,(ax* + 2ba + c) = (1 — ad,)(x — «)? 
2? 2pm -+ q — Ax(an® + 2bx + c) = (1 — ady)(w — B)®, (dr, Az  1/a). 


Thus aa? + 2ba + ¢ = A,(v — a)? + B(x — £)?, 
a® + Qa + q = A,(x — «)? + B,(x — f)?. 
Now take ¢ = ~— “a then 
«—B 
j (a+ M) dx 
(a? + 2pa + q)/(au* + 2ba + ¢) 
! L,t + M,) dt é3.'% = 
is of the form Lg teed v___, i.e. is pH + oF. 
Hex yaa + By te Ot 
The case when a root of the J-equation is 1/a is left as an exercise to the reader. 
nee x® dx 
Examples. (i) Find Via + 2 + 2) 
Since pa / (a? + 2a + 2)} = a ety it follows that 


AT! Be OT TN Barry Byidar 
21 — %V/ (a? -+|- 2x -} 2) Vad + On + 2) 
i.e. 
I = fay/(x? + Qu + 2) — 3 (x? + 2a + 2) + Flog fe + 1 -+- / (a? + 2a +- 2)}. 

es CMe ee du Sue 1 

i) |@cajyya tat) ~~ J veut dup) “2-2 

1 2 4 1 
1 z—2 | 

= eo lesz i+ vibe +5) +” 


fe (a — 2)da du dv 
a jexovern -\agst oe 
(if wt = 2? +1, ot -=145) 
may Pitas +l) 1, (2v(l+2%)+2v3 
so eee J ¢ 3 ) — 9773 198 iA + 2) — ae) 
; (2x + 1) dx Nae 
(iv) lesz l0x + 9) (52? — 16x + 14)’ The A-equation is 
(8 — 5A)® = (5 — 3A)(14 — 9A) 


from which we find 4 = 2, 3 and 
5a® — 16x + 14 = 3(x — 2)? + 2x — 1)?; 3a® — 10a + 9 = Ax — 2)* + (x — 1)*. 


i 4 {5(a —1)—3(a—2)}dt . z—2 
Thus the integral is \& 12 + 1) VE + 2) Lt ci 
aye | tdt 
ie, is —3 


dt 
(P+ 13+ 2) * °) (ae + 1) ve + 2) 


du dv csi 
= [gery faery it = oe 2 ot =3+ 
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Its value is 
3 hog |. eee LE 2 


_ VV (5a? — 16% + as 
= 3/2 Se eat ee ee 


Ve Re Bey eit — Sarotan { z—2 

dx ; dx 
(eB V(at + a 7 terms OFT = Va pa) at + all 
x+/ (x? + a?) d (x+/(a? + a?*) (26? — a?)x® + a%b? 
ee poe We hind FO a) — ea Vea 


1 xr/(x* + a?) 
25a? — Bh moe Soy — (2 at)r}. 
dz 


Notes. (i) An alternative substitution for } @® + By) yat + at) is 
(La + M) dx 


(ii) An alternative method for the original integral fc + ine tow is to use 


Greenhill’s substitution u? = y/(x* + 2px +q). (Ref. Hardy, Integration of 
Functions of a Single Variable, 24.) 

5.2. Integration of Transcendental Functions. When the inte- 
grand is a rational function whose arguments are powers of x, exponen- 
tial, logarithmic and circular functions, then, apart from particular cases, 
there appear to be only two types of integrand that are easily determined 
(theoretically) in terms of elementary functions. These are considered 
in the following paragraphs. 


5.21. [Ren 2, er, . . ., e**) da, where Ris rational and the numbers 


a, B, y,..., « are commensurable. This concise description of a 
suitable integrand is used here for convenience but we shall regard it 
as inclusive of the type R (sin pz, cos px, sin gx, cos qu, . . .) (when p, 
q, - - - are commensurable) since the latter function may be shown to 
be of the same type as the former by the use of complex numbers. The 
integration of the latter function will however be considered separately. 


(v) Evaluate 
Differentiating 
Thus the integral is 


az =atané@. 


If a, B, y, . . ., are commensurable, a number c (+ 0) exists such 
that «=m c, B= m,c,..., where m,, m,... are integers. If 
YS er; etm, Mag, . oY a oy and the integral 


Rie, 2, .. de = | Ry(y) dy 


where F,(y) is rational. 
ev+2 2+y)dy. 
Example. |sH4e- ret ity= 
= 2log y — log (1 + y*) + arc tany 
= 2% — log (1 + e*) + arc tan (e*). 
5.22. The Integration of fz (sin x, cos) dr. (a) A general method 


consists in using the substitution t = tan $2, for then 


: 2 1—t*\ 2dt 
fz (sin x, cos x) dx = \Pae ea eee 


* 
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dx dt 
Smee. exe cosa — 2eina laos ree tet Gail 
Snag ee pena _~ a) 
r 1 + cosa ; 
(6) Before using the general method, we should take the simpler 
substitutions (i) w = sin 2, (ii) w = cos x, or (iii) « = tan z when these 
are suitable. 
Examples. (i) f sin® x cos? x dx = fu'(1 — u®)du if u = sine 
= }sin’ x — 7, sin" x. 
in? — 42 
(ii) nae Ce if u = cos 


= 15 log (wu + 4) — 8(u + 4) + Hw + 4)? 
= 40s? x — 4 cosa + 15 log (4 + cosz) + C. 


bs, dz du : 
(ili) \9 costae — Bein x cos x + 2sin?2 |e agg 3 * 7 
sin x — 2 cos x 
2 sine — cosz 


1 u—2 1 
= glee ZI = 3les 
(c) Arithmetical labour may be saved sometimes by the direct inte- 
gration of part of the integrand. 
For example if 
. », _ Av? + 2Hay + By? + 2Ge + 2Fy + C 
R (cos 8, sin 0) = a ae Sits 
where « = cos 0, y = sin 0, we can determine uniquely constants p, 4, 
r, A, uw, v such that 
Aa? + 2Hay + By? + 2Ga + 2Fy + C 
= (ax + by + c)(pau + qy +1) + (a? + y® — 1) + Abr — ay) + p. 
Then er (cos 0, sin 0)d0 = p sin 8 — q cos 0 
; «db 
+ 710 + Alog |a cos 6 + bsin6 + e| + ae — 
2 cos? @ + 4sin 0 cos@ — sin? @ + 2cos@ — 6sin# + 3 
ene f? "cos 0 + sind + 4 ‘2 a, 
On determining the constants, we find that the numerator is equal to 


48 19 
ss) _ 19°" 9 + sin? @ — 1) 


13 9 
(3 cos 0 + sin@ + 4)(75 cos 0 + Jo sin 9 - 
64 sites 439 
+4 9p (008 8 — 3sin@) + 50 
and the integral is 
13. 9 48 64 : 
jo 529 - Io 789 - 35? + 95 10g (3 cos 6 + sin@ + 4) 
4394/6 1 + ta 
axe are tan ( ant 
5.23. The Integration of [sine x cos’ x da where p, q are integers (+). 


The substitution u = tan 4a makes the integrand rational in u, but it 
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is better in this case to obtain the reduction formulae directly. The 
obvious principle is to relate the above integral to a similar one in which 
one at least of the indices is numerically decreased. 

For example, if m, n denote positive integers, 


(i) (m+ n) {sin x cos" x dx 
= sin™*1 x cos"-1 x +- (n — 1) sin cos"~* 7 da. 


sin” 2 x dx 
cos"~ 2g * 


e sin” zdz sin”™-1y 
(ii) (n — ) Ff ae 
cos” —- cos*”-1 gy 


Gi) (m— 1) 


% COs” x 
} da 
7 aerebecaat 8s Cheers 
Other suitable formulae will be found in Examples V, 94-8. Impor- 
tant particular cases arise when p = 0 or g = 0 or p + q = 0, for which 
formulae of the following type are useful : 


(i) n sin edz = — sin"-!z cos x + (n — 1)fsinn-# x da. 


—(m—| 


(ii) (n — 1)[tan” 2de = tan"-12 — (n— 1)[tann-* 2 de. 


(iii) (n — 1) seen xdx = sin x sec™-1 x + (n — 2))se0-* 2 da. 
(See also Examples V, 99-104.) 


Notes. (i) The substitutions = sin x, cos x or tan x may sometimes be imme- 
diately effective. 

Thus (i) if p, g are both odd (+), take u = cosa or u = sina; (ii) if p is odd, 
g even, take u = cos x; (iii) if p is even, g odd, take u = sin z; (iv) if p, g are both 
even, try wu = tanz. 


sin’ xd {°c —u*)? du 
oye = 


Examples. (i) Saka — 


(if w = cos 2) 


1 
= sec x + 2cosx — 3 cos? x. 


... | Sin” «dz i 1 
(ii) [2 = |u" du (if uv = tanz) = mp an" tte (nx — 1). 

(ii) Multiple angles may be introduced when p, q are positive integers. Thus 
sin? x cos’ x may be expressed as a linear combination of sines and cosines of mul- 
tiples of x. This expression is most conveniently obtained by the use of the complex 
number, but can also be quickly found by the addition theorem when , q are not 
large. 

Example. sin‘ x cos? x = }(sin? 2x)4(1 — cos 22) 

= ys — gis 008 22 — x1, cos 4a + 3; cos 6x 

and fsin*x cos* xda = pga — gy sin 22 — gy sin 4x + yhy sin 6x, 
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5.24. The Integration of [Pe et, oft, . . ., sin(me-+n), .. .)da. 
Where the integrand consists of a finite number of terms of the form 
zPe sind bx cos’ cx sin’ kx cost la... and p, g, 7, 8, t are positive 
integers whilst a,b,c, k,l, . . . are any real numbers. The integrand is 
therefore equivalent to the sum of a finite number of pairs of terms of the 
type AzPe% cos Ax + Ba?e™ sin Ax, where p is a positive integer or zero. 


5.25. The Integration of Cy = f xPet® cos Ax de and 


8S, = [2vere sin Ax da. 
By differentiation of xe% cos Ax, xe sin Ax we obtain 
aC, — AS, + pCp_1 = w?e™ cos Ax 
aS, + AC, + pSp-1 = we*sin Ax (p > 0). 
These reduction formulae, together with a0, — AS, = e™ cos Az; 
aS, + AC, = e* sin Ax, determine C,, S,. 


In particular CO, = fe cos Ax dar = "(a cos Ax ++ Asin Az)/(a? + A) 


ant By me fe sin de de = e**(a sin Ax — A cos 4x)/(a* + 42). 


Example. Find fxe** cos x dx (= C4). 
Here 20, — 8, + 0, = xe* cosa; 28, + 0, + S, = xe sina 
, — 5S, =e*cosx; 28, + C, = e* sina 


Thus 5C, = (2 cosz + sinz); 58, = e(2 sin x — cos 2) ; 
50, = xe**(2 cos z + sin x) — 20, — 8, 
1 
so that finally 0, = ge { (10% — 3) cosa + (5a — 4) sin z}. 
Notes. (i) The reader may verify the alternative reduction formule 


P, 
a, = FE cos (Ax — a) — Bf arte cos (Ae — a) dar 


where (r, «) are the polar 
co-ordinates of the point 
sin (Ax — a) — 2 arte sin (Ax — a) dx (a, 4). 


eae 


x? 
Sy = 


r 


oa 
Example. Sxe” cos x dx = “e2* 008 (x —«)— < 008 (2 — 2a}, 
. 1 2 
r= 75, sina = 5, cos « = =) 


= {= (2 con z + sin x) — a5(8 008 2 4+ sin 2) 
giving the same result as before. 
(ii) The integrals may also be found by differentiating under the integral sign, since 


d? a? ’ 
Cy = a [costed ; 8» = a [eresin ede . 
Example. Find fz* cos x dz. 

1 . 
Since foos az de = = sin aa, we have Jasinax dy = — = cos ax + 2 sin az 
2 lla 5, Qn 
= (a? — 2) sina + 2x cos (if a = 1), 


, 
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(iii) Other effective methods of determining C,, S, are 
(a) by the use of the complex number whereby Cp, for example, is the real part 
of the integral faPetizdx, (Chap. X.) 
d 
(6) by using the properties of the linear operator D (= aa" 
Examples V (a) 
Find the indefinite integrals of the functions given in Examples 1-56. 


22+3 Fr ett 4 1 
: 2 3a? 4 2. tanh x $. 1 4. ej 
x et v4 2 
“@=ere) AT eae 
Mp ech TE 9. cosh? x 10. sinh? x 11. tanh? x 
* (x* — 1)(z + 2) ; ‘ \ 
(z + 1) SEF iy A 
12. (@ — 1\a® + 22 +5) 13. (e—1%\@— 2)? 14. cosech? x 
1 aA a+1 
2 pc gh eae BCU is Aan BREE 
15. sech? x 16. She dda a 1%, qGuaen 1) 18. wad 
az? — 1] a8 l—z 
enc Cuke A) 2. Sane x3 dae 2 
19. Pai 20. 7 ae 21. x3\/(1 — 2) 22. x NAG = *) 
23 Ahi: zee 24 Be... Det RMD 25 Z +l bs 
* (x + 1)(z? + 9) *§ —4x2 + 2% * 3+ 4a — 422 
22 —3 x+2 
26. da — 4+ 6) =?” oat + 1 — 5) 
l—2 3a — 5 
48. (8 — he 1 =O 7 aie es 
2 — 2 1 Vv («+ 1) 
30. ———__,, 31. ———..———— > 132. Tate 
V (4 — x?) V(% — 1) + V(z +1) V(x + 2) + V/(% — 2) 
1 1 1 
33. 35°. Id ome oe 13 + 5 cosz te 12 + 13 cosa 
2+ sinz 1 + cosxz — sing 
ge ea a). 5 one ae 
cos? + 2 sin® x ici aS : 
38. Soca s + Suh 39. cos? x sin’ x 40. sin® x cos? x 
41. cos* x +/(sin x) 42. sec! x cosec® x 43. sec® x cosec® a 
44. 4/(tan 45 Ni es) G8 ews 
~ V( 2) * ode a | “et 4+ a3 +) 
3a? + 2a+1 1 
<7. (x? + 1)(x? + 2)(a? + 3) = (a? + 1)4 
49 3 cosa —1 50 sin + 2cos2 : 
* cos? z + cosa — 6 * sin? a2 + 3sina +2 
51. cos x cos 2a 52. sin 2x cosa 3x 53. cos? x sin 3x 
2sinz + 3cosz a 
ne cos 2z (cos x + 2 sin x) at / (x? — 1) 


sin? z + 3sin 2 cos # — 10sinz — 2cosx +3 
2 — cosa — sina 
Integrate the functions given in Examples 57-79 by the method of “ Integration 


by Parts.” 
57. a" log x 58. (log x)? 59. 2*(log x)? 60. arc sin x 


56. 
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61. arc tan x 62. are tan (=) 63. x arc sin z 64. 2? sin x 
65. x? arc tan x 66. x3e3% Of. ree 68. x cos 2x 

69. z* sin? x 70. xsin x cos x ah. a sin 3x 72. xte-* 

73. cte-* = 74. ee 75. cosa  —«-76, e~* sin 2x 

77. V/(4 — x*) 78. x34/(1 + x) 79. «(1 — a)" 


Obtain Reduction Formule for the integrals of the functions given in Hxamples 
80-93 (n and m being positive integers). 


80. 2" 4/(1 — 2?) 81. x™(log x)” 82. xe 83. x2" sin x 
84. x(a — 1)" 85. (ax* + 2ba + c)-” 86. (ax? + 2bax + c)i” 
87. x(1 + 2*)-* 88. 2—"(1 + x?)-4 

1 cos” x 1 
7 (a? + a®)"4/(x? + 62) 0. ine x bas (a + bcos x)" 


92. cos nx cos” x 93. cos nz sin” x 
Establish the Reduction Formule given in Examples 94-104. 


94. (m + n)fsin™ x cos” «dx = sin™+1 x cos"~! x + (n — 1)fsin™ x cos"—2 x da 
= — sin™-1z cos"+! x + (m — 1)fsin™—2 x cos” adx 


cos” x cos” —1 a n—1 
tae |S =~ (m—1)sin™-l2 m — jim—2 2 
sin” 2 dx sin™—1 x m—1 
ae tie ( = (n —1)cos"-1z 0 n — yim-2 n-2 
dx 1 m+n—2 
97: Ton \aawseoors ~ (n — 1)sin™—1 xz cos"-12 * ey fe? 
dx 1 m+n—2 
rides fare = \— fn eae te + ed te 
3 1 Oe n—1 
99. I, = Jsin"xda = — 7 sin"? a cos x + mi Law3 
1 Dy n—1 
100. I,, = Joos" x dx =>, sin x cos—? x+ m ) PF 
tan”—1 
101. 1, = ftan" xdz = ~—>~ — In-2 
{n—-1 
102. I, = foot"xdx = ————* — In-2 
sinasec*-la n—2 
103. I, = fsec" dx = —~ 7 + me er 
coszcosec"-la n—2 
104. J,, = feosec" ada = — eine eid Guid ee ee 
Integrate the functions given in Examples 105-34. 
105. 2*4/(1 — z*) 106. sin® x cos’ x 107. sin’ z cos® x 
108. sin‘ x cos® x 109. sin® x sec? x 110. cos® x cosec® x 
111. sec® x cosec® x 112. sec® x cosec® x 113. x*(x — 1)*° 
114, (222 + 3)! 115. x5(log x)? 116. a%e—22 117. e-2* cos x 
118. (2x2 + 5)-3 119. (42% + 3)-8 120. 2*(x? + 1)-+ 
1 cos x + sina 1 
12. sya) 17 (Th dcoeey? = GF IVR +3) 


, 
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a—1l1 x 
ether hvetrh «4 E-hyetce 
Fe ERO NN: ets AO 5k. setae ee 

(aw — 2)?4/(2a? + 1) * (a® — 1)4/(z? = 3x + 2) 

Zz 

128. 323 — dz + 9) v(a® — 8x + 10) 
AEG. pitrou te - 

(2x? + 2a + 1)4/(5x? + 6x + 3) 
130.7}. + 

(3x? — 2a + 3)s/(5a® + 2x + 5) 

at — Qa? + 3 a>? — 8x2 + Tx — 2 

131 = Bye + 1) 132. (ag — 1)Xa* + 12 
133. cos 3x cos? x 134. sin? x cos x sin 4a 


Prove the results given in Hxamples 135-41. 


dx au 
135. \ve—e—n ~ Qare tan 4/ (2 ), (a>a> b) 
dx 
136. Vie aye — b)} ~= 2 log(/(z — a) + V/(a — b), (29 > a> b) 
dx 2 x—b y 
187. | sae Te aeN Gogh > >) 
2x sin s 
(1 + 2) dz bcc “s) 
ae ser, = oy Br in 
da 3 V 2% _( Vv 2% 
Ry Je +1) 4(1 + wa) t Saks sats a = ) + a7 + =) 
dz 
140. f(ax* + c)ida = salvar" + ¢)}(2ax? -+ 5c) + | Ferra 


141. f(ax* + 0)-ide = 5(2ax* + Bo)(ax® + 0)i 


142. If f(x) is a rational function of x satisfying identically the relation 
S(z) +f(1/x) = 0, show that A + y)/(1 — y)} is a rational function F(y) with 
the property F(y) + F(—y) = 


Hence prove that if u? = az + ba + cx® + bx + a, the integral \2 Sl) can 


be expressed in terms of elementary functions. 
By means of Example 142 integrate the functions given in Hxamples 143-5. 


z+1 2t—1 
143. —Tyva* + 2) 144. a 1)V@ + B29 bz) 
2—l1 146 2 4-1 
5 e+ vet w+ 1) ‘@—)ve+) 


147, Show how to integrate fu?(1 + u)¢du in the three cases (p, q rational) 
(i) p Mos og (ii) g integral, (iii) (p + ¢) integral. 
Integrate the functions given in Hxzamples 148-53. 
148. 2°(1 + 22%) 149. xi(2 + xt)$ 150, 23(2 + 3z)4 
151, 2i(3 + Qzxi)8 152, w—#8(1 + xt)-? 153, 2—*¥(1 + a)it 
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154. If 23 + y? = 3aay, prove that |< is equal to 


1 (e+ Ja Qy — 2 
y + yelog [SM = v8 a are tan (*2=,*) + 0, (x, y 0). 
155. If y%(2y — 3) = 2(z* — x — 1). express Jy dx as the integral of a rational 


function. 
156. Ifat — y* = 2*y, show that 


y—a , t ¥ 
oe + 7g are tan? + C, (x, y #0). 


1 
Jy da = sey — g& + 35 log 
Solutions 


5 + log (3a? + 4) + ve are tan (=) 2. log cosh x 


€. 2 

. da? + x + log |x — 1| 4. logle* — 1| — x 
1 

- Flog |x — 1| + Flog |x + 2| 6. 5 log 


1 
3 
5 
7. 4 arc sin $a — $a/(4 — x*) 
9 
1 


o=4 
jer + 1 
. Fo? — Qe + Flog |x — 1| — log |x + 1| + 45 log |x + 2| 
- $(x + sinh z cosh x) 10. 4(sinh x cosh « — 2) 11. « — tanhz 
2. dlog ja — 1| — | log (a? + 2a + 5) + farce tan $(x + 1) 
z—l1 6x? — 15x + 8 
13. 3 log nae zs 1 a) (x — 1) — 2) ee 2) 


14. — cothz 


15. tanh x 16. —5 log 


tan (e+ 5) 


1 és 17 1 
17. o-oo in geome — glog|z + 1| 
18. x + log |x — 1| — log|z+ 1] 19. x — 2are tanz 
20. — sk(V/(1 — 2))(32 + 16x + 12x% + 102%) 
21. — x35(1 — 2)8(464 — 564e + 2402* — 352%) 
22. arc sin x + }(2x* — 3x + 4)/(1 — 2°) 
23. x + darc tan x — ¥ arc tan 4a. 
24. Slog (x* — 4x + 5) + 4 arc tan (« — 2) 
13 5 x 
25. Tagg alte 3) 4+ 3g log |2a +1] - 
26. 4+/(4x% — 4x + 5) — log Qu — 1+ V/(4x* — 4x + 5)} 
27. 3o/(9x* + 122 —5) + flog {(3x + 2) + v(9x* + 12x — 5)} 
28. ev(— 5 — 24x — 162) + y%y arc sin (20 + 2) 
29. — fy (7 — 24x — 16%) — $} are sin (x + $) 
30. — F(x? + 8)V/(4 — 2%) — 2arcain dx 31. #2 + Ii — Hae — 1)! 
32. yig(Qe + 3)V/ (x + We + 2)} — gylog([z + 3+ Ve + Ile +.2)}) 
— fg(2e — 1) {(@ + 1)(e — 2)} + gy log le — 4+ V {e+ Ile — 2)}] 


33. 2-V(106) are tan { ¥105 ton He 34. } are tan ($ tan $2) 
1, __ sin $2 + 5 cos $27 tat 2 sin $x — cos $2 
- 5 low te eke 36. ge + 75 108 len Jax — 2 cos Fe 
324 2. [2+ tan Za’ 
‘37. 3g + 9g 108 15 + 7 cos + sin 2| — Fle Fe 
/6 4/3 tan x 
38. z — YP aro tan (YO *) 
39. }.cos* x — $ cos’ x + } cos® x — $cos* x 40. t sin’ x — }sin’x 


41. 3 (sin x)i(7 — 3 sin* x) 42. 2tanz — cota + }tan*z 
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43. 3 log |tan z| + sec? x — } cosec? x + } sect x 


1— V(2tanz)+tanz\ 1 /(2 tan 2) 
tga (TF yertanay tna) + ya eet (72 ES) 
45. log (e* + +/(e** — 1) + arcsin e—* 46. pee) 
5/2 1 4/3 xr/3 (x* + 1)(x® + 3) 
47. oe er oe ping (eo (a? + 2p 


5a 
arta meat grees tiptoe 
tan}z\ 24/3 1 
49. 4/2 arc tan V2 — =¥ are tan (3 tan 52) 

4/3 + 2 tan $a 2 1+sinz 
: “gare tan (— 7a) + Tp mmye t 28 (Ge) 
-51. } sin 32 + dsinz 52. $.cos x — +1, cos 5a 
53. — } cosa — 3}, cos Sa — } cos 32 
54. $ log |1 + 2 tan 2| — Ap be $ log |1 + tan 2| 
55. d(x? + 2)4/(2? — 1) 

56. 3x2 + 2cosx — sinz — 3 log (2 — cos x — sin z) 


iB ten eee *) 
owe v2 
67. = "(logz——1) _ 58, x{(oga)* — 2 loge +2 
“pp Ne? — rr - x{(log x)? — 2 logz + 2} 
59. F (og 2)* — Flog 2 + 3} 60. xarcsinz + /(1 — 2?) 
1 
61. xare tan x — } log (1 + 2?) 62. “T — ware tan x + 5 log (1 + 24) 


63. 4a* arc sin x + 4x/(1 — 2) — faresinz 

64, — xz? cosa + 2rsinz + 2cosz 

65. tx arc tan x — 3x? + } log (1 + 22) 

66. fe%(x> — 22 + ga — 2) 67. — e—*(at + 4a3 + 122% + 24x + 24) 
68. (42° — jx) sin 2x + ($2? — 3) cos Qe 

69. 32° — 4a* sin 2x — fx cos 2x + sin 2x 

70. xsin? x — fe + }sin2zcosx 71. —42 cos 3x + }sin 3 
72. — e-*(Zat + 22 4 1) 73. — e-*(x* + Qe? + 2) 


74. -— * are tan x -+ log a — 5 log (1 + 2x?) 


75. }e(sin x 4- 2 cos x) 76. — he %(2 cos 2x +- sin 2x) 
77. $aV/(4 — x*) + 2 are sin dx 


78. ag (35x° — 30x? + 24x — 16)(x + 1)! 


1 io 
79. gel — ays + ge a? — 2) + aga — x)? + =i - x) + 1200 


80. (n + 2)J, = — Phi (1 — a)? + (n — 1)Zn~2 

81. (m+ Di, = a2™+l(log x)" — nIn-1 

82. al, = x"e% — nJ,_ 

83. I, = — 2" cosz + na"—1 sin x — n(n — ni 2 

84. (m + 1am = 22 — 1)m+1 — yon 

85. 2(n — 1)(ac — b*)I,, = (ax + b)(ax® + "Oba ‘+ c)l—n + a(2n — 3)In-1 
86. a(n + 1), = (ax + b)(ax® + Qbe + sa n(b? — ac)In~o 

87. nl, = 20-Tr/(1 + 2%) —(n — In 

88. (n — 1), = —a2l-m/(1 + 2) — « = Se 
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89, 2a%(a? — b*)(n — 1), = (2a? — b*)(2n — 3)In—1 — 2(n — 2)In 
— x(x? + $a) nat + + b%) 
90. (n — 1)Imn = — cos™—1 x cosec"—1 2 — (m — 1)Im—2, n—-2 
91. (n — 1)(a* — b*)I, — a(2n — 3)Z,-1 + (n — 2)In-2 
= — bsina(a + bcosx)i-" 
92. (m+ 2)Imn = sin nx cos” x + mIm-1, n-1 
93. ie + n)\(m +2 — 2) mn = (m+n — 2) sin na sin™ x 
+ m cos (n — 1)x sin™— 1g — m(m — 1)Im—2 n-2 
105. a(jat — sha® — Ay)V/(1 — z*) + yy are sin x 
106, (} — +, sin? z + 4%; sin‘ z — sin’ z) sin® x 
107. }.cos* x — +cos’ x 
108. = 2 = 
ae + segsin z cos 2 + 735 sin 2 cos? a + 755 sin 2 cost 2 
— gp sin x cos’ x — 4; sin® x cos’ x 
109. sin’ x sec x + } sin? x cos # + 1 sin x cosx — Loa 


us We 3:7 7 
110. — 5 8in 2 cos x — = — 5 00s? x cosee x + 55 7p 008° x cosec® x 


— } cos’ x cosec® x 
1 4 8 64cosx 384 cosx 


sae Bain’ x cos®a * Sein" 2 conte * sin’'zcosx 7sin’x 35sin'z 


512cosx 1024cosz 


~ 35 sin? x 35 sin x 


112. } tant x + 3 tan? x — 4 cot® x + 3 log |tan 2| 
113 (aw — 1)*(2312* + 21x + 1) 
‘ 5313 

ont 4 3yi + an2 bon yy. { wf 2 2} 
114, g(2@ + 3)i + g (2@ + 3)? + 16 (2"* + 3) + 76738 z+ (x +5) 


ag 
115. 916 26(log x)’ — 18(log x)? + 6 log x — 1) 


116. — le-22(4a:* + 1225 + 302 + 6023 + 902% + 902 + 45) 
a(3224 + 2002 + 375) 


117. }e—22(sin x — 2 cos x) 118. 1875(2z* + 5)! 
x(8x* + 9) 

119. Say oy 

526, Oe eT Flom tania? + a} 

1 8 3V(1 3 

eee Sy O62) gt + V(1 + 2%)} + Blog [2] 
9 + 20 sin 4 : 3 sin x 

a Ser down ~ 7°" (5S Tees) 

123. — are tan (YOF" + 9)) 

; 1—2+ (227+ 2) 3 1 — 2a + +/(5a* + 5) 

124. /2log wie en +1) |- —-; log pee + 2) 


125. log {a + (a? — a - Jy erosin (F—5) 


v (2z* + 1) ee Le a hast ah 2) 


126. — oa te iE 3) 
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127. log 10a —st+ V(x? — 3a +- 2) _ Jé = ) 
Lee 
+ 376 °8 12(¢ + 1) 
1 (w — 2)/7 + +/(x? — 8x + 10) 
128. 7 1°8 |e — 2/7 — via? — 8x + 10) 
l Vv14 va" — 80+ 10) 
— Sygare tan (4 7 2-1) —) 
1 3 “wes 
129. 276 8 {e434 J (e+ 243} 
1 VJ (bu? + 6a + 3)—2z—1 1 V(5x* + 6a + 3) 
jlog {Re ea th ae aig e tan (4 z ) 
i! / (5a? + 2a + 5) 
130. — gar ten (SS 7) 
I, (@—2)) 129 Viz+14 32-1) 
131. 355 08 pap 1 — 250 STO 1D — Foret + 1) ~ 10(e* + 1)* 
ws 1 1 l 
132. ever sy — 3 log |jz — 1] + Glog (x* + 1) — gare tan x 
133. le + y3, sin 2x + i, sin 4x + 1, sin 6x 
134. } cos 2 — 51, cos 32 — ;), cos 5a +), cos 7x 
‘Ly (viet +1) — vi22) 
shea bog (or 1) + Vz) 
L, vV(a* + 32 + 1) — (32) 
144, v3 og (% Vet + Be ++ ve) 
1 = a + a+ ') 
145. Tylon {(Z 75) i +34 +4) (Ft + 1y ) 
1 2(a* — w+ 1) + y(2at+2)) 2 V¥2(% + 1)? 
146. — 379 8 mee a SE eo Wd dee 3 are sin a? +2 + Hy) 
147. (i) If q=*, take 1+u=o% (ii) p=*, take u=o% (iii) g=%, 


take (1 + uw) = uv’. 


148. 
149, 
150. 
151, 


152. 


155. 


she(16x* — 62% + 2)(1 + 2x4)? 
(Yout — fhe + Sffat — 18h sah + S54$)(2 + x)i 


a'(Ata + 2h820l + 1388e) + 4 p2at + 6) 
gat(2c8 + 27) + $al(de’ + 9) 
nl sea 153. — yye-¥(1 + a1)it 
#¢— 1)(2¢+ 1 ¢—1)(#® +¢—1) 
Take 2 = SET, 2s SSS. 
(¢ — 1)9(¢? + ¢—1)Ptdt 


5.3. The Definite Integral. Definition. Let f(x) be bounded in 
the interval a <2 <b and let x, x, . . ., Z,_, be (n — 1) points of 
the interval for which | 


@ (= Xo) < BS Se i < Byui, < O(=—2,),. (Fig. 1.) 


Let M, m be the upper and lower bounds of f(x) in (a, b) and M,, m, 
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the upper and lower bounds of f(x) in the interval (x,_1, ,). Also let 


z,’ be any number in the interval (z,_,, 2,). 


GO! 05% OO. 4 
KO RRR SK 


PPO KIS 


@, 
re. res 
SER 0 


OOOO I 


SOK 


‘ePatet 


OLOKSS 
en estat 


VaeX% 
Ks RI 
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RSX 

etegtete oe eMete 
BEKO COOK? 
PSO RKO e. 


Poe 
OXOK 
wa ates 
OX 
SK 


ria. 1 


QR 
OK 
,e, RENE 8 


by 


given 


Form the sums S,, s, 


8, is the sum of the areas of shaded rectangles like UVNQ, 
gles like UVRS. 


'Vv10U8; 


In the figure, 
Then ob 


n 


and S,, is the sum of the rectan 
ly 


M(b a a) 2 S), > Af (a,x, ee @,_1) > 8, > m(b Se" a). 


1 


ity 


S(@)dz 


b 
a 


J 


The function is then said to be integrable (in the sense of Riemann). 
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1) 


S, and s,, the limit of 


— & 


Sf(a,')la, 


must also be S, when S exists. 


Since SH (ay), — %,~) lies between 


1 
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ges Bg 
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m—1 
1 


differs from Xe,(a, — a,_,) by less than (m — 1)62 |e, — c,4.,| which tends 


m 
1 


to zero when 6 tends to zero; i.e. S,, tends to the limi 


t. 


imi 


Similarly s, tends to the same | 


FIG. 2 


Corollary. If ¢,(x), $2(x) are two step-functions in (a, b) and 


p(x) > $,(2) 


b 
$,(x)dx <{ $2(x)dz. 


b 
a 


then | 


Let f(x) be continuous 


IB 


5.32. A Continuous Function is Integrable. 


S 
S> 
eS 


LOO 
Orerecreteterere’ 


SOLO 


SKS SSS 


W252? 


SSO 
KIC 


PEK 
LMaaterrtetse 
DOK KOO 


CX 
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COO RODQOO? 


\ SOS] 
h 


SIC 
SRR RIT 
RSS SSO 


POOOO 
RE 


SOrererere; 


RSS 
& 
OS 


¢.0.%. 


werevera"s 
SoS 


SESS 


SS 


So 


"A500, 
are: 


cal 


Ra 


(Fig. 3.) Take u,(x) = max f(a) in each sub-interval (7,_,, x,) 


in (a, b). 


As n 


increases, u,(x) cannot increase so that U, is a non-increasing mono- 


tohe and must therefore tend to a limit U. 
f(x) for each sub-interval then 


= min 


u,(x)dx exists since u,(v) is a step-function. 


Similarly if /,,(z) 


L,(a)dax 


b 
a 


| 


(a non-decreasing monotone) tends to a limit L. 


Ln 
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But, given e, since f(x) is continuous, we can divide the interval into 
a finite number of parts such that u,(x) —1,(x) <e for every sub- 
interval, i.e. 0 < U,, — L, <e(b —a) or U = L, since both limits exist. 

Now take any other mode of subdivision where the corresponding 
symbols are accented. Then (Fig. 3) 1,'(x) <u,(x) so that L,’ <U, 
and L’ <U; also u,'(x) > 1,(x) and therefore U,’ > LZ, and U’ > L. 
BateOs L and VU = Ly Ler Oe Le <u “end OH E SU" or 
be=CU=—U' =i’. 


n 
5.321. The General Case. The set of numbers 8, = 2M,(x,— 2%,~1) for all 
1 


possible subdivisions has a finite lower bound S since f(x) is bounded; and there- 
fore there exists one integer m (at least) such that in the corresponding method of 


m 
subdivision (A) we have S,, = XM,,(x, — x,—-;) < S +e where e is any given 
1 


number > 0. 

Take a sequence of numbers 6, (> 0) (p = 1, 2, 3, . . .) that decreases steadily 
to zero. Divide (a, 6) into m, sub-intervals each of which is of length < 6,. Then 
by introducing (m, — m,) further points of subdivision obtain a second set of inter- 
vals (m, in number) each of which is of length < 6,; and let this process of sub- 
division (B) be continued. To the pth set of intervals (< 6,) there corresponds a 
sum S(m,). In this set there can be only a finite number of sub-intervals con- 
taining an end point of the original subdivision (A); and the contribution to S(m,) 
due this finite number of intervals is < M(m + 1)6,. The contribution due to 
be: remaining intervals must obviously be less than or equal to S,, < S + 

S(my) < S +e + M(m + 1), 

and therefore since 6, —> 0 and M(m + 1) is finite, S(m,) tends to the limit S when 
6,—> 0. Thus if the number of subdivisions (%,, 2, . . ., %,—1) of (a,b) tends to 
infinity i in such a way that max (zx, — x;—1) tends to zero, then the upper Riemann 
Integral S exists. Similarly the lower Riemann Integral s exists. The n 

and sufficient condition that S = s, is that given e, nm, can be found such that 
S, — 8, <e for all n> n, the subdivision being of an appropriate character. 
The function is then integrable (R). Thus a continuous function is integrable (R), 
since the interval (a, b) can be divided into parts such that in each part 

er) — fe")| <e 
i.e. such that in the interval (#, — x;—1), M, — m, <«,(r =1 ton). Thus 
Sq —- 8 = L(M, — m,)(a, — 2-1) < eb — a). 

Again, a bounded function whose only discontinuities are of the first kind is 
integrable (R); for these discontinuities are isolated (and enumerable, or finite in 
number) ; and may be enclosed in a set of intervals of total breadth <e. The con- 
tribution to S,, — s, due to the intervals containing the discontinuities is therefore 
< (M — m)e and therefore tends to zero when ¢« —> 0. 

5.322. Monotone Functions. If f(x) is defined for every point of (a, 6) and 
S (2) > f(%2) when 2, > x, then f(x) is called a monotone function (increasing). 
Similarly we may define a decreasing monotone function. It follows that f(x + 0), 


J(x — 0) exist for all x in (a, 6) and therefore since the only discontinuities are of the 
first kind, the function is integrable (R). 


Otherwise, S,, — s, get ay 1) —S(%r—1) }(%p — %p—1) 
< el fib) — fia) 
i.e. S, — 8, —> 0 as n—> ©. 
5.323. Functions of Bounded Variation. A function f(x) defined for (a, 6) is 
said to be of bounded variation in (a, 6) if for all possible subdivisions 2, x», 


Eifley) — flers)| (= Ze) 
has an upper bound V(a, 6) (independent of mn). 


+ + +9 ®n—1s 
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The upper bound V(a, 5) is called the total fluctuation (or variation) for (a, ). 
Thus if f(z) is a monotone in (a, 6), V(a, 6) = |f() — f(a)|. 


Now Be, = Efe) — fern 
on flb) — fla) = 2ifc) — fity1)). 


Denote the sum of the positive differences (f(x,) — f(xr—1)) by 2,, and the sum 
of the negative differences by — 2). 
Then f(b) — f(a) = 2, — X, and 2(x,) = 2, + 2. 
n 


It follows easily from these equations that Z,, Y, have upper bounds P(a, 5), N(a, b) 
given by f(b) — f(a) = P(a, b) — N(a, b), and V(a, 6) = P(a, b) + N(a, 6). Now a 
function of bounded variation in (a, 5) is also of bounded variation in (a, x) where 
a<x<b; and therefore 

V(a, x) = Pia, x) +-N(a, x); f(x) —f(a) = Pla, x) — N(a, =). 
Also P(a, x,) > P(a, x2) if x, > x, 80 that P(a, x) is a monotone increasing function ; 
and similarly N(a, x) is a monotone increasing function. 

Thus f(x) = f(a) + P(a, xz) — N(a, x) and is therefore expressible as the difference 
of two monotone (increasing) functions. From the previous paragraph it follows 
that a function of bounded variation is integrable (R). : 

Note. More generally, the necessary and sufficient condition that a bounded 
function should be integrAble (R) is that the function should be continuous almost 
everywhere (i.e. except at a set of points of zero measure). (Lebesgue, Annali di Mat.. 
(3), VII, 234.) 

For example, if f(z) = 0 when 2 is irrational and f(z) = 1/q, when x is a rational 
number expressed in the form p/q, (p, q being integers prime to each other), the 


b 
integral \ f(z)dx exists and has the value zero. 


5.33. The Mean Value of f(x) in (a, b). When f(z) is bounded and 
integrable 


D 
Mb — a) > { flayde > mb — a). 
a 
b 
Therefore | f(x)dz—k(b — a) where Ms km. This number k 


is called the mean value of f(z) for the interval (a, 0). 
If f(z) is continuous in (a, 6), there must be at least one number & 
in a <a <b for which f(é) = k, 


i.e. [ fete = (b — a)f(&) for some number & in (a, 6). 


5.34. Relation between the Definite Integral and the Indefinite Integral. 
Since the definite integral is the limit of a sum 


b c b 
[ fords = [seve + | fear 
when f(z) is integrable in (a, ¢) and (ce, 0). 
In particular {. f(z)dz = — \, F(a)de. 
a b 
Let. Gis) : fl0dt; then G(x +h) — G(x) = ei flde. TE ft) is 


Lara 
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continuous near ¢ = 2, r Sf(t)dt = hf(x + 0h) where 0 a 6<1. Thus 
Ga) = Fae 4 (x + 0h) = f(a). 

If If Fa) 4 +- C is the indefinite integral of f( (2), G(x) = F(z) + C. But 
in this case G(a) =O and _ therefore f f()\dt = G(x) = F(x) — F(a), 
where F(x) is any function whose derivative is f(z). 

In particular f float = F(b) — F(a). 


us 


Example. f? sin” x dx = I,. 


wT 
1 
Here I,, = (--—sint-! 2 cos ze ie ~ es 2 (§ 5.23) and therefore 


n—1 (n — ca ci) 
len aie 3, (n odd) 
and = rarer > (n even). 


5.35. Change of Variable. Let x = ¢(u) be a continuous function of 
u, varying from a (= ¢(u,) to b (= d(u.)) as u varies from uw, to u, 
Also let ¢’(u) be continuous in (u,, u,) and f(x) continuous in (a, 5). 


(u) u 
Then j i f(x)dz = i} FS {¢(u) }¢'(u)du, for the derivatives of both 
integrals with regard to u are equal and the integrals vanish when wu = uw. 
b Us 
In particular | f(x)da =| FT {p(u) }d’(u)du. 


Note. This result may be proved more generally from the sum-definition of the 
definite integral. 


7 = 


= 
cos” x dx = sin” x dx since 
0 


Examples. (i) a 
0 
c13 0 1 


® cos" x da = -|. sin” y dy (where y = §a — 2) “fF sin" ada. (See Hxample, 
0 2 0 
§ 5.34.) 


meth whe a ands ie A Mp ine a ae 
(ii) fe er iam (where @ = are sin z) = 5(8 — sin 6 cos 6) 


0 

__ 2a — 33 

a z=: 

Note. Care must be exercised in the use of the formula when functions that are 
rd 

not single-valued are introduced. Thus J = j d§ = a, but it is not correct to take 
0 
0 


6 =.arcesin x in this integral to obtain J = eer = 0. 
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Strictly we should write J = im [f dé +f" wo| 
1) an 88 


where 0 <c¢, < ja, fn <c, <2, 


ae dex 
ie. I = im f” Vi = 24) ck: tim {- ian =; and this introduces 
the idea of the infinite integral. (§ 5. 43.) 
5.4. Discontinuous Integrands. If f(x) is discontinuous at a 
number of points ¢,, ¢:, . . ., €, Wherea <¢,<c¢,...<¢»_ <6, then 
b 


we may define f /(z)dx as the limit, if it exists, of 


taf " flade 4 o a rt de fe flw)de 


when é,, €,'( > 0) tend ‘adopanioully re zero (r = | a a For if this 

limit exists, the above definition is consistent with the general definition. 
b b 

If a is a discontinuity of f(2), t@) is defined to be ba a S(x)da, if 


a+e 
this exists; and if b is a discontinuity the integral is ig te to be 


lim be J (xd. 


«—>+0. 
Similarly, a simplified definition may be taken when the points of 
discontinuity form an enumerable set. Thus, to take an easy example, 
if there are discontinuities at x =, ¢,, . . ., Cy, .. . When 


@ S16, Seg, SG SO PO 

Cog b 
then the integral may be defined as lim | J (x)de + | J(x)dx where 

m—>nJ a c 
c = lime,,, the first integral of this expression being defined as above. 
5.41. A Finite Number of Finite Discontinuities (of the First Kind). 
Suppose that f(z) has a single finite discontinuity of the first kind at« =e 
(a <¢ <b), so that f(e — 0), f(e + 0) both exist and need not be equal. 


Then lim J " t(a)de = [fee if f(c) is assumed to be f(e — 0) 


a >0d a 


and lim f f(xjdz = f fear, if f(c) is assumed to be f(e + 0). 
e+e 


€,—>0, 
Thus f. f(a)dr = i f(a)dx +- j f(x)dx, where f(x) is now completely 


defined as a continuous function in each interval. 
Similarly, if there are m discontinuities of this type at ¢,, C2, . . ., Cm; 


m1 


b Cy Cr b 
we may write | f(a)dr = | J (x)dax +4- ea | f(x)dx +{ St (u)dz. = It 
“ 5 “ 1 tr om 
should be noted that if F(«) = " S(a)dx, then 
F'(c, ~ 0) =flc, ~ 0) and F'(c, +0) =,flc, + 0). 
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Example. Let f(x) be given as follows: 
10 — 22, (Of e< 1); 8—2z, (l<a<c 2); 5—2Qr, (2<x< 3); 3 — Qa, 
(3<a"< 4); —1—2z, (4<2< 5). 
The graph of this function is typical of the shear diagram of a loaded beam ; and 
x 


S(x)dx is the bending-moment at x. (Fig. 4.) 
0 


10 


li 


Here F(x) = | store = 10% — 28, (0< w< 1). 
0 


Ed 
Ifl<2#<2, Fea) = F() + | (8 ~ 2eyde =2 + 80 — at 
1 


Similarly, F(z) = 8+ 5¢—2*, (2< x< 3); 14+ 3¢—2%, (3< a< 4); 
30 — a — 2, (4< a< 5). F(x) is of course continuous in the interval 0 < 2< 5. 

Note. The integrand may have a discontinuity of the second kind at points 
within the interval. For example, let 


rey 1 2 
S(@) = 2a sin (<) — cos (-) for 0 <a< Gj and S(0) = 0. 
2 pies en 3 
Then f(x) is continuous in0 <e<a< Af but f(+ 0) = 1; f(+ 0) = — 1. But if 


2 2 
It J (x)dx is defined to be lim F J(x)dz, we find that the integral is 
e—>0J « 
0 


2 

{ ei tle & 
stim {2 sin 2}? a 

5.42. An Infinite Number of Finite Discontinuities. A function 
possessing an infinite number of discontinuities may or may not possess 
a Riemann integral; and it has been indicated above that the integral 
does exist when the points of discontinuity can be enclosed in a set of 
intervals whose total length can be made arbitrarily small. 
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Examples. (i) Let f(x) = 22, (0< x< 4); 4¢—2, (<2< f); «- ss 
(a — 1) +2, (l1—21-" <z< 1-—2-"); ... Here there is an enumerable . 
set of finite discontinuities at x = 1 — 2-". We may define the integral from 0 to 1 

1 n[rtr 
by the equation | fens = lim ef {27(z — 1) + 2}dax where c, = 1 — 21-". 
0 n— ro 1% 
This is easily verified to be lim (2-2 + 2-3 +. . . + 2-"~1), Le. 4, as is otherwise 
n—>o 


obvious from the figure. (Fig. 5.) 


Fie. 5 


(ii) Let,f(x) = 1, (x irrational); 0 (a rational). This function has a discontinuity 
at every point of (0, 1), i.e. it is totally discontinuous. The upper and lower Riemann 
integrals are 1 and 0 respectively, and the function is not integrable (R). 

§.43. The Lebesgue Integral and Measurable Functions. More general definitions 
.of the definite integral have been given that apply to cases where, as in Example (ii) 
above, the Riemann Integral does not exist. The most important of these from 
a theoretical point of view is that of the’Lebesgue Integral, for a description of which 
it is necessary to introduce the notion of measurable function. 

Suppose that f(x) is bounded in (a, b); then f(x) is said to be a measurable 
function (bounded) in (a, 6) if the set of points of (a, 6) for which f(z) > c is measur- 
able for allc. Denoting this set of points by H(f>-c) we can deduce that the sets 
given by (i) E(f < c), (ii) E(f> c), (iii) H(f < c) are also measurable. 

For (i) E(f< c) being complementary to H(f> c) is measurable. 


a 1 1 1 1 
(ii) HR s>e-2)-BS>e-o 4 3) = He -5 <f<e- x55) 
(n = 1, 2, 8, . . .) and therefore the set on the right is measurable. 
But He —1 <f<c)=EMe—1l<f<c—4)+Me—4<f<cc—}F)+... 


+e-><f< ¢— =) +- . . and therefore Hic — 1 <f <c) is measur- 
able. 

Now H(f>c—1)=He—-1<f<c)+Hf=c)+ H(f>c); and therefore 
E(f =c) is measurable, so’that E(f> c) is measurable. 

(iii) H(f <c), being complementary to E(f> c) is also measurable. 

In the above we have used the fundamental theorem on sets that the sum of 
finite number (or an enumerable infinity) of measurable sets is measurable. 
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To define the Lebesgue Integral of f(x), assume that f(x) is a bounded measur- 
able function whose upper and lower bounds in (a, b) are M, m respectively. Divide 
the interval (m, M) of y into » parts by means of the lines parallel to the z-axis 
given by 

Y=Y(=M3 Y=" Y=Yos ++ +3 Y= Yn(= M). 


Yn=M 


WUD 
LLL ii iihieg MMi ths LL 


WILLD. YL. 
MMLL&Zz MLL, 


VILLLLLLLLLLLLL ALA LLM hkl Lllpelagh VLG 


WMS 


FIa. 6 


AUN 
MULL LL rel ODS 
his Logo sat N N 


FIG. 7 


Form the sums S8,,, 8, where 
Sq = Yolb — a) + (Yr — Yo)m(ELo) + (Ye — yr)m(Hy) + « - » + (Yn — Yn—1)M(En-1), 
8_ = Yb — a) + (Y¥y — Yo)M(Hy) + (Ye — yx)m(E,) + « - » + (Yn — Yn—1)M(E,) 
where E, = E(f> y,), ("= 90, 1, ... n), so that HZ, = A(f = y,). 

The two sums are the sums of the rectangles shown in Figs. 6 and 7, where, in 
order to make the definition clear, f(z) is taken to be a continuous function of a 
simple type. The illustration is therefore inadequate for the general type of function 
which possesses a Lebesgue Integral. 

If further points of subdivision are introduced, the corresponding sum Sj, is 
obviously < S,, and the corresponding sum s,: is > s,; so that if the number of 
subdivisions tends steadily to infinity in some specified way, the sequences S,,, 8, 
being monotonic must tend to limits. In particular, if n tends to infinity in such a 
way that max(y,+1 — y,) tends to zero, S,, s, tend to limits S, s respectively. 
We can now prove that S =s, but for this purpose we shall obtain expressions 
for S,,, 8, in a more convenient (and more usual) form. 

= By, < f < yr+1), (7 =0, 1, .. .,(m — 1) and en ing, writ = 
E Then E, aa Ey+1 -_ Kif> Yr) ei K(f> Yr+1) = Crs (7 =0,1,...(n— "})) an 
4 = One 
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Then 8, = yy{b — a — m(E,)} +... + ¥p{m(By—1) — m(H,)} +... 
+ Yn—1 {m(Ep—2) — m(En—1)} + ygm(Ep—1) 
= YyM(Eo) + yom(ey) +. . «+ Yn—1M(Cn—2) + Yp {M(en—1) + me) } 


n 
= Ly,+1me,) if yn +1 is taken to be y,, (= M), 
0 


and s, = 4¥,{b —a — m(#H,)} +...+ Y, {m(E,) — m(#,+1)} +... 
+ yn—1 {m(E,~1) — mE,)} + y,m(E£,) 


n 
ie ~y,m(e,). 
0 


” nn 
Thus S,, — 8, = XYr+1 — y,yme,) < eXm(e,) where ¢€ = max(y,41 —y,), Le. 
0 


~< «(6 — a), and therefore the limits of S,,, s, are equal. 

If the common limit be denoted by /, then the Lebesgue Integral of f(x) over 
(a, 6) is defined to be /. 

Also, it may be proved by a method analogous to that used for the Riemann 
Integral, that the value of J is the same for all choices of the points of subdivision 
Yr, provided max (y,+1 — y,) tends to zero. 

It may be of some interest to mention here without proof the main properties 
of the Lebesgue Integral. 

The Lebesgue Integral is more general than the Riemann Integral and may 
exist when the Riemann Integral does not exist. ‘Thus if f(x) = 1 when 2 is irrational 


b 
and f(x) = 0 when z is rational, the Riemann Integral | f(x)dx does not exist, but 


a 
the Lebesgue Integral is obviously equal to (6 — a). It may be proved that when 
the Riemann Integral exists so also does the Lebesgue Integral and their values are 


equal. 
The measure of a set of points may be expressed as a Lebesgue Integral. Thus 
6 


if f(x) = 1 over a set H and f(x) = 0 elsewhere, then | /(x)dx where F is within the 


a 

interval (a, b) is obviously equal to m(#). This function f(a) is called the character- 
istic function of the set EZ. : 

Measurable functions are therefore more general than the class of functions that 
are integrable (R), and include all such functions. If /, ¢ are measurable so also 
are f+ ¢ and f¢. Also if f,, is a sequence of measurable functions that tends to a 
limit /, the limit is also measurable ; and if the limit f does not exist, the upper and 
lower limits of f,, are measurable. Thus not only are continuous functions measur- 
able but also all those functions of analysis that are defined as the limits (where 
they exist) of continuous functions. : 

Two functions that are equal almost everywhere (i.e. except at a set of measure 
zero) have the same Lebesgue Integral ; and the derivative of the Lebesgue indefinite 
integral of f(x) is almost everywhere equal to f(z). 

Iff,(x) is a bounded sequence of measurable functions (i.e. such that | f,(x)| < M, 
all n, where x is any point of an interval), then 


b b 
lim | f,(x)dx = | lim f,,(x)dx. 


n 
Thus if the series Eu,(z) is boundedly convergent (i.e. such that |Zu,, (2)| <M 
1 1 


for all x) then the series may be integrated term-by-term. 

The meaning of the Lebesgue Integral may be extended to cases where f(x) is 
an unbounded measurable function ; and the integrals of such functions, if integrable, 
have similar properties to those of bounded functions. It may be shown, for 
example, that if | f,(2)| < F(x), all m, and all z in the interval (a, b) (the functions 
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concerned neti ee and the conditions being satisfied almost everywhere), 
then lim | S,(x)dx = j lim J,,(x)dx. 


a 

Such properties give some indication of the importance of Lebesgue integration 
in general theory; and whilst it is true that functions that are integrable (R) will 
usually be found adequate for the applications of mathematics, the conditions under 
which many limiting processes are valid (for example, the conditions under which 

Lh fn(x)dax = J2fn(x)dx or J {ff(x, a)dx}da = f{f f(x, «)da}dz) 
are obtained more satisfactorily by the use of Lebesgue integration. (Ref. Lebesgue, 
Legons sur Vintégration et la recherche des fonctions primitives, Paris 1928.) 

5.44. Infinite Discontinuities. Infinite Integrals. An integral is 
called Infinite (or Improper) if either (i) there is at least one infinite dis- 
continuity in the range or (ii) the range is infinite. 

Although it is more useful in practice to distinguish between these 
two types of infinite integrals, they are not theoretically distinct, for by 

ane ba: BY 
such a substitution as u =~ - ai we can convert the infinite range 
ca 
(a, ©) for x into the finite range (a, 5) for wu. 

Note. The rule for change of variable (or integration by parts) may easily be 

extended to apply to infinite integrals (Ref. Hardy, Pure Mathematics, 162), but it 


should be observed that when a change of variable is made, the new integral may 
be finite. 


To bd 
dx 2 

Examples. (i) | i? du = kx, where wu = arc tan x, or 
0 


Ce) 
0 1 
dx du 1 
. er on {i ou i Qui ~ {are tan (2u — Hy = 4x, where u = x/(a + 1). 


2 
(ii) le Spas has an infinity in the integrand at x=2. Taking 
; in a0 1 : : 
x = 2sin0, we find the integral to be j, i ene Dys log (2 + 3). 
When the limit indicated by the integral exists, the latter is said to 
be convergent ; and when the indefinite integral is known, the convergence 
may be established directly. 


a) 


Examples. ay f xe 9 dx. 
0 


x 

Here | xe—-@ dz =5il — e~%(1 + ax) } which converges as x—> 00 only when 
0 

a> 0. 


Da 
Thus | we-9% dx = 1/a® (a > 0). 
0 


Oey Gad. ‘ ie nee i de > 0) 
———-~ = lim ——j im ——_——~ (&, & > 0). 
) bie sae) gh GE OF) eal le — 


Thus the integral is lim 3(— ¢,)! — 3(— 1)3 + 3(1 — e,3) = 6. 
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Ad ial eal 

(iii) \4 “i — 2/e) =2 (e> 0). 
1 

5 dx ; { 

(iv) | a= = a Se UE —e) = ix. 
1 

(v) { #los2de = lim (— } — }e* loge + fe?) = — }. 
0 e—>0 


bd 
(vi) sin x log sin dx 
0 


oh Z [ cos? x 
| sin z log sin x dx = — cos x log sin x + |S dx 


= — cos @ log sin x + log tan 4” + cos 2, 


ir 
i.e. j sin # log sin dx = (1 + cose) log cos e — (1 — cose) log sin 4e 


: 4+ (log 2 — 1) cos e. 
Now (1 — cose) = $e? + O(e*); log sin fe = log(fe + O(e*)) and therefore 


(1 — cos «) log sin 4e —> 0 as e —> 0 since e? loge—>0. The value of the integral 
is therefore (log 2 — 1). 


5.45. Principal Value of an Infinite Integral. If x =c is an infinity 
cC—ey b 
of f(z) in the interval (a, b), the limit j. fox +([  f(@)ds may 
C+es 


not exist when ¢, €,(> 0) tend independently to zero; whi'ct the 


limit may exist when e, is some function of ¢,. Thus if f(z) = Aa 
“—c 


its value would be lim (108 >= = “+ log — =) which does not exist when 
&, €, tend independently to zero. If however ¢, = ke, (k fixed), its 


value is log (C= :) + logk. In particular if ¢,=«,, the limit is 


pi b 
le (=) and is called the Principal Vahié’ and’ weitter"P | fla)de. 
Generally then if = ¢,, ¢, . . . C, are infinities within (a, }), 


PA fle)da = im { (fla) + Sine: gee + [fled 


when &, &, .. +) &—>Oanda<c,<t,...<Cn <b, 
b3 . 
x® — 222° +2—1 
Example. j - a al mesy 


te dy +e l+e 
dx da 
The integrand i is a+ a 43 _ =" ro and { —j are all zero. 
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b — 
Thus P| flere = sa — a + 8 (—Hyal when a <0 <d<1 
. 1 1 — a)b* 
and P| fleldz = 5-5 — 55 + log (iat when a <1 <b. 


For other values of a, b the integral is not infinite. 


5.5. Convergence of Infinite Integrals. When the indefinite 
integral is not known or is not easily determined, the convergence of an 
infinite integral may sometimes be established by direct comparison 
with a known infinite integral (of positive integrand). 


5.51. Comparison Theorem for Convergence of Integrals. (Positive 
Integrands.) If (i) g(a) >0, (i) 0 <f(e) <g(z), (ii) | g(x)da is con- 


b 
vergent, then | f(z) is convergent. This follows immediately from the 


sum-definition of an integral. 
Here we suppose that a may be — oo and b may be + ©. 


Notes. (i) It is sufficient for direct comparison that f(x) should be of constant 
sign in the neighbourhdéod of the significant values of x in the interval. 

Thus (a) if « = c is a discontinuity at an internal point, we need only consider 
the neighbourhood of z = on both sides. 

(b) If « =a is the discontinuity, we should consider the neighbourhood of 
x =a on the right. ’ 

(c) If x =} is the discontinuity, we should take the neighbourhood of x = 6 
on the left. 

(d) If b is + 0, we should consider only large positive values of x, and 

(e) If ais — 0, we should take only large negative values of x. 

Again, since the change of variable u = x — ¢ transfers x = c to u = 0, com- 
parison tests for convergence need only refer to the neighbourhood of small x and of 
large x. 

(ii) If f(x) < 0 throughout a neighbourhood the comparison tests may be applied 
to J{—f(x) }dz. 

(iii) The necessary and sufficient condition that f°f(x)dx should be convergent 
is that, given e, any positive number however small, we can find a value x, such that 


Ly 
| fli <e for all x,, >. For if a be taken sufficiently large to ensure 
xy 

that f(x) has no discontinuities for finite x >a, the above inequality becomes 


«x 
| F(a) — F(2,)| < ¢ for all x, 2, > 29; (where F(x) = | f(x)dz). This is precisely 
a 
the necessary and sufficient condition that F(x) should tend to a limit as x tends 
to + co. A similar necessary and sufficient condition may be framed for the other 
type of infinite integral. 


5.52. Absolute Convergence of an Infinite Integral. Since 
[fleiae) < J" fae 
& % 


i] i) 
then the convergence of j |f(x)|da implies that of | f(z)dx ; the latter 
integral is then said to be absolutely convergent. A similar result may 
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b 
be obtained for Ff (w)dx and for | f(z)dx when there is a discontinuity 


—2 
within the interval. 


cos x dx 
Example. j. = 
i ote es 
{3 = lim ‘e — "), (a1) and = — ie ee (a = 1). 


y A , cos “| 1 
Thus {2 is convergent if « <1; therefore since =e eo (x > 0), the 


5.53. Practical Forms of the General Comparison Theorem. (Positive 
Integrands.) Let f(x), g(x) be non-negative functions. 


(a) Convergence : 


If f fe < K, (a large, K finite constant > 0) and "4 g(x)dx is con- 


vergent then , f(x)dx is convergent. 


Thus, if f fe — k(> 0) when z— + o and i g(x)dx is convergent 


so also is f /(x)da. 


For if &, is any fixed number > h, f(x) < kyg(a) for x large. 
(b) Divergence : 
If i > K (a large, K finite constant > 0) and i} g(x)dz is divergent 


then | f(a)dx is divergent. 


Thus, if a —> k(> 0) when «— + o and | g(x)dx is divergent, 


so also is { f(a)de. 


For if k, is any fixed number such that 0<k,<k, then f(z) 
> k, g(x) when z is large. 
It follows from the above that if f(x) = g(x) + o(g(x)) when z is large, 


| f(x)dx converges or diverges with in g(x)dx. 


Similar results may be obtained with suitable modifications for other 
significant neighbourhoods. 


5.54. The Comparison Integrals. (a) Consider J ame-ar dy, 


INFINITE INTEGRALS 155 
If a> 0, 2” < el@", when z is large (all m). 


Thus | 


ce 


ge 22 da <{ e~ 4x dz, (c large). 


i) 9 : i) 
But f eritde = owe is convergent and therefore j ame tds 
converges. 
If a=0, a x" dx converges when m < — 1 and diverges when 
m>-—l. 
If a < 0, 2” > et” (x large, all m) and since i e- 4x dx is diver- 
gent it follows that [ amet dx diverges for a < 0. 


D 


Thus ze da converges for a>, all m, and for a= 0,m<—1 
but otherwise diverges. 

(b) Consider | x™ (log x)" dx 

Let x = ef and the integral becomes elm+gEn dé, 

Thus | x” (log x)" dx converges for m < — 1, all n, and for m= — 1, 


n < — 1, but otherwise diverges. 


(¢) Consider fam (10s y & &Lo 
‘ 
Let x =; and the integral becomes &—m—2 (log &)"dé. 


Thus | aid (ios =) dx converges form > — 1, all n, and form = —1, 
n < — 1 but otherwise diverges. 

5.55. Comparison Tests for Infinite Integrals. (Positive Integrands.) 
If f(z) < Ax™e—“* (x large), then {” f(x)dx converges with { ae de 
and if f(z) > Axe ee (x large), then f J (x)dx diverges with ame de 


where A is a positive number independent of z. 
Thus if f(x) /(a™e—**) tends to a positive or zero limit when x tends to 


co, [" f(x)dx converges with f ame-@ dx; whilst if f(x) /(c™e-%) tends 


to a positive limit, f f(z)dx diverges with " ate 9 dz. 
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Similarly we may compare f(z) with x” (log x)" when « is large or 
: L\* . 
with a” (ios :) when @ is small. 


Note. If f(x) = O(um™e—%), the convergence of [°2e—% dz implies that of 
S°f(a)dx; but it is not true in general that the divergence of [*xe—%* dx implies 
that of [*f(x)dx. If, however, f(x) = kx™e—% + o(a™e—%), then [“f(x)dx diverges 
(or converges) with [*2"e—% dx when k > 0. 


 { 
Examples. (i) : mpi® (m > 0). 


Near x = 0, f(x) = x4-1 + o(x4-1); integral converges there if a > 0 and is 
otherwise divergent. te 

Near z = 0, f(z) = za-1-m 4 o(aa—1—m) ; integral converges if a < m and is 
otherwise divergent. 

Thus the integral converges only if 0 <a <m. 


(ii) i log (1 + 2 sech x)dz. 
0 


Near x= ©, log(1 + 2sechz) <2sechx <4e-*; therefore the integral 
converges since {”e—* dx converges. 


(ii) 4 |sin —. 


ea sin x 


© 
l<5 ; but fz — converges when « > 1; and therefore | a 
1 
converges absolutely when « > 1. 
5.6. Differentiation of Finite Definite Integrals. Let F(z, «) 
be a continuous function of both variables x, « possessing the continuous 
derivatives F,., F,, which are therefore equal. 


» 
Then I = | 2 (Re, adn = Fle @) “(Bae 
. b 
and j F,,,dx = F(b, «) — F,(a, «). 
If a, 6 are functions of «, possessing derivatives a,, b,, 


of = Fb, «) ~ Fla) + hE - FS 


da * da. 
, ame” 
ie zx) te alder = [Faye + Py Ft 


or writing f(x, «) for F,, we obtain 
a fle, alan = (fue, ade +flb, af —fla, a) 
a: ? Tit j. a\”™> ? du. > & dx’ 


dx 1 b 
Examples. (i) f alae = Gare tan (2 ), (a> 0). 
arotan (7) ~ 
Therefore — 2a ‘a tae = — oy are tan 3; aie? + al) + at) (if b is inde- 
pendent of a), 


woe | die somtevih pOe\p | 
1.6, oe + a®ye “cos are ne + 2a2(b? + a?) 
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- dz nm 
Tous | reap a 


oy, game a 

to | apa & @> 
: hs *—2a de 1 x 

On differentiating we find f. (a? + at)? +z5a~* 


< de a+2 
so that \ ate =a” 


(iii) [3 Saas = ara oy (a> 0, |d| <a). 


. . : . 2. . dz chad 
Differentiation with regard to a gives f (a + boa)? Gt — oy and 


; a4 , , ™ cos ada ab 
differentiation with regard to b gives iy (ot boos al TO (gralege 

Notes. (i) The above process cannot be applied to infinite integrals without 
further justification. The discussion of this case is given in Chapter XI. If, of 
course, the indefinite integral is known as in Example (i) above, the value of the 
infinite integral may be obtained by a limiting process. 

(ii) We may similarly obtain a formula for integration with respect to a parameter, 
but no useful purpose appears to be served by considering such a formula here 
because (a) the integrals occurring in practice are usually infinite and (b) a repeated 
integral is often best expressed as a double integral (Chapter IX). 

5.7, Integration of Power Series. Let 

F(z) = ay + aye + az? +. --ta,a~"+... 

and let the radius of convergence of the series be R. 

Let 2,, x, belong to the interval, ie. be such that 

—R<2,<2%,<R 
Let z, <% <2, and let c lie between the greater of |z,|, |x,| aid R. 
Then 
lan tr@™t + dn ggQ™#2 +. |< Jaagal fo] + fan eal fot? +... 
: 4 < [anale"t? + [anzole"t? +... 
But since F(c) is absolutely convergent, we can find n,» such that 
|@nqile"t? + lanyole"t? +...<e for all n> nq, 


n 
ie. | F(x) — La,2"| <e for all » >, and for all x in the interval 
0 


@ <a <a (nm) being independent of 2), ie. F(x) = a,c" + A where 
0 
|a| <e. 


‘+ ‘Z, n 4 m+1 __ £ n+l 
Integrating, we find i} F(a}de = Za, 4+ —___* > +, whete 
th 0 n+1 


\u| = fae < e(%, — 2) so that ~—>0 when n —> o, ie. 
Xy 


\ *F(ajdx = a (ant! — g,"+1), 


z 0 l 
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= 3 
In particular j F(x)dxz = agr + Ped > Ory +... (|e| < R), the 
0 — 


radius of convergence of this last series being also R. 
Notes. (i) That the radius of convergence of the integrated series is also R is 


1 1 
verified by the fact that lim (—“"—)» — lim (a,)" = R. 
n+1 % 


(ii) If the integrated series converges at x = R (even when the original series 
R 


does not), Abel’s Theorem shows that its value for x = R is } F(a)dz. <A similar 
0 


result holds for x = — R. 
5.71. The Expansion of log (1 + 2). 


1 Rac 8 
cS. e+a2%*—a23+..., when |z| <1. 
Therefore log (1 + 2) =a — 4a? + fa°—..., when |2| <1, by 
integrating from 0 to g. 
But the series on the right converges for x = 1 (but not for x = — 1), 


ie. log(1+a)=2 —}4e?+}03—}Pet+..., for —-l<a<l. 
5.72. The Binomial Series. Let 
a(a—1)... (a a—Ht)n 


F(a) = 1+ ax + Me ee one nl 


(« real). This, the Sais Series, is considered here for convenience 
although we do not actually use the method of integration of series to 
find its value. 

Denoting the coefficient of 2” by a,, we have 


Sn | 2 +4) phich 1 when’ n> 00 (all a). 
On+1 ia—-n 
Thus unity is the radius of convergence. 
(a) When x = — 1, the terms are Feria of the same sign and 
since vt =" Part + ; te + o(= —,), (m large), the series is con- 
‘n+1 Rig hes 
vergent for e=—lif«>0 yr atnsewrid is divergent. 


(6) When « = + 1, the terms are ultimately of alternate signs and 
the series (by Leibniz’s Rule) converges if the mth term tends to zero. 


Now @) ifat1>0%F 514558 since lim (7+ 7 - 1)n 
=1+a(>0), 


i.e. 
k k ~1+a 
> (1+F)(1 “or eon a 


am 
>1+ it +—— +...+ +4) where m(< m) is fixed, 


m 4 n 


n 


so that a, —>0 as n—> oo since 2 ae is divergent. 
n 
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(ii) If« = — 1, <i 1, a, —> 1 and the series oscillates finitely. 
An+1 
aes Qn+1| __ B 
(ii) Ifa+1<0, Saker 
B=—1—a>0(n>m) 
so that 
ay | _ B B B 
“Holey rgd aes ted aad 


1 1 1 
Slt Asta taper: -: =) 
i.e. |a,|—>~ co when m—> oo, the series oscillating infinitely. 
Thus the series converges for x = + 1 if a +-1>0 but otherwise 
is not convergent. 
a 


Now F'(z) =a + a(a — l)a+- Gs NG oa lye +... when x be- 


longs to the interval, 


i.e. (1 + 2)F'(2) = «F (2) 
a aea—1)..., («@—*) , a — 1) ...-(«—n+1) 
n! (n — 1)! 
a(a—1)...(a—n+1) 
i Ee Se ot a Re 
n! 
d % . iid 
so that e {log F(x)} = rie or F(z) = k(1 + x)* where & is indepen- 
dent of x. But F(0) =1, so that 
1+ cx + Se) ae ee 
the function on the right being defined as e*'98+2) and the result being 
true for |z| <1, alla; forte =1,«>—1; and forz=—l,a>0O. 


In particular therefore 


ype pee By er Mee Diy -. = 2% («> —1), 
bat MEE ae Sh gras on 


Note. The expansion is of course true for all x when « is a positive integer. 


5.73. The Expansions for are tam x and arc sin a. 

(a) U4 

1+ 2? 

Integration gives arctanzy=2—4e?+}e5—... for |z| <1. 

But the series on the right converges for || = 1 (by Leibniz’s Rule). 
The expansion is therefore valid for |z| = 1, 


4 bin lvodd 
E Tebsed Sonos Pi inde; 


=1l—2+2~-... if |e] <1. 


i.e. 
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(b) (l= 2)-ba P+ sat is et 4. ba when fx] <1» 16 6172.) 


Integration gives the result 
ag 13525 


| 1 
arcane =2+oo tage t+: . « for |z| < 1. 
bf 1 1.3 1.3.5 
— a~' Yagit aap sens 1)’ 


5.8. The Area bounded by a Curve. Let f(x) > 0 in the interval 
b 

a <x <b. Since the definite integral | f(w)de is a number lying 
a 


between the sums =M,(z, —%,~,) and Em,(a, —,-,) and is the 
Zz 1 


common limit of these sums, when this exists (§ 4.3), it gives a natural 
definition of the measure of the area bounded by y = 0, y = f(z), « = a, 
a= 6. 


In general, {(z) may have both signs in the interval and then the 
definite integral gives the sum of the magnitudes of the areas above the 
z-axis less the sum of those below the axis. 


Note. The word ‘ area’ is often used for the measure of an area when there is 
no likelihood of confusion. 


‘x x 
Example. Consider I(%) = | e gina dx. 
0 


I(a) = — 7,9,(sin 2 + 10 cos z)e7 10 + 499. 


Thus J(z) = 499(1 + e~ 10) = 1-71 . . .(= Aj); (2a) =399(1—e 5) 
= 0-46 ...(=A,— A,); I(o) = 182 = 4; -A,+Az3—Agt+... (Fig. 8.) 

5.81. Approximate Integration. It is important in certain cases 
of practical interest to determine a definite integral (i.e. an area or 
quadrature) approximately. Approximate methods are required when 
f(x) is given empirically by a finite number of values in the interval or 
by an approximate graph. They may be used when the indefinite 
integral cannot be expressed in terms of known functions or when it is 
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too complicated for direct calculation. They may be used also for the 

approximate determination of the constants of analysis such as z or 

Euler’s constant y. We shall suppose therefore in what follows that 

n + 1 values of f(x) are given in an interval (a, b) and that it is required 
b 


to find an approximate value for | f(x)dz. These values need not be 


equally spaced, but the assumption of equal intervals simplifies some of 
the results. 

5.82. Finite Differences. If y=f(x) and Az is an increment of «x, 
then Ay, the corresponding increment of y, is f(x + Ax) — f(z) and is 
called the first finite difference of f(x) with respect to the increment Az. 

The. second difference is 

{fw + 2da) — fle + Av} — {fe + Ax) — f(a)} 
ie. f(x + 24x) — 2f(@ + Ax) + f(x), and is written A*y. Similarly we 
may obtain the third and higher differences. 

The operator E is defined by the equation Ef(x) = f(x + Az) and 
therefore Ef(x) = (1 + A)f(a) or EF is equivalent to 1+ A. Thus if we 
assume Az to be a constant increment, any expression of the form 
¢(E, A) f(x) has an obvious interpretation when ¢ is a polynomial with 
constant coefficients. 

Thus 4*y = (EZ — 1)*y = f(a + 24x) — 2f(a + Ax) + f(x) and gener- 
erally 

= (FE — 1)"y = f(x + nAz) — nf(x + (n — 1)Az) 
+ MO fle + (mn —2)42) ++... + (= If). 

Now let the interval (a, " ie divided into n equal parts by the points 
Lo, Ly,» - +) Ly Where % = a, 2, = b, so that x, —z,_, =h(r = 1 ton), 
where nh = b —a; alsox,=a,-+ rh. For simplicity of statement take 
the origin at = a and let h be the unit of the z-axis. Let the ordinates 
corresponding to Zo, %, .. ., pn be Yo, YW, - + +» Yn Tespectively. 

When the values of y are given as in the following example, the 
successive differences are easily tabulated. 


WORKS Li Melon Mah Byatt’ | PB odreBts bo F 8 Ce 
y = f(z) | 999 | 1984| 2919 | 3744| 4375| 4704 4599! 3904) 2439) 0 |—3641 


|—695 |— 1465 |—2439 |—3641 
—770|— 974 |—1202 
—204|— 228 

— 24 


4y | 985| 935 | 825| 631! 329/—105 
4*y |—650|—110 |—194 |—302 |—434 |—590 
Ay |—60|/— 84|/—108 |—132 |—156 |—180 
ty |—24|— 24|— 24|— 24|— 24/— 24 
4y |0|01/]/0 /|]o |o 0 


In the above, any place in the table of differences is filled up by 
writing in it the result of subtracting the number & above it from the 
number on the right of k. 

If f(x) is a polynomial of degree m, then Af(x) is a polynomial of 
degree m — 1, A™f(x) is constant and A”*1f(x) is zero. Conversely, if 
(n + 1) ordinates are given at equal distances apart and if the (m + 1)th 
differences vanish (m <n), a polynomial of degree m can be found to 
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pass through the given points. Thusin the above example, since A5y = 0, 
we may assume the polynomial to be, 

Y = art + a,x? + aye? + aye + ay 
so that 


Ay = a,(4x* + 6x? + 4a + 1) + a,(3x? + 3a + 1) + a,(2r + 1) + as, 
A*y = a,(12x? + 24% + 14) + a,(6x + 6) + 2a,, 
A®y = a,(24z + 36) + 6a, 
Aty = 24a,. 
Putting z = 0 we find 
24a, = — 24; 36a, + 6a, = — 60; 14a, + 6a, + 2a, = — 50; 
Go + a + a, + a3 = 985; a, = 999 
from which we obtain y = — xt — 4x3 — 62? + 996x + 999. 

A more rapid method of obtaining the polynomial is given in the 
next paragraph. 

(For a comprehensive treatment of Finite Differences, the reader should consult 
Milne-Thomson, Calculus of Finite Differences.) 

5.83. The Approximate Polynomial. The polynomial curve of lowest 
degree that passes through the (n + 1) points (r, y,) (r = 0 to m) may 
be regarded as an approximation to the curve given by y =f(z). Its 
degree is therefore <n. 


fle +m) = (1+ A)Yf(o) 
= fle) + nAf(a) + 2 — Dasa) 4... + Angle). 


Putting « = 0 in this result we A sk 
Yn = Yo t+ ny, + isl 1) Ary, +... + Ayo, 
Consider the following polynomial in x 
F(x) = yo + zAyo + iy y 244 
Seep oh M2) RL CSP Mung, 


n! 
When z = 1, its value is y, (r= 0 to n). It is therefore the required 
polynomial, since it is of degree m. Thus in the example § 5.82 above 
F(x) = 999 + 7985 + a(x — 1)(— 25) + a(x — 1)(a — 2)(— 10) 
+ a(x — 1)(% — 2)(@ — 3)(— 1) 
= 999 +- 9962 — 6x? — 473 — x4 as before. 
Example. Find the quintic polynomial through the points 
(0, 3), (1, — 2), (2, — 61), (3, — 240), (4, — 509), (5, — 622). 
Here y= 3 — 2 — 61 — 240 — 509 — 622 
4y=— 5 — 59 —179 —269 —113 
Ay =—54 —120 — 90 156 
A%y = — 66 30 246 
Aty = 96, 216 
Aby = 120 
F(z) = 3 — 52 — 2Tx(@ =~ 1) ~ Lla(ae -- 1a — 2) + 4a(z — 1)(x — 2)(a — 3) 
+ aa — I(x — 2)(% — 3x — 4) 
= 25 — 624 + 3. 


APPROXIMATE INTEGRATION 163 


The formula for F(#) may be used for interpolating other values of 
f(z) and is called Newton’s Interpolation Formula. 


5.84. The Error in the Interpolation Formula. Suppose that f(x) is 
continuous and possesses a derivative of order (nm + 1) in the interval. 


Let fle) = yo + 2dy, + Ay +. Ay 
Goh, Aa a. Ae rr ldo « Mera), 


n! ‘ (n + 1)! 
Then f(r) = Yr (7 = 0 to n). If z be some other value in the interval, 
the above equation determines G(x) in terms of f(z), Yo, . « «5 Yn» Con- 


sider the following function of & 
H(E) =f(E) — yo — Ey. — “Yay, 


ee as ch lien MEH) 
Tee 
where z is not one of the values 0, 1, 2, .. ., ». 
HO) = 8) = HQ) =. = A(n) = A(z) = 0, 


and therefore by continued aeplcaiiie of Rolle’s Theorem, H+ (é) 
must vanish for some number @ in the interval. But 


H+0(&) = fm+1(z) — G(z) 


Therefore G(a) = f**'(6) 
or f(x) = yo + tAy + - ut 3 pre Ay, 


aa \1)....(@—n+1),, 
7 


ONC 


Ae —1) . v(e—) 44 ; 
tei (6), when z is not one of the 
numbers 0, 1, . . ., %; and the result is obviously true when z is equal 
to any of these numbers. Thus the error in taking the polynomial as 
the value of f(z) is R,. 

If f"**(6) " Apo, in the interval, it follows that the error is less 

(z — _(@—n) = (n-+1) 

than M™ * ze DI where M = max |f("*)(z)|. 

Example. The Sia oxy table gives the value of log,, N from N = 40 to N= 45. 
Find log 40-1, 40-2, . . ., 40: 

40 


Yot RK, 


where R, = 


41 42 43 44 45 
me N 1-60206 61278 62325 63347 64345 65321 
The differences are 
Ay 1072 1047 1022 998 976 


A*y — 25 — 25 — 24 — 22 
The third differences may be ignored. 


Using the formula f(x) = yp + t4yo + ae nd we find for =0-l, 
log,) 4:01 = -60206 -|- 00107 (2) + 00001 (1) = “q03T4. 
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Similarly by taking x = 0-2, 0-3, . . ., 0-9, we obtain 
N 40-1 40-2 40-3 


40-4 40:5 
log. 1-60314 60422 60530 60638 60745 
N 40:6 40:7 40-8 40:9 
log; 1-60852 60959 61066 61172 


The error due to taking the polynomial for ~ function is 4a(z — 1)(a — 2)f’”’(x) 
2x 4343 1:3 

where f(x) = log; (40 + x) so that |f’”(x)| = (0 +2)" < joe 

The greatest value of 2(z — 1)(x — 2) that occurs is 0-384 (when x = 0-4) and 
therefore the error throughout is < 9 x 10-7 and does not affect the result. 

The logarithm found above are all correct to five figures except those for 40-2, 
40-6 which are wrong by one unit in the last place. This is due to the fact that the 
given logarithms are correct only to 5 places and that there are consequent errors 
in the differences. 

Note. The interpolation formula may obviously be used in the reverse direction. 
Thus in the example above 

log 44-5 = 1-65321 + (0-5)(— 976) + 4(0-5)(— 0-5)(— 22) = 1-64836. 


5.85. The Approximate Area. If we integrate the interpolation 
formula 


fle) = yo + wy. + = Mary, + 
Rah ange GG: a(e—1). — ®) 6 n+) 
$e qaroaT SaaS baa qa a 
from 0 to m we obtain the corresponding area 
n? A%y, 
A= nyo + 5490+ (F— TAY + (Fan + wt) 
ws<\sdet int -. .\Aty, 
” y 7 ae sy 24 


4 for) i - 
Sea ces | Pisa i a 


(i) Let » = 1, and we find A = }(y, + y,) — 7 of ’’(4). 
If the interval is of length 4 (= 6 — a), an inspection of the dimen- 
sions shows that 


" it 
[ fledde = Sys +0) — EF") 


or [ fledde = 300 — a fla) + f0)) + B 


where R = — +)5(b — a)5f’’(8). 

This is the Trapezoidal Rule and may be used when the curve is nearly 
straight. 

If the interval is divided into » equal parts and the rule applied to 
each part, we obtain ' 


b — a)? 
j. f(a) = 5 Yop Yat Yatovs FYneat 3) ™ Coat"). 


APPROXIMATE INTEGRATION 165 
(ii) Let » = 3 and we find 
ah 3h SHS 4, 
f f(x)dz = 3 (Yo + 3y1 + 8y2 + Ys) — Prd (6). 


(6 — a) b= ay 
8 (yo + 3491 + 34a + Ys) — ~Eaae Sf" (0). 


This is known as the ‘ Three-Eighths’ Rule’. 


If we write (n + 1) for n in the interpolation formula and integrate 
from 0 to » we obtain 


= lia bas: dis 2 od 3 2\4°Yo 
A = nyo + 5ntdye + (50 in) ye + z” ne +n 7 


b 
Thus \ f(a)dz = 


Ds ee) ARS 2\4*yo 
+(5" +o" ie ax — 3n 7 

Lis — ons 35, 50,5 2\4*Y0 , 
+ (3 an* + 7M 5” + 12n I +...+R, 


ane fotengyen ; 2) ( ide 
where ee | sce \a—2)...(¢—n— , 

The ‘reason for taking the (n + 1)-formula is that, owing to sym- 
metry, the coefficient of A n+ly, is zero when n is even. For this coeffi- 
cient is 


wati,2-» ... («— nde 


tT +m 
= SET | St = 19 — 29)... (met 


where x = m-+ & and n = 2m. 
Also in this case 


ois i) lle yf 
Ry = Tat _ fe — mm — Det 1). « GP -- me 


and the integral on the right is 2 | ™eue2— 12)... (£2 — mid. 
0 
(iii) Let » = 2, then 


| fleite = 240+ 2dys + bye — dof 0) 
A ah 1 hs 
For an interval h, J f(x)dz = Yo + 4y, + ys) — — (6), 
0 90 


of fterte = 9 = iy0 + Ay + 90) ~ ay SO) 


This is Simpson’s Rule; and if we divide the whole interval into 2n 
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parts and apply Simpson’s Rule to each successive pair, we obtain 


+ Yon) + 4(yr + Ys + os! y + Yon-1) 
+ (yet yet. ~~ + Yon-2)} +R 


i Saye 
where R=— Bele (v9), 
(iv) Let » = 6 and then it will be found that 


- , 123 33 


9 
(vill) (9). 
where R= ia Lf (6) 


If we write at as 


3 As 
To (Us — 8Ys + Wy. — ys + 1y2 — bys + yo) — 5 a 


and substitute also for Ayo, . . ., A>yo, it may be verified that 

3 9 
A=; {Yo + Yo t+ Ya t+ Yo + 5 (ys. + Ys) + 6ys } — at" ait 700 
Now A*y, = f(6,) 


(since f(z) — yo —_adys—...— B21) + ot Many, 
vanishes at 0, 1,..., mn, and therefore its nth derivative, viz. 
[=a —-A dy must vanish at some point in the plliaee 


- A= =i 2F yet yet ye tyetBlys-+ys)+6ys \—- oh O- 5 a) 
ss Pas =A ot Yat Yet Yo+ BY + yo) + ys} + B 
where , 
ie == - i fm o-oo al ® fin(g) 


= — (2:55 x 10-8)(b — a)? f(6,) — (637 x 10-19)(b — a)® foriin(g) 


the coefficients being given to 3 significant figures. 
This is known as Weddle’s Rule, 


j +1 
Example. Find the area determined by V(4 — x*)dx. (The correct result 
-1 
being $7 + 1/3 = 382644591 , . .) 
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Rule Number of Ordinates Area Percentage Error 
sy 9-4 


Trapezoidal 2 3-464 . 
3 a) ae 2-4 
5 38025... 0-6 
7 38158... 03 
Simpson’s 3 38214... 0-13 
5 38260... 0-01 
7 38263... 0-003 
Three-Eighths 4 38241... 0-06 
7 38262... 0-005 
Weddle’s “| 3-826426 . . . 0-0005 


5.86. The Use of Legendre Polynomials. A question of theoretical 
interest arises when we consider the case of non-equidistant ordinates. 

Let the interval be — 1 <a <1 and let the m ordinates be y;, ¥2, 
. . « Y¥, corresponding to the n abscissae a,, dz, . . -» Gy Then a poly- 
nomial curve y = E,_,(x) of degree (n — 1) may be drawn through the 
n points (a,, y,). Let us therefore consider the problem of choosing a, 
so that the most general polynomial of degree m (> — 1) gives the 
same area as that given by y= E,_,. If this polynomial be denoted by 
F,,, there are (m — n+ 1) undetermined coefficients since the curve’ 
y = F,, must pass through (a,, y,) (r= 1 to n). Since there are 
numbers a, we can therefore assume that m—n+1l=n, ie. 
m =2n—1. We may therefore write 

Foy 1 = E,_1 + (& — a,)(@ — @)... (@— An) Gy —1- 

The area determined by y = F2,_1 is the same as that determined by 
y = E,_, for an arbitrary G,_, if 


i aie es. +. eo) 
1 


for all polynomials G,_;. 
If we denote (x —a,) . . . (we —a,) by - (so that there are n 


arbitrary constants in H,,), we have 

+1 
j Gr(@ — a)... (e—a,)dx 

ke = Gy_sHe-? — @,_HO- 4... + (— 1) 16 Han 
and this integral vanishes for all polynomials G,,.; if 


Hon, Hen’, - - +» HE-» vanish at x= + | 
i.e. H,, must be a multiple of (x? — 1)” and therefore @,, da, . - +) Gp; 
are the roots of the equation 
Sa —1)"=0 


which are obviously all real and distinct. 


: eo — 1)" is called the Legendre Poly- 


2".n! 


nomial of degree » and is usually denoted by P,(z). 


The function given by 


168 ADVANCED CALCULUS 


+1 
Example. Consider | V(4 — x*)da. 
-1 
(i) n=1; P(x) =a; one ordinate at x =0, y = 2. 
Polynomial is y= 2; A =4; Error 4:5 per cent. 
This has the same accuracy as any straight line through (0, 2). 
(ii) n=2; P(x) = 3a*— 4x; two ordinates; 2, =47/3, y, = V4; 
% = — $73, yg = V3. The polynomial is y= 3}; A = 24/1) = 3:8297; 
error 0-09 per cent. This has the same value as the area determined by any cubic 
; 3 ll 
polynomial through (4 %, ad 5): 
(iii) n =3; P,(x) =0 when z =0, + +/3. The three ordinates are /}//, 2, 
auf tf The polynomial is 2 — (2 ovat 


3 375 
20 10/17 
A =4- (5-4) = 3-82657 


error is 0-003 per cent, 

There is the same accuracy as that of a quintic through the points. 

(iv) n =4; P,(x) =0 when x = + 0-861136, + 0-339981; and the area will 
be found to be 3826450 (error 0-0001 per cent.). 

Owing to the fact that the roots of P,,(x) are not simple numbers, the use of the 
polynomial is not of practical value. 


5.9. Definite Integrals of Frequent Occurrence. 
(1) [| sin me sin nz de ~ ("cos me cos nz dz = 0 
where m, n in unequal positive intogiie 
[si max dx = |" cost mx dx = 4 (m being a positive integer). 


- : 1.8.5... .(2n—1)x 
2 2 an = 1s 2n eens ny 
@) [sn ue J 20s 0 de = gt nas 


ud ud 
pe OF 2.4.6... 2n 
# sin™+1 ¢ dz =|? cos*+1adz = — 
[sine “ JF 00s ee Se oh aba + 1) 
where » is a positive integer. 
(See § 5.34, Example; § 5.35, Example (i).) 


7. ! 
(3) f? sin™ 2.008 « dr = Santali CaS 
fi sin®™ +1 x cos" x der = cos" +g sin” a dar 
: . 2m ml 
(n+ 1 +3)... (0+ Im +1)’ 
m, n being positive integers, 
These may be established by Reduction Formula. 


ud 


Let J(m, n) = jt sin*” 7 008 ** x dx and suppose m > n. 
) 
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Te 
From the result (2m -+2n)J(m, n)= —(sin®”—1 x cos” +1 a)" +(2m—1)J(m—1, n) 


2m —1 
we deduce that J(m, n) = in ton” — 1, n) and therefore by repeated 
applications 
(2m — 1)(2m — 3)... 3.1 


Jim ™) = Sm + In\Qm + In — 2)... (Qn + 2) 


J(0, 2); 


13... (2n—1)2 
and JO, 9) = 9 OS 


From these the required result follows since J(m, n) = J(n, m). Similarly the 
other integrals may be determined. 
™ 


2 
Note. The integral f. sin? x cos’ a dx can be more concisely expressed in terms 


» Jo 
of Gamma Functions (see Chapter XII), and the expression so obtained is applicable 
to all real values of p, gq> — 1. 


. —ax aed —b2 gj —_ bed 
(4) Je cosbrda =[ ¢ sin a dx = Be 
i acto 1 n! 
\7 ‘ ~~ nti 


where a is positive in the first integral, b is positive in the second and ¢ 
in the third. 


Examples V(b) 
Evaluate the integrals given in Zxamples 1-27. 


Ze * ‘de 
i [sin 6 cos 9 ao 2. [sin 20 con 0a Pe becusak 


i } " oy te 
4. fi (4x + 12x + 14x + 8) 5. 20 — z\ide "6. \, ES 
Phooey, (Cam 
: aa . Sabin yi . oat+7) 
1 ‘a+ + x )dax 1 o raek... feel 
ot a 0 1+ 2%) , e+ Dv) 
1 
i af ir - ines ja. + a) sd {aa — «*)i dx 
el ai 
ae #(1 + @) si | pare canto (p > 9) 
= (a — bcos x)da oth ac 
17. [iz — Qab cos x + 6? 18. ees + pt (b> 0) 


2 — cosz 1 —2cosz 
| —# eins | 7 A oe | atl le Sassi 
19. Fe % gin’ x dx 20. » 5-40 7 21. 08 4 Phd 


te oy 
i on SOON YS 23. | sech ax dx 
0 0 


2sinz + cosxz+2 
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2 2 2 
2. *sin? x cos x dz 25. a® dx 
9 (8 + cos x)? 9 1 —2* + 2 
a? dx ~ xdz 
26 27. 
{ 45 {os 
m7 
2 


28. Prove that [/ stcin x)dx =x)\ f(sin x)dz. 
0 0 


* gsina 1 
‘ sae 
29. Deduce from Example 28 that \'s ae 7, a7 


in in 
30. Prove that J log sin x dx -| log cos dz = — 4 log 2. 
0 


0 
3 
31. Find [ fede ite = 23, (0<2<1); 1,(1<2<2); (x—3)%, (2<2<3). 
0 
Prove the results given in Examples 32-41. 


2 
32. j |e — 1|dx = 1. 
0 


33. [fora = (x — $)f(x) — 4 {f(x)}* where f(x) is the greatest integer < z. 
0 


‘ti 0 re 6)” 2 3 Samraaye™ where |e| <1 
si fa Ce re ae (a, b > 0) 
w [G8 a sh 


. dx 1 
38. i, (2 + cos ue cos x)? = 273 
1 
39. { 2r0ee x)" dx =(— 1)" esis (m being a positive integer and 
n> -—1) 


dx 
i" SS 2n—1 = "oat 
0 "a = ye = cosec a a cos « cos 2)"—1 dx 


41. f log (1 + « cos x)da = wlog {$ + $+/(1 — a)}, (|x| < 1) 


+1 & 
dx 
42. If “-| ace me (0<a<1, 0<6b<}), 


show that tanh $u,/ab = +/ab. 
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1 

dt log 2 
j ee Bi a bes and deduce that 
1 
4 
1 


43. Prove that ; 3y3 


lf 2x 
. Show that 5 catac nts nayac eet) 


t 
12 dt 2 t/2+.1\ 2 tV2 
45. Prove that hae +4 = log (mo rs ai +4 + are tan (5 —# 


Siesta: | 1 


1 
and deduce that ;-—7+y7-7et: =sals er 


46. By integrating the power series for Se show that when |z|< 1 
2 3 Warm E 1 Cal 
2 $/_ ])n-1 Pryyeuk y situ) Et 
(are tan 2) > 1D is (legtgte--+ 51 )is 
Prove the results given in Examples 47-54. 
1 1 1 an Vf3 
47. 1-5. “lig : ® = tg log (2 + V3) 
1 1 1 5 
48. 95-394 tda5~- °° 84a 
1 x a 5 1 al- =) tog ; os is 
49. Ta6+ 360+ 570+ ++: te ett lee 
a0. <2z< 1) 
1 z x £2 5 1 (1 + 2)? 
Pe ign 857.678 35°77 fas tet ty Boe. 
(0 <2< 1) 
Bee td z 
‘[36 357 679 tT 
1 1 1 ae | 
3 i556 6576579 °'*~ 8° 3 
1 3! 6! 2 nm 
53. 3 — 6] 91 = 3 log2 6V3 
ge gril Neh eel ae 
ae a S10" * ge" ee 
Discuss the convergence of the integrals given in Examples 55-63. 
c) 1 © 
55. | e-** dx 56. \ x?(1 — x)¢ dx 57. | e-%4—-1 dt 
0 0 0 
Cs) 1 ‘po 
a x? log x dx cosh bt 
58. j, e~a™ dx 59. i, a 60. j, i 
Lo] ao 
sinh bt sin ba dx 
| Se 62. fh aT 
a 
a1 + 2) 
63. > lta dz, (B, y > 0) 


Prove the results given in Examples 64-7. 


3 2 
64. | es dz = —3log3 


172 ADVANCED CALCULUS 


-e€ 2—e ina : 
65. sim {{’ +[o"4 |} Goa =f - 2 


66. . sint x dz lies between 1- 178 and 1-321 


or. | ie tele t and = 
o V(1 — 2°) 2 
68. say Lagrange’s polynomial for the (n + 1) points (a,, y,), (r = 0 to n) 
io) 2 BE — ONO Hy) ¢ « - (@ = Gra — Ort)» »» £{ — Gn) ‘ 
2G, — G)(4, — ay) . « « (a, — Gp—1)(@, — O41)». » (dp — Gy) 
69. Prove that the cubic doa (r; ¥,), (7 = 0 to 3), is given by 
by = — (x — Ile — 2a — 3)yy + 3a(x — 2)(x — B)y, — Belz — 1)(x — B)yg 
+ a(x — 1)(a — 2)y3. 
Find the polynomial of lowest degree for the points given in*Examples 70-1. 
70. (— 5, 1600), Ge 3, 228), ee 1, 0), (1, 4), (3, 96), (5, 900) 
71. (— 5, 1150), (— 3, 120), (— L, — 6), (1, 4), (3, 150), (5, 1200) 
72. The divided difference [x, %, . . . %,] is defined by means of the relations : 


[z=] = _ f(%) OD PO) ba fe at Ee ae [%_%3 --- Xp), 
1— % 
Prove ier 
(i) [4% . - py] 
=. fla) 
1 (%, — 2y)(%p — 2g)» « « (Xp — r—1)(t, — r+1) » » + (®y — Xp) 


(ii) The value of [2, 2, . . . 2%] is independent of the order of its arguments. 
a—1 
(iii) f(x) =f(ay) + z (% — a)(% — wy) . . . (w — %5)[t Xe. . . X41) + R, (2), 


where 


R,(z) = (@ — %)(% — %) . . . (4 — Hy) aH, . . . Ty). 
n—1 
(iv) [my %y... %] = £ = » where min x, <6 < max ,. 
i 


(v) B(x) = (@ — aa — 2). . . (u@ — x) 


73. Corresponding values of x, y are given na following table 
2 0 1 2 3 4 5 
y 30-00 121-67 249-43 419-25 637-11 909-00 
Deduce the value of y for z = 1-3 and x = 2:5. 
74. From the following values of sin x, calculate sin 30° 10’, sin 39° 40’. 


sin x |-50000 |-51504 |-52992 |-54464 |-55919 (B70Ks |'58779 ‘egg (61566 62932 |-64279 


Also find an upper limit to the error for the first interval due to the polynomial 
approximation. 


b 
b-—a 
75. Prove that| f(x)dx = po (Yo + Ya) + 32(y1 + ys) + 12 ys) + 
a 


Ce te °i)(6) for 5 equidistant ordinates, where y, = f(a), y, =/(b). 


EXAMPLES V(z) 173 


6. Show that 
“b 


J (x)da = $(b — a){(0-14)(yo + ye) + (0-81)(y, + ys) + (1-10)y3} + RB 


where in = (4.6) x 10-* (b — a)? f(r) (6,) — (6.4) (b — a)? fit) (8) x 10 -19, 

pe numerical coefficients in R being approximate, me where y, = f(a + rh), 
= (b —a)/6. (This is G. F. Hardy's Rule.) 
77. Show aed 


-3 S(x)dx = Sve + yan) + 3(¥, + Yo + Ye + Ys +. + -Yan—1) 


; : ; + 2(ys +¥e +--+ +ysn—s)} 
approximately, the ordinates being equidistant. 
78. Show that Simpson’s rule may be obtained by eliminating the error term 
between the Te; formulz corresponding to the sub-intervals h and 2h. 


’ 


79. Calculate [x by (i) the trapezoidal rule (ii) Simpson’s rule, using 


x? + 100 
in each case 11 ordinates at intervals of 1 unit: 


6 
24da 
80. Calculate } x? +. 36 by (i) the trapezoidal rule (ii) Simpson’s rule, (iii) the 
0 
three-eighths rule, (iv) Weddle’s rule, (v) G. F. Hardy’s rule (Hzample 76), using in 
each case 7 ordinates at intervals of 1 unit. 


81. (i) Prove that i. Tia differs from \. I; a by less than $ x 10-8, 


2 
(ii) Calculate j, i a oa by Simpson’s rule, taking 11 ordinates. 


10 
(iii) Calculate j, i ita pe by Simpson’s rule, taking 9 ordinates. 


oO 
(iv) Find the approximate value of hy greet 


82. (i) Calculate Jer dx with 11 ordinates. 
0 


3 
(ii) Calculate J e~** dx with 3 ordinates, 
2 


using Simpson’s rule in each case. 
3] 
(iii) Deduce the approximate value of | e-@* dx. 
0 
83. The semi-ordinates of the deck plan of a ship in feet are respectively 1-25, 
5-75, 10-75, 14-00, 15-50, 15-00, 13-25, 10-00, 3-50, and they are 16 feet apart. Find 
the approximate area of the plan in square y 
84. The areas of the horizontal sections of a vessel floating in salt water at 
intervals of 1} ft. are 2,100, 2,080, 1,630, 1,260 and 320 sq. ft., the first referring to 
the water line section and the others being lower. Taking the weight of salt water 
as 64 Ib. per cubic ft., find the displacement of the vessel in tons. 
85. A curve is given between x = — 1 and x = + 1 and it is required to choose 
n intermediate ordinates at x, %, .. -, %, such that the area determined by the 


2 . 
polynomial curve through (z,, y,) is equal to ay + Yo+.-+++Y,). Show that 
a 
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the n values x,,2,,. . . 2, are the zeros of the polynomial 7',(%) which is asymptotic 
to the function 

(w+ Ujett1 yr 

(% — 1)?—1"e? 
In particular, show that (i) 7, = x? — 4, with zeros + 0-5773. 

(ii) 75 = 2(x* — 3), with zeros 0, +0-7071. (iii) 7, = xt — $22 + Jy, with 

zeros + 0-1876, + 0-7947. (iv) 7; = 2(2* — §2* + ~4), with zeros 0, + 0-3745, 
+ 0-8325. (T'schebyscheff’s method.) 


Solutions. 
1. = x = 3i-/8 4. qev2 = 4/8 <1} 5. ware 
6. ae 3 8. a 9. ~ 10. = 
11. (2 log 2 + —= a 12. V2 aro cos (3) 13. Sain 14. a 
15. * 16. 5 17. =, (|a| > |0|); 0, (Ja| < |b) 
18. jaro tan fosare oal 9 a + e-7) 20. > 
21. 0 22. 2 + log2 3. = (a> 0) 24, 7(24 — 172) 
25. 5 26. ay? 27. ios 


ud 


30. I -a(* flog sin x + log cos x}dx =a flog sin 2x + log 3}dz 
° 0 0 


ta} + 
31. $ 34. See Example 28. ‘36. Let ax = b tan. 
37. Take (2 + cos z)(2 — cosy) = 3, so that (2 + cos z)siny = +/3sinz and 
dy (2 — cosy) sinz 
dz ~ (2 + cosa)siny” 
38. Use Example 37. 
40. Take (1 + cos «cos x)(1 — cosa cos y) = sin? a. 


Pe re * cos x dx (i 1 ) 
- Integrate ) it acee a\ yV(l—aij/ 
1 
: t dt dt 
44. Find pm = 47. Find [ es is 


48. Integrate the integral of log (1 + #). 
49, 50. Integrate the series Eu — 1ytargan = C ot with: veapect:'to:# the 


justification of this process being a eke extension ag that given for a power series. 
(1 — t)? (1-4) 

Tt!" t i 

55. Convergent; take z= /u and see Hxample 57. 

56. Convergent when p, g.> — 1. 57. Convergent when a > 0. 

58. Take x” =u; convergent if m> 0. 59. Convergent for p> — 1. 
60, 61. Convergent for |b| < |a|. 62. Convergent for a > 0. 


53. Integrate 
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63. Convergent for y—BoO>a+1>0. 66. in <I <}n-} 
70. 2at — 323 + 5a 71. at — 3a? + 5a 

72. See Milne-Thomson, Finite Differences, I. 

73. 155-94, 328-71 74. 0-50252, 0-63832, error < 4 x 10-7. 


76. Eliminate y,, y, from the Area-formula for m= 6 by means of the relation 
A*y, = Ye — bys + l5yy — Wys + dy, — By, + Yo: 

79. (i) 0-784983, (ii) 0785398 

80. (i) 3-1369631, (ii) 3-1415918, (iii) 3-1415834, (iv) 3-1415984, (v) 3-1415212 

81. (i) The difference is < i. < =5 x 10-8, (ii) 1-07, (iii) 0-04, (iv) 1-11 (the 

10 

correct value being $74/2 = 1-1107 approx.). 

82. (i) 0-882. (ii) 0-004. (iii) 0-89 (the correct value being 44/2 = 0-886 
approx.). 

83. 311-4 84, 272 

85. The equations to be satisfied by z,, are s, = ${1 + (— 1)"}/(n + 1), 

n 


where 8, = Xp". The required result may be proved by using the fact that 


f(a) /f(2) ns ae +2 s8,,/a™+1, when 2 is large and f(z) = I (x — 2). 


CHAPTER VI 


JACOBIANS. IMPLICIT FUNCTION THEOREM. 
TRANSFORMATIONS. 


6. Jacobians. If y,, y2, ..., y, are functions of n variables ,, 
Za, . + +» Lp, possessing partial derivatives, the determinant 


Oy Bug pane 
Of, Os OLy, 
OY, Ys . OYe 


Bie) 8) @ Le 6 Or (es ae 


Yn Ym | Yn 
Oz, Of, Oa, | | 
is called a Jacobian and is often written HY Yor» - +» Yn) Yn), 
Ce eee | 
Note. The functions y, may of course be functions of other variables in addition 
tO %y, Lay + +> Ln- 
6.01. A Characteristic Property of a Jacobian. Let the variables x, 
be expressed as functions of m other variables z, so that 
Dp De tSis Ses, oseal 
where z, on the right is a functional symbol. 


t=n 
Then 0 rs OY Ot 1 to n, = 1 ton) 


where on the left, y,. is expressed as a function of z,, 2, . . ., Z,-  There- 
fore Ayr, Yo, Ses Yn} Ay, Ya, sis Yn) -(%,, Le, - + +» En) 
a eee | Ax, Be,» + 4 Uy) Gey Bee 2 ee 


by the rule for the multiplication of determinants. 


Note. This relation may be regarded as an analogue for ‘ functions of functions ’ 
of the simple result = = ay = for ‘function of a function’. 

Example. If F, @ are functions of x, y and x, y are changed to polar coordinates _ 
by the transformation z=rcos#, y=rsin@, then a, 9) =r and therefore 


a(r, 0) 
aF,@) 10(F,G@) 
az,y) 7 ar,0)* 
6.1. The General Implicit Function Theorem. In Chapter II, 
we have shown that under certain conditions the relation f(z, y) = 0 
176 


. 
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will determine a unique function y of x taking the value b when zg = a 


(if f(a, 6) = 0). In particular, if f, #0 at (a, b), where f(z, y) is con- 
tinuous and possesses first partial ae the function y exists and 


possesses a derivative given by f, + a = 0. By a similar proof it is 


easily shown that under analogous conditions, the relation 
SY, 1; a...» Lp) =O (when f(b, a1, a3, . . . @,) = 0) 
determines a function y(%,, %, . . . Zp») if f, AO at (b, a,, dz, . . . Gp). 
Also the derivatives of y are given by the » equations. 
nit + fr, =9 (r= 1 to n). 
By the method of induction we can generalize this result to obtain 
the General Implicit Function Theorem. 


If f.(Yis Yar +» +> Ym» Ts Lay ++ +» Zp) (7 =1 to m) are continuous 
functions possessing Ws derivatives and if 
_ afi, Sr, vine (fed 0, 
~ AY, Ya, - + +3 Ym) 
the equations f, = 0 determine in the neighbourhood of 
(b,, By, . . .; Vins Gi, Ges <. <, By) (where f,(05 6". 3) Og a7! - .5°6y) = 0) 


a unique set of functions y,. 

Assume the theorem to be true for (m — 1) equations connecting 
(m — 1) functions y, the theorem having been proved for m= 1. The 
expansion of J in terms of its first row gives 


ier Bigs. + Bee 


Oy, ¥ by, an. 
- fs, fas 154 wil ) 
mprere O ~ Tip ape a is 
( Ay, ek | Yr—1> Yr+1> o 8 Ym) 
Since J 0, one at least of the terms hs, does not vanish and the 


a is a term 
3 


order of the equations can be taken in such a way that ao 1 


that does not vanish. It follows therefore that on ~0 and J, <0. 
1 


Since if >£0, we can from the relation 
1 
Aly © ..09 Yms Tees Ln) =f, 
determine y, as a function of f,, Y2, Ys - + +» Ym» Ty + + +» % Which 


reduces to b, when f, = 0, y2 = bs, - - «5 Ym = Om, = 4. 

When this function is substituted in f,(y., .-, Ym, Ty + +» Lp) 
(r = 2 to m), the latter become functions of f,, y2, - -, Yms Ti» + +» Ln 
which we may denote by F,, F;, . ., F,,. We have thus changed the 
WATAUIGN” 9.5 Yas o> Pas By Sa) o 5. DO Fan yas SG By a 
and the m functions f,, f2, . ., fm are changed to fi, F:, . ., Fy. 
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Now 
A ii als af, Sis . Sm) _ af, F;, F;, tes Pads! Fm) Uf Yo, Ys, bea Me a Ym) 
Ay; Yo; =e: ey Ym) af, Ye, Y3, © See Ym) 7] Oa Yo, Ys; ore ee Ym) 
_ (Ps, Fs. - 4 Fm) OH: 
A(Y2; Ys, ae SL | Ym) Oy, 
But J ~0 and a 0; therefore APs, Fa,» - -» Fm) 0. 
OY, AY2, Ys, + + Ym) 

The theorem being assumed true for m — 1 variables y, we can deter- 
mine Y2, Ys, +--+ Ym from F,= F,;=...=F,, = 0 as functions of 
©, Zz, . . -, Lm (f, being zero); and the substitution in the expression 
for y, as a function of (f,, Yo, . . -; Ym; Ti, » » +» Zp) determines y, as 
a function of (z,, z,, . .., Z,). Since the theorem is true for m = 1, 


it is generally true. 
Notes. (i) The condition J 0 is not a necessary condition. 
Example. Alu v, 2, y) =au8 — v5 — 2? — 42 = 0, 
SoU, v, %, y) Syus — v8 —y* — 4y = 0. 

Whenz ~y,u® =x%+y+4,v5 = zy; and nearx = — 1,y = — 3 (for example) 
these equations determine the functions w = (x + y + 4)%, v = (ay)? which are 
continuous and tend to the values 0, 3! respectively when z—> — 1, y—> — 3. 
But J = — 15(z — y)u*v* which is zero when x = — 1, y = — 3. 


6.11. The Derivatives of Implicit Functions. If 
FAG Yas? boy Yur) Cas Ea. Wak = OU'= Ito mM); 
the derivatives, when they exist, are obtained by solving the equations 
F-2us  FAn 4 Ae Wm A _ 9 t= 1 tom 
Oy, Ox, OY, OX, OY rn Oly Oe s=lton 
Example. If u, v, w are given by the equations 
S(u, 0, w,2,y) = 0; (u,v, w, x,y) = 0; y(u,v,w, x,y) = 0 


find expressions for their first derivatives. 
Taking the differentials of the functions, we have 


Sudu + fd + fylw + fadu + fydy = 0; budu + $,dv + dydw + dadx + pydy=0; 
pudu + pydv + pydw + pdx + pydy = 0. 


If then ee 540, we deduce that 
af, $v) as, ¢. v) Adv). 
Au, v, po + A(x, v, w) de ay, v, w) oda 
with similar results for dv, dw. 
af, d, p) af, ¢, y) 


Ou O(x,v,w) dw Oy, v, w) 

a. de ~ Oh dy)’ vu ~ Ady) 

Au, v, w) Ou, v, w) 
with similar results for vg, vy, Wg, Wy. 

6.2. The Vanishing Jacobian. In this paragraph we shall con- 
sider the case when J = 0 identically. Since for the moment we are not 
concerned with the occurrence of the variables 2,, 2, . . . Z, we shall 
omit them from the functional expressions. 
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For simplicity of exposition let us take the case of four functions 
S@, Ys % UW), $(@, Y, 2, U), YW Y % U), x(a, Y, 2 U) where 

ad me af, Y x) 

A(x, Y, 2, U) 

(i) Suppose that the first minors of J do not all vanish identically ; 


= 0 identically. 


without loss of generality we may then assume that ee #0. 
Consider the relations ay 
b = $(2, ¥, 2, u), p= W(X, Y, 2, u), % = X(2, Y, % U) i 
where ¢, y, x are functional symbols on the right and dependent variables 
on the left. Since Sn #0, we can, by §6.10, express y, z, u 
as functions of 2, ¢, y, te When these are substituted in f(z, y, z, u) 
the latter becomes a function of z, ¢, y, x, which for clearness we 
may denote by F(x, ¢, y, x). We have thus changed the independent 
variables from a, y, z, u to x, d, y, x obtaining the functions F(z, d, Y; X)s 
¢, y, x. Then 
0 — Uh ov x) _ UF, d Y, x) Ae, $ Y %) _ p Abs v 2) 
Ax, y, 2, u) Ax, d, y, x) Aa, Yy, 2, u) “Aly, Zz, u) 
ag, Y x) 
Aly, 2, u) 


Therefore F,, = 0 since #0, ie. F does not contain x or 


f =F, », x). 
Thus if J = 0 but not all its first minors, there is a functional rela- 
tion connecting f(x, y, z, u), O(a, y, z, u), W(z, ¥, Zz, U), x(x, Y, 2, u). 
(ii) Suppose that J and all its first minors vanish but not all its second 
minors. Without loss of generality we may assume then that 


ay, x) 
A(z, u) ae 
From the relations yp = (2, y, z, u), x = x(a, y, z, u) we can then 
determine z, u as functions of z, y, y, x and when these functions are 
substituted in f(x, y, z, u), (x, y, z, u) the latter become functions of 
x, y, y, % which may be denoted by F(z, y, y, x), G(z, y, y, x). The 
independent variables have thus been changed from 2, y, z, u to 2, y, Y, Y. 


af, vx) _ AF, y, x) Aa, yp, x) ay, x) 
,— i I e = F . 

ee RT a) he 0, 3) Bas) 8 wy 
ie. F, = 0 since ee ~0. Similarly by considering other vanishing 
first minors, we may prove that F,=0,G,=0,G,=0. Thus 
f = Fly, x), ¢ = Gy, x) or two functional relations exist among the four 
functions. 

(iii) If finally J and all its first and second minors vanish but not 
all its third minors (in this case the sixteen first derivatives), we may 
assume that 7,0. Then from the relation ¥ = (2, y, z, u) we can 


determine uw as a function of z, y, z, x and when this is substituted 
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in f(x, y, z u), O(a, y, 2, u), x(z, y, 2%, u) the latter become functions 
F(z, y, z x), Hx, y, 2, x), H(z, y, z, x). The dependent variables 
have thus been changed to 2, y, 2, x. 


_ Hf, x) _ OF, x) Ae, %) _ mn 
But 0 = inawlis ie,ce) Oem aaah F,4%, 90 that F, = 0. 


Similarly F, = 0, F, = 0, G, = 0, G, = 0, G, = 0, H, = 0, H, = 9, 
H, = 0; 
or f= F(x), $ = Gy), v = A(x) 
i.e. three functional relations exist among the four functions. 


Notes. (i) By generalizing the above proof, we deduce that if the Jacobian of 
m functions of m variables vanishes identically and also all its minors up to and 
including those of order s, there are (s + 1) relations connecting the functions. 

(ii) When J = 0 identically, the functional relation that exists need not contain 
all the functions f,, even when all the first minors do not vanish. For example, 
if all the first minors of the elements oh ah cites oh vanish, J = 0 and there is a 

Oy,” OYs Om 
relation connecting f, 3, -- +» Sm: 

(iii) If f;(yys Yor « + +» Yn) (7 = 1 to m) are m functions of n variables, then for a 
functional relation to exist among them it is necessary that all the Jacobians of 
the mth order obtained by taking the m functions f, and the n variables ys, m at a 
time should vanish. 

(iv) The condition J = 0 has been proved sufficient for the existence of a func- 


tional relationship. It is also a necessary condition. For if F(f,, fx» + +» Sm) = 
we can form the m equations 
OF af, | OF of, OF fm 


af, az, aC, 5 iki 2s 
in which the derivatives a are not all zero, Therefore the determinant of the 
s 


coefticients of od must vanish, i.e. J = 0. 


$s 
(v) In the general implicit function theorem for f,(y1,- - +» Ym» T+ + +» %) = 9 


OA Fes: Fan) 
AYs> Yar + + +> Ym) 
inconsistent (except possibly for particular values of x1, 2,. . . %,) or are redundant 
(see Note (iii) above). In any case they cannot determine all the functions y, in 
terms Of 2, %, ».- «5 Ty> 


Example. Let f= 23 + y? + 2+ 48, 6 =22?+ y2?+22+ 4%, 
prety tet4u, x = yeu + zu + uy + ryz. 


(r = 1 to m), when vanishes identically, the equations /, = 0 are 


3x2 By? 322 3u2 
Then #2 2%) _ Qa 2y 22 2u 
O(a, y, Z, U) 1 1 1 1 


zutuy tye ue+az+2u syt+yu+ur ye+er+ oy 

Since this vanishes for z = y,% =z,%@ =U, y =2, y = U, 2 = u and is only of the 
fifth degree, it must vanish identically. 

Then 

e+y3+28+4+u8=F(x?+y2+2%+u2, ety t+e+u, yeut+zuy+uay+aryz). 

Let wu =0, then 2? + y? + 28 = F(x? + y? + 22, +4 +2, xyz). 

But 2? + y® + 28 — Bayz = (x + y + 2){R(2* + y? + 27) -— He ty +2) %} 
i.e. Sf = 3y + yd — dy’). 
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6.3. Identical Relations. Suppose that (m+n) variables 2, 
L2,. + +) min are connected by m relations 
$(a; Te, + + + Tmn+n) = 0 (r a 1 to m). 
These equations, in general, will determiné m of the variables as 
functions of the remaining n; and if none c: the Jacobians determined 
by the bordered determinant 


ap, Od, Cn 
Ong Oxy eS Gag 
Gig? Mbyte OB 
Ox, OX, OLp, 
hm Om Ohm 
a 


vanishes, the choice of the m dependent variables may be made in 
(m + n)! 
mn! 
of any other choice. In each selection there are mn first derivatives 
aa ee DI first derivatives in all. The 
derivatives for any one selection may in general be expressed in terms 
of the derivatives of any other selection. There are therefore 
(m + n)! — mln! 
(m — 1)!(n — 1)! 
relations connecting the first derivatives. They are called Identical 
Relations, since they are independent of the given functions ¢,. 
Hxample. Let there be 5 relations connecting 8 variables. Then there are 


56 ways of choosing the dependent variables. The total number of‘ first derivatives 
is 840 and the number of identical relations connecting these first derivatives is 825. 


6.31, Method of determining Identical Relations. Suppose that there 
are p relations connecting nm variables 2, %, .. ., %, and let z,, 2,, 
x), . . . be a particular choice of » dependent variables (n > p). Form 
the differentials 
da, = A,dx,+A,dz,+...; da, = B,da, + Bida,+...; 

da=C,da,+...3. 
where dx,, dx,, da, are omitted from the right-hand sides. 
e. OL, 0x, 
Then a aa ate ae a es aR 
where 2,, “,, 2... are expressed in terms of the others. 

To obtain the corresponding equations for any other selection solve 
the above system for the appropriate set of differentials. Thus if a new 
set were Z,, 2, “,, . . . we should obtain, on solving 
dx, = a, dx, + «,dx, +. ..> de, = Bde, + B.da+...; 

; daz, cai g. OG iw 2 


ways; and any one choice may be regarded as a transformation 


and therefore there are 
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where now dz,, dx,, dx,, . . . are omitted on the right and where a, 


Ses - + «> Be Bay. . . OtC fanctibns of a, deidi., By Bs, 2 « TAlso 
Oy tm Ot _ 0a, 

ae 2 = 3 eyes ioe Sovak where %,; 2, %%5.. 
are expressed in terms of the others. 

If then, for example, «, = F(A,, A,, ..., B,, B,, . . .), an identical 
relation would be 

= sae Be,’ uP Benen oD 
It should be noted, however, that the symbol - is, in general, 


ambiguous and that it may be necessary to indicate the particular selec- 
tion to which it belongs. 

The above method will determine the derivatives for one selection 
in terms of any other selection ; but we can use the properties of Jaco- 
bians to determine symmetrical identities, although it does not appear 
obvious how to obtain the correct number of independent symmetrical 
identities. 

For example, suppose that there are 6 variables x,, 12, Ys, 1%, Vs, Ts 
connected by three relations. 

There are °C, = 20 selections, 180 derivatives and 171 identities. The 
following examples illustrate how these identities may be obtained. 


. O(a, Ve; Lg) O(a, Lz, L,) 
i) From = Desa 
) O(X1, La, Ly) O(%4, Le, Ls) 


Jacobian indicates the independent variables, we find 


2). (= 
Ox, 2, Ox; Xy Ze 


where the suffixes indicate the variables kept constant. 


= 1 where the denominator in a 


O(%1, Xe, #5) Oz, X4, Ls) 
O(a, Vs, Zs) A(x, Le, Lz) 


[aes alle), 


O(1, Lay Ly) O(%2, Ly, Ly) Oy, Ts, Ly) OMe, Ly, Lp) _ 


= 1 we find 


(ii) From 


iii) From : —— a) 
way O(a, Za; X) 7] La, Ly) O(Ng, Ly, Lq) O(2y, Le, Lz) 
we obtain 
FSU oa allt Riga 
OX, X_ Ty 02x, Ee Ox, yt Ox; 22, d 
(iv) From 2%» a, 22) Ota, Mu %s) Os, % %) _ 1 we obtain 


(2s, 4,’ Ls) O(25, De, %) O23, Lp, Zs) 


ees) ees ees 
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6.32. The Inverse Relations. Suppose that there are m functions 
Uy, Us, . +», Um Of the m variables” xj, 2; .« ., %m,.. There are 
(2m!) /(m!)? ways in which m of the variables (u,, z,) can be expressed 
in terms of the remaining m. One of special importance consists in 
expressing 2,, %,..., %m as functions of 4, W,,... Um; and the 
functions obtained thereby may be called the inverse of the given 
functions. 


Au, Usa,» + oy Ub ) 

Denote 1 “m! by J(+#0); then 

Aa, Tass Sa See) y J ) 
O(uU;, Us,» eee Um) Os, Ze, oe ° +» Um) _ Ath, Use, Sr eee Mn) =], 
Bey Ze, - » «> Vg MMe, Bs, - > 5 Um) O(GAj, Uhaj iss +5 Um) 


Note. This is the analogue of the result ne = 1 for a function of one vari- 


able and its inverse. 


Again Au; Ua, + + +) Up—1, Us, Ur+4s Stuntices Um) Our; Ue, Sn td Um) 
they aici AES isinaye a ath geentelts stile l Garis +11 %,) 
Lae Au, + + +3 Up_1y Ze, Urtiss + ” Um) 
Olde, Gigviios a airs sisi neyal 5 snag 5 Cae) 
wh Bite du, . 
ie. J.—* = A,, where A,, is the co-factor of — in J. 
Ou, Ox, 


Examples. (i) Let u, v, w be functions of z, y, z, so that 2, y, z may be expressed 
in terms of u, v, w. 
If Bee Au, v, w) 19 Ax, Y, 2) 


Oz,y,z)’? “+ Au, v, w), 


then JJ, = 1. 


av, w) 
Oy, z) 
and 8 similar relations giving y,, 2,, %y,, etc. These are, of course, equivalent to 


He = and 8 similar relations. It should be noted also that the 9 relations 


are given by equations of the type 
Lytle + Ly_g + TyWy, = 1; Ayly + Lyvy + Tywy = 0, etc. 
(ii) Tf uy, Ug, - - +» Um are given by the set of equations 
GAUys Ugy - - +> Um Us Vqo - + +» Tm) = 0 (r = 1 to m) 
O(Uy, Uys + + +» Um) 


fled en exprewion tor 5 es Be)” 


The nine relations connecting the 18 first derivatives are given by Jx, = 


Jig = 


du, 
The equations giving the m? derivatives oh are 
3 


pa ae a, 


t 4 ts Or © Gy ~ 


=0 (r=1 to m, s = 1 to m) 
and therefore 


Abr» Por + + +» bmn) Atay Way » + +» Um) 


itis Was. a. oy Shae), O1E) Wes, © 6 hy Sm) 


dr» bar > + +» bm) 
Oayy Bgy sf ay Zp)” 


=(-1)" 


Note. This is the analogue of the result fats +f, =0 for a function y given 
by f(x,y) = 9. 
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(iii) TE wy =e +a tagt ey Ug =e t+eet ey, UUs = 2, + ty 


i — Ati» Z» Tey Xe) 
Mitatete ene 4 oy Au, Ug, U3, U4)" 


Here 1 0 0 0 de pyle 
Us Uy 0 0 mir eye is 
Ugls UUs UyUy 0 = 0011 
Ugl slg UjUglg UyUgls UyUsUy 0001 
ie J = Uy >uUs2u 5. 
(iv) If uz? + vty? + 2a%(us + v3) = 0,5 
and Uda? + vy? 4 247/28 + y3) = ¢,5 
Au, v) 
find J = 3 
Oz, y) 
Here | 2ux* + 6a2u? — 2vy® + 6a%v? x Su2x2 Svty2 | 
3u2x? 3v7y? =| Qubz + 6a%x® vty + Baty? 
ie aoa urv%ay(vz — uy) + 3a%x*y%(u? — v2) 


uoxty*(vx — uy) + 3a2u2v%(y? — x2)" 
6.33. A Functional Relation connecting n Variables x,, x, .. ., %,. 
The dependent variable may be chosen in n ways, the number of deriva- 


tives is m* — n and the number of relations is (n — 1). The symbol = 


is not ambiguous. The functional relation leads to 
A, dz, +. A,dx,+ ov do% + A, da, ==) 


ee 
so that apie 
Suppose for example that » = 4, then 
abi, <= Ashe, 1. Biko: 4 Oe, event ae z > og Fd ss § de 
Py Ox, Oar Om Oz, io Ox, ,, O4, 0a, , Om, ai 


Qx,Ox, ” Oxy Oxy Or,’ ay Oa, Airy 
equations that connect the 3 derivatives of one selection with the 3 


derivatives of another. The 9 identities that may be obtained in this 
way may be written symmetrically : 


Oli) = G)G)= @G)= G)G)=» 


r 0x, 

where ({) denotes = 

These symmetrical results may also be obtained by using the appro- 
priate Jacobians. 
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Thus if we denote Ams Ens Xp) b (FF P ) we obviously have 


O(%,, Ze, Ts) t 
(asa) Ae ined” Aa) ge 
and other similar results; so that 
(i) ale a at Jess "to ( f )=1 &e. 
 (a5a)(s1a)(azg) — 1 ())G)=—2 
wn i (123)288)282)(022) gs (VCYQ)(E) a. 


6.34, (n — 1) Functional Relations connecting n Variables 2, %, . ., Xp- 
The independent variables may be chosen in m ways; there are 
n? —n first derivatives and (n — 1)? identities; and the symbol 


a = 6 may be used without ambiguity. 
If one selection is indicated by 
Ly = Be(%1); Ve = %s(Z1); -- +3 Ta = Zp(Z), we have 
da, = Aydt: dx, = A,; da; ; ve ey dz, = An da, so that for 
another 
ive : et Aghigin . » Ag 
ot a Pale i a ae a ; dz, 7 ae * diy 


= ()C)- O)-O--= C=C) 


Thus if there were 4 variables, the 9 results could be written symmetri- 
cally 


OG)» OG)-" OO=" Oe)-» 
(ils) =1* QC) = 
(2)(s)(x) = (s)la)le) = 

(2))(_)(y) 


These of course follow immediately from the formule for functions 
; dx,dx, ,, dx, dx, dx, 
of one variable such as ie. =]; Pig 32 ay ; &e. 
6.35. Four Variables x, 22, %, Z, connected by Two Relations. The 
independent variables may be chosen in 6 ways giving 24 derivatives 


and 20 identities. The symbol se is now ambiguous since for example 
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t may mean either oe | Sa £3) Or ea x,). Weshall therefore denote 
2 OX, Or, 


0x, 02, ny) fet 
an, a,) by the symbol (=). or ca = in i 


If, for example, z,, 7, are the independent variables, we may write 
dz, = Adz, + Bdxy,; dz, = Cdz, + Ddx, 
and the derivatives for any of the other 5 selections may be expressed 
in terms of A, B, C, D. 
Thus dz, = fd ei : OY hate adr — Fda, go that 4 of 
the 20 identities are 


(0.-@. C.0).--63 @.0.-" 
(.--@) 


From these and the remaining 16 relations obtained similarly it is 
easy to establish the following symmetrical results. 


(a) (3) (;) = 1 and 11 similar results. 
3 3 


1 


Eh (2A FEN alli 

(b) (3). (aah = — 1 and 3 similar results. 
1\ /2\ (3 a 

(c) (2).(3),( a} = 1 and 3 similar results. 


12\/34 eye 
(d) (j mt >) = 1 and 2 similar results. 


These may also be proved by the use of appropriate Jacobians. 


rt) (03) =1 om (YG) = 
0 (VGH) -1 orm) (0) 
© (aa)(sa)ra) =? # (2)(5),(), = 


These 23 symmetrical results are not independent. Thus one in. (c) can 
be deduced from (a), (b) and the remainder in (c). If (a), (b), (c) are . 
satisfied, two of the results in (d) are not independent of the third. 


6.36. Application to a Function of Two Variables. Let z be a function 
of (x, y) possessing first and second derivatives p(= z,), q (= 2), 
1 (= Zz), 8(= Z,y), t(=2,,); then p, g, x, y are 4 variables connected 
by two relations. 

Also dp = rdx + sdy; dq = sdz + t dy, the derivatives p,, g, in this 
example being equal. When any other selection of two independent 


IDENTICAL RELATIONS 187 


variables is made, the new derivatives can be expressed in terms of 
r, 8, t. 


Thus since dz = — say + = ag; dp = — 


~~), -i 


The most important relations are, however, those that correspond 
op q 
to {—} =—=s= 
7) ai (=), 
Thus since (5) = we 4) ait. (7) 3 tes. 
2y/q s \eq/y 8 \e 8 
ap\ _?r 
OG J af wit 


a = 1. Similarly the other relations can be found 


and therefore the required results are 


°@,-@, ©@),-@) ©@,--@, 


0 (8) ==) oR oa 


ade ania +- “ dg we have 


it follows that 


oy ay” 
The quickest method, however, of establishing (i)-(iv) is to note that 
since (i) dz = pdx +- qdy, then 
(ii) (pa + gy — 2) = dp + yg; (iii) d(qy — 2) = — pdx + ydq; 
(iv) d(pa — z) = — qdy + xdp 
and if we write z= px + gy — 2, % = qy — %, 2%, = px — z, we have 


(ii) 2 = (F) 5 y= (®). vue wae (Z) : sii (3); 


from which the required results follow. 


6.37. The Thermodynamic Case. In Thermodynamics the following 

differential relation occurs 
dE = 0d¢ — pdv 

where p is the pressure, v the volume, 6 the temperature and ¢ the entropy 
of a gas. The entropy is defined by the relation dQ = 0d¢ where dQ is 
the heat supplied at temperature 6. When a volume of gas increases 
by dv at pressure p, the work done (dW) by the gas is pdv. Thus dE 
is the increase in internal energy due to an increase of entropy dd and 
an increase in volume dv. 
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If therefore EF is assumed to be a differentiable function of two of 
the variables (say v, ¢), dE the differential is given by 


oE o£ 
E = — roe 
d. a6 dd +- = dw 
so that we may take 


‘Sd Sc coalaa 


and p, v, 6, ¢ are 4 variables connected by 2 relations, the relationship 
being of the type considered in the previous paragraph. There are 
therefore 6 relations of the type (i)-(vi). Thus 


0(®)-- (Cis) 


Taking y = E — $6 we have dy = — ¢d0 — pdv and therefore 


0%) -QC 3) 


Similarly if é = pv + FE, I = pv — 64 + E we obtain 
0G) @)(-2) 
© (5), ~ (9). apa 


These relations are sometimes called the Four Thermodynamic Rela- 
tions, and the functions E, y, &, I Thermodynamic Potentials. 


The other two relations are rig proved to be 
Ap, v) _ (9, p) _ 


a0, 4) ap, v) , 
Physical interpretations may be given to some of the partial deriva- 


tives. For example 


(35) is the specific heat at constant volume (C,). 


(35) is the specific heat at constant pressure (C,). 
Pp 


} (5) is the coefficient of cubical expansion at constant pressure («,). 
yp 


» 


-5) is the compressibility at constant temperature (x). 
6 


v\op 

An effective method of establishing thermodynamic results consists 
in expressing all the derivatives that occur in terms of those belonging 
to a particular selection of independent variables. 

Thus we could take dl = d(pv — 06 + E) = vdp—¢d0 so that 
v =I1,,¢ = — 1, (p, 6 being the chosen independent variables and there- 
fore dv = Kdp + Sd, dé = — Sdp — Td6 where K =I,,, S = Ipg, 
T = Ty. 
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Examples. (i) Find C,, Ne &», « in terms of K, S, 7 and deduce Rankine’s 
formula K(Cp — Cy) = va»70 
K dp =dv — "$d, Kd¢ = — Sdv — (KT — S8*)d0. 


Therefore’ 0; x 0( 24) L~o(r- os and fron’ dy Lowa 2ahdo we 


have o, -0 (44) - or; and from dv = Kdp + Sd0 we 
1 K 
we =H), =f nt n= 19, - 3 
: S82 va,20 
1.8. Cy — Cy = — OR os “: . 
(i), 
(ii) Show that 7 = = 7ap\ 
(3), 
T 
From (KT — 8%) dp = T dv + S dg we have(32) = KP — se 
Prom K dp = dv — Add we have (2), =- 
KT — 8? 
Also, see Example (i) above, C, = — 67, C, = — potion 
Op 
i Cy 2 See (ao), 
i.e. a, RT 8 (apy 
dv/o 


(iii) If Cy, C, are constants, show that a characteristic equation of a gas is of the 
form (p — a)(v — 6) = RO where a, 6 are constants and R = C, — C, 


es Ay (I,0)? 
We have shown that C, = — 0199, C, = — 0190 + oa 


From the first, J = — C,6(log @ — 1) + OA(p) + w(p), ie integration. Sub- 
stituting in RI yy + O19)? =0 we find R{0A’(p) + w’(p)} + O{A(p)}? =0 
i.e. u’(p) = 0 so that u(p) = bp + b, where 6, 6, are constants and 

Rip) + ('(p)}? = 0. 


From this last equation we obtain A’(p) = suk and therefore 
Ap) = Rlog (p — a) +c’ where a = —cR 
i.e. = — C,A(log @ — 1) + O{Rlog (p — a) + c’} + bp + by. 
OR 
Now “iF Jemigie gS" or (p — a)(v — b) = 


6.4. Transformations in General. In the transformations we 
have met with, three types may be recognized, the second inclusive of 
the first, and the third inclusive of the first and second. 

G) Tet u = 4, . . ., & where @ =e f[X,, XH .-. 15 Ky), 


r=l1tom 
5 =.T to “/° 


Ou, _—**, - Ou, Ox, r=l1tom 
~— ax, ~~ 130, aX. (23 to Ki 
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; Ou, 
so that the variables u,, .. ., Um, 1%; . . +5 Dns Prs Where py, = — 
a? 
du, 
are transformed into u,, . . ., Um, Xx,» .., Xn; P,, where P,, = aX 
s 


and we have 
dit, — Fy diy ax de, = BP a, lo ah tes 
t=1 t=1 


Such a transformation may be called Ewplicit. 


Note. The number of independent variables X,, is of course not restricted to n. 

Thus if V = V(x, y,z), W = W(z, y, z) and the independent variables are trans- 
formed to u, v by the equation x = z(u,v), y=y(u,v), z =2(u,v), we have 
Va = Vatu + Vatu + Vety, &e., and 

dV — Vydu — V»dv = dV — V,dx — Vydy — V,dz 

with a similar result for dW. When the number of variables X,, is equal to the 
number of variables x,, the transformation is called a point-transformation. In 
the example just considered, the transformation is restricted. 


(ii) Let wu, = u,(%, .. .,%), 7 = 1 to m, and let (m + n) new 
variables be taken U,, Uz, .. ., i eS. Ee eae 
U, = U, (ty, . ., Um) By + +> Zp) and X,= his ss) hs ay 0 Bee 


Denote og by p,, and poe by P,,, then it is obvious from the method of 
determining the derivatives P,, (U, being regarded as a function of 
X,,..., X,) that the differential expressions 
do 2p, ax, PST to) 
t=1 
are linear combinations of the expressions du, — E Pom Im ($s = 1 ton). 
m=1 


Thus u, . . ., Um; %1, - » +) Lps Ppp ave transformed into UH so: ba ie 
Meas + « ‘sp gy ee, Whats 


aU, — BPR AS edu Py ae yw 21 ee 
t=1 s=1 m=1 


Note. As in case (i) the number of new variables need not be equal to n. 
Example. Let z = z(x,y) and let the variables be transformed to X, Y, Z where 
X = X(z, y, z), ¥ = Y(a, y, z), Z = Zz, y, z), so that Z isa function of ls 


; ne 0Z 0Z 
possessing derivatives P(= 5) a= sy) 
To obtain P, Q we have 
0 =dZ — PdX —QdY =Z,dx+Z,dy+Z,dz 
+ 


| — P(X, dx + Xydy + X, dz) — Q(Y, dx + Yy dy + Y, dz). 
Thus (Z, + Zp) = P(X, + Xp) + OY, + Y.p) 
and (Zy + 2.q) = P(Xy + X.q) + OY, + Yq) 


Oz Oz 
where p = aoe ay 
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It may be verified that 
{Z,¥)  %Z,¥) AZ, Y) X,Z) | &X,Z) AX, Z) 


ey) * Paey) + (ez) — amy) + Pay) * %ex,2) 
=AX,¥), X,Y), x, Yy? ax, ¥) X,Y) aX, ¥) 
x,y) * Paay) * 1A@,2) aay) ' Paz,y) * 2a(@,2) 


and from the equation giving dZ — PdX — QdY above it follows that when P, Q 
have these values 


dZ — PdX — QdY =(Z, — PX, — QY,)(dz — pdx — qdy) 
and by interchanging the variables 
dz — pdx — q dy = (zz — pxz — qyz)(dZ — PdX — QaY). 
It is easily verified from the above values of P, Q that the multiplier 
aX, Y, Z) 
Az, Y;2) 
Z, — PX, —QY. = HX, ¥) aX, Y). aX Y) 
aay) * Paley) * 2(a,2) 
Thus if X = zyz, Y = ay + yz +2", Z= 2? + y? + 2%, the multiplier is 
A(x — yy — 22 — az +y +2) 
2x — y) — purly — 2) — qy%(z — ay 
Transformations of this type may be called Implicit. 
(iii) The transformation in (ii) suggests the possibility of transforming 


Ou, r=Il1tom 
Mi Rs eiaiivy Rag) sn oy Ug hBal <tilcy Behe Pn( = mm (; wel *) 
into 
Bs 55 Mg ge ey (; Spel af 
where 
he Ty se esas hy es 2 sie Data + p) SD to we) 
My = AMM es Mes Bs as ss oy Poy « « ) eA 8) 
Fg edits eter tgs. is Me ey =e hy Pay oe) Salar a. 
rq rq\“1> > %m> “1 » ees » £sl> q=lton 


so that the differential expressions dU, — z P,,dX, (r =1 to m) are 
t=1 


n 
linear combinations of the expressions du, — X p,,da, (r = 1 to m). 
t=1 


Such a transformation, if it is obtained, is called a Contact Trans- 
formation (or Tangential Transformation) since the tangent planes (in n 
dimensions) of the one set of n-dimensional surfaces u, transforms into 
the tangent planes of new set U,. In the first two types of transforma- 
tions, any new functions may be introduced (subject to the conditions 
of the existence theorem) but in the third case certain conditions must 
be satisfied by the functions introduced by the transformation. These 
conditions are interpreted by Lie in his theory of contact transformations 
when there is one dependent variable, and incomplete interpretations 
have been given when there are more dependent variables than one. 
Lie’s theory, modified by other writers, indicates how the functions of 
the transformation may be obtained. One of the new functions may be 
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taken arbitrarily and the others are obtained as solutions of definite 
differential equations involving that function. Transformations of this 
type are important in the theory of partial differential equations of the 
first order. For example, suppose that P(«, y, 2, p, q) is any function 
of its arguments where p = = gem i z being a function of z, y, and 
let Z, P, Q, X, Y be a contact transformation. Then P = 0 may be 
integrated immediately to give the general solution Z = ¢(Y) where ¢ 
is arbitrary: i.e. the solution of the equation P = 0 is given by 
Z= AY), 0=9$(Y), P=0 

(three equations from which p, q can be theoretically eliminated). 

The following simple examples illustrate this type of transformation. 


Examples. (i) Let. X,=7,, X,—=Pyp --+ Xn =—Pa 


dz 
Z = pyX, + Pot, +... - + Pntn — % where z = 2(%, Lay - « +» Ln)» Dy = 2 
Then dZ = x, dp, + todp, +...+%ndpn; and if we take P, = 2, we have 
dZ — P,dX,..., — PndXpn = — (dz — p, da, . . ., Pn din). : 
(ii) Let Z=a(1—p), X=petqy—z FY¥=yl—g)’, P a 
= ane - where z = 2(2%,y), Dp = 25 7 si then 
a ah Aaa (dz — pdx —q dy) 
so that P = x and Q = spit Z is regarded as a function of X, Y. 


Examples VI 
1. If wu = 222 + 3y? + 4ry + Gr +- Qy; w= 2X4+3Y +4; y=X—-—Y+1, 


show that seu(X, Y) = 12x + l4y + 14, spu(X, Y) = 8x + 6y + 16. 


2.0 herr beet, om log + nt), g =< aro ten (2), show that 


Sle n) = ae*™¥—4*(2y cos y — x sin y) + be¥+4*(2 cosy — sin y). 
3.1f w=ay+yz+2t; wx=asinédcos¢, y=asinOsing, z = @ cos 6, 
show that (z tan @) 30 uO, 6) = 2uz — a®(a + y). 
4. Tf V —ayz; « =acosat, y = asinwt, z = aat, prove that 
ov = w2z(x® — y*®) + away. 
5. If z =2(2, y);} e=u+v, y = w, prove that 
sactlt 8) = eq + Rty + Vine + Hy 


6. If V = yu, v); d(u, v) = E(x, y); x(u, v) = F(x, y), prove that 
aA¢, x) Ay, x) p lh ¥) y) 
{gah nie v) = Fe “O(u, v) yes “9(u, v)* 
7.1f Va=w+errtuw; utv=2+y*, ui + v3 =2zy, prove that 


t) Qae(x® 
BEV (e, y) = ED + Sylet + 9. 
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8. Ifx =rsin6 cos ¢,y = rsin@ sin ¢, z = r cos 0, show that r?0,(x, y, z) = x; 
7°O,(x, y, z) = yo; 17O,(x, y, 2) = 26. 

9. If +o + wu =ae+y +z, ud + of + wt = 23 + y3 + 23, 

utotw=et+yt+2 

prove that 

a) Ov + w)x* — 12vwx — 2 

(i) gzu(™ ys 2) = — te hee 
ag Se) fe ie he 2) 

Ox, y, z) (u— viv — w)(w — u) 


10. If u® + o® = at + 98, ud + vo = 23 + 8, prove that 


a a%(Sx — 908). A(u, v) — 2atyS(a — y?) 
(i) Ge 9) = sosat— oy? ©) ae, y) = SuPoh(u® — 08)" 


11. If wu? + vo? + 2uvxz + y = 0, uy + (u + vy + 2? =0, prove that 


au, v) Bs wr(u +e v) — ae 
Ax, y) (u— v){(u + v) + y(1l — 2)} 
12. If $(x,, 2%, . . +» %,) = 0 prove that aoe vuln =(-— 1)". 


13. If the five variables x,, x, x3, X4,%; are connected by two functional relations, 
prove that 


oF), 0, Gene, ae ea 


02), 0,, 2, 09..— 


Th % 2, 
where the suffixes denote the other independent variables during the differentiation. 
14. If the six variables x,, x, X3, %4, %;, %, are connected by three relations, show 


hat 
[A(X X2) (ary; X4) (25, %) - 
(i) iat ah 5a = ty ae. =} wii 
sax (OSs Ox, Ox, Ox. Ox, 
a) (ee), bal | = a (=), vy (2), % = % Paitiibs 
15. Ifu? + uvzy + v? + 2+ y =0; 2uv + urviaty? + 2 + y? =0 prove that 
Au, v) Ax —y)(ubv®zy — wx — uvy — 1) 
x,y) (wu? — v8 )\(Baty2ute® + 2) 
16. If f(z, y, a, B) =0, « = d(x, y), B = p(x, y) prove that 
do. dat Sebe t Se 
ae”) fy + Sabu + Soy’ 
17. If f(z, y, «, B) =9; d(x, «) = 0 = yw(y, B), show that 


af, y) d as, $) 
Fey, B) da!” + YA, a) — % 


18. Iff(u, v, w, x, y) = d(u, v, w, 2 y) = y(u, v, w, x, y) = 0, prove that 


a J. 
an y) = -o sue y) = =a 
where 
jy, <2) 7 Ah p) ,_ AS d v)_ 
1" O(a, v, wy “? Ay, v, wy“ — A(u, v, w) 
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19, Ifv@+v+w=ec+yt+2,u+o+ w= 22 +y + 2%, 
Utov+w=—24+yi+z 
prove that 
Ou, v, w) _ L-Alay + yz + 2x) + l6xyz 
A(z, y, 2) 2 — 3u® + 08 + wt) + 2Turvtt” 
20. A curve in the x — y pla eis given by y = f(x, x) where ¢(a,2z) =0. Prove 
 ,dy Hf, ¢) 
(i) daz = As, a) 
d? 
(i) daPgea = talFeate® — Yeatibe + Saat?) — falbeate? — Yeats + toate?) 


21. A curve in the x — y plane is given by 0 = f(a, y, «) = 2 hte y,%). Prove 


d eer ad? 
that (i) Fh — 72 i) fafa Gs —(Salan — faee!~ Seal Feed ?—2efalon-+leter) 
22. If g(x, y, z, « B)=0, ¢, =0, ¢s = 0, prove that Se y=- , 
pile y)=- a 
23. If uw = u(x, y, z) and z = 2(z, y) prove that 
C) 0 C) 
ay y) = Pha ar y)- 
24. Ifu = "=, vw TET? show that Meee 2) = 0 and 


find the functional relation connecting u, v, w. 

25. Ifu=a+y+2,0 = ay + yz +22, w = 2° + y3 + 28 — 32zyz, prove that 
Au, v, w) 
Ox, y, z) 

26. Obtain a functional relation connecting X, Y, Z, U where 

U = xyz + yeu + ux + uey, Z =a + y3 + 284 v8, Yoartpy24 2+ ws, 
X=ae+y+2+4. 

27. If f(x) is defined by the equations /“(x) = 1/x, f(1) = 0, prove, without 

assuming the logarithmic function, that f(x) + f(y) =f(zy). 


28. If (1+ a)f"(z) = 1, f(0) = 0, and u = f(z) + f(y), v = — prove that 


Au, v) ety 
az, y) 0, and deduce that f(a) + f(y) =f(; = =) 


29. If f(x) = Tew and f(0) = 0, prove that 


fle) + fly) = eee ee ac 
2 2 
30. If Jus, ¥) = {ayote w} » Show that {%u, »)} ie B = {eu »} ‘ 
31. If z = 2(2, y), p = Ziq) J = 2yy 1 = yy 8 = Zpy, t = Zyy, prove that when 
r, 8, t are expressed as functions of p, g, then 
8p + 88q = 8p + trq,88y + tg = Thy + Sg. 
32. If Z = px + qy — z, where z = 2(z, y), p =Zy, J = zy show that when Z 


8 r 
fam Tt anew mn 


where R = Zyy, 8 = Zyq, T = Zeq, and 1 = yyy 8 = Zpy, t = Zyy 


= 0 and find the relation connecting wu, v, w. 


is expressed as a function of p, g, then R = 
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33. If Z = px — z, and Z is expressed as a function of p, y, prove that in the 


peo | 
notation of Example 31, R =, §=-*,7=- seared where B = Zyy, S = Zoy 


ee ‘ 
34. If in the notation of Zaample 31, Z = pix + qyt—z, X =x(p — 1), 
-; + log (qy?), P = —, Q = qy* and Z is expressed as a function of X, Y, 


then P = 0Z/0X, Q = 0Z/0Y and dZ — PdX — QdY + dz — pdx —qdy =0; 
show also that Z,, 
ee I ee ny 8 OPT TAIRA |) 
(p= 18 {2y — Ip = og + 2agr(2y — 1) + (p — Uy? + 2xy*(rt — 84) 
Prove the results given in Hxamples 35-41 for the Thermodynamic case : 


36. (3), =o(S2), 6. (22) = of) 


37. 0, - 0, =) (2) a8. 0, - 6, = — of) {(%) }" 


39. dE = C,d0 + {o(35). - p}do 


40. The curves of constant entropy (adiabatics) are of the form (p — a)(v — b)y 
= constant, when C,, C, are constant and y = C,/C,, and a, b are constants. 

41. The internal energy H = C,0 + constant, in Hxample 40, if a is zero. 

42. The equations for plane waves of a gas are given to be 

Ou du  c2dp ap of Ou 
a + “ant pe ~ et “ant Pan =? 
where u, p are functions of 2, t, and c is constant. By taking (= x — ut), ¢ as the 
dependent variables and u, o (= log p) «3s the independent variables, prove that 
these equations are equivalent to the single equation ¢o¢ — c*¢y, + ¢¢ = 0 where 
= — c7$,, t = do. 

43. The equation of long waves in a uniform canal with vertical sides is given 
to be & (1 + &,)3 = c%,,, where is a function of z, ¢, and c is constant. Taking 
the independent variables to be u(= & — 2c(1 + &,)—4), o(= & + 2c(1 + &,)-4), 
and the dependent variable to be H (= 2&,, + t& — &), prove that 

2(u — v)Byy = XL, — Ey). 


Solutions 
24. (w+1)=w 25. w = u(u? — 3v) 26. 6U = X* — 3XY +22 


CHAPTER VII 
INDETERMINATE FORMS. MAXIMA AND MINIMA. 


7. Indeterminate Forms. If f(a)=0, ¢(a)=0, the function 
F(z)/d(z) is said to take the ‘Indeterminate Form’ 0/0 at x=a, 
although it may tend to a determinate limit when z—» a. 

Other indeterminate forms occur such as those indicated by the 
symbols 0/00, 00 — 0, 0°, 0 x a, «0%, 1%, 0”, 2°, &e. 

For the cases that usually arise the most practical method of evalu- 
ating the limit, when it exists, consists in finding the expansion of the 
function in the appropriate neighbourhood. Before illustrating this 
obvious method, however, we shall obtain two allied theorems that are 
of wider application than the method of expansions. 


7.01. Theorems on Indeterminate Forms. Theorem I. Let (i) f(z), 
¢(x) be continuous near « = a and possess derivatives f’(x), ¢’(x) ; (ii) 


f(a) = 0= da); then 
tim F@) _ jim £@ 


>a #(2) —>a $a) (x) 

if the latter limit exists. 

We shall assume that ¢(x) is not zero near a, and therefore that 
d(a + h) #0 for sufficiently small values of h. 

—_ fry Jat) 
Let F(a) = fla) — Fo blo), (b #0). 
Then F(a + h) = 0 = F(a) and therefore by Rolle’s Theorem 
F'(a + 6h) = 0 

for some value of @ in the interval 0 < 6 <1, 
fa+h) _ f'(a+ 6h) 


Hath) $ (a+ Oh) 
FO) _ tim LO+) _ tim LO) 
Nh bee) +H) ~ eB) 
Note. If re 3 >, the theorem may be reapplied. 


Theorem II (a). Let (i) ha d(x) be Ores and possess deriva- 
tives for all large x; (@) im Ae ha Bs + oo (or — oo) and Me te) 


= + © (or — oo), then 
£2) — tim [@ 
Bo apart 
if the latter limit exists. 
196 
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It is sufficient to prove the theorem when f(x), ¢(z) both tend to 
+. oo, since the other cases may be reduced to this by changing the 
sign of f or ¢ or of both f and ¢. 

Let F(x) = fla) — fie.) — £2) — SO (g(a) — g(a@,)) where 24> 2 

$(@2) — P(t) 
and where, since ¢(x)—> + 00, x, can be chosen sufficiently large to 
ensure that (x) ~¢4(z,), (v7 >a). Then F(x,) = 0 = F(z) and there- 
fore F’(x,) = 0 for some value 2, satisfying the inequality 7, > #3 > 2. 


f (2) — f(%) bas f'(@s) 
ail P(x2) — P(x) ¢' (as) 


Let lim £@) =1; then z, can be chosen sufficiently large to ensure 
2—>+ $ (2) 


(x, > 23 > 2). 


that ie - \<« for all x > a. 


¢ (2) 
Keeping 2, fixed and let 7,—> + ©; a, can be taken sufficiently 
large to ensure that <6, vet < «, (since 4(z), f(z) > + o). 
oe $(2;) 
f(@2) _ f"@s) (22) 1—o 
N sp Pe 
ete) $@)\, tel? ai “ a 
f (#2) 
_ |f'@s) _ : __ |p(%1) F vas Li (1) 
where |p| = Fe.) J <e; |o,|= $a) <e; |o,| = Flas) <e€ 
i.e. i — 1| is small when 2, is large. 


elim 2) = tim £@ ig the latter limit existe. 


I—>+0 (x) ecm ¢' (x) 
Corollary. By a similar proof, we may show that when f(z) —> + 9 
(or — 0) and ¢(z)—> + oo (or — oo), when r—> — a, then 
Hh) Yigg £0) 
a—>—0 P() 2>-2 $ (2) 
when the latter limit exists. 


Note. In some cases lim f(x) = lim f(x) = + © (or — oo) and 
I—>+0 —>—2 


lim ¢(x)= lim ¢(z) = + © (or — ©) 
I—>+o I—>— 


ee eee i) F(z) poe 
and we may then bea are $c) * pone Sie) when the latter limit exists. 
Theorem II (b). Let (i) f(z), ¢() be continuous near + = a (but not 
at x =a); (ii) f’(z), (a) exist near z = a (but not necessarily at z = a): 
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(iii) lim f(z) = + co (or — oo) and lim ¢(x) = + © (or — oo), then 
= fe) _y,. £@) 
oe $e) ~ 2 oe) 
if the latter limit exists. 


Let e=ate then 


1 sy i 
ey ee f(a +3) ee ae, (2+) 
had $2) >» W\ wie} 1 f/f 
(044) at(#+7) 
if the limit on the right exists. 
ie. lim 2? f(@) litn f'(@) 


2—>aG(t)  2paG'(2) 
if the latter limit exists. 


f(z) 
$'(x) 
7.02. Other Indeterminate Forms. The form 0/0 is theoretically equiva- 


lent to 2 since we may write gre Ss but it will sometimes be found 


¢ f” 
that the application of Theorem I to ai 


Note. If=;— takes the indeterminate form =, the theorem may be reapplied. 


“— when |f|, |¢| —> © is ineffec- 


tive. Other indeterminate forms should, if possible, be reduced to 
0/0 or c/o, whichever is more suitable. 

Thus, if f(z) — 0, (x) —> 0, p(x) —> 0, x(x) —> 0, A(x) > 1 when 
~—>a, 


(i) fy, (0 x o) may be written Z 1? (5) or FY (2). 


(ii) yp — y%, (© — 00) may be written o(1 _ 1) which if Og 1, 


takes the form x 0 (i). 
(ii) f*, (0°) is e* 8S and ¢logf is 0°x © (i). 
(iv) py’, (00°) is ef@¥ and flogy is 0 x o (i). 
(v) AY, (1°) is e¥ 8 and wlogd is co x 0 (i). 
Suitable modifications may be found for indeterminate forms of a 

more complex type. 
For example, (f/f) is (0/0)” and may be written e¥ 8/+ 
The function y log (f/) takes the form oo x 0 if f/6—>1. 

az — Qat + 2% + 2? — 274+ 1 (3) 
A= 28 — t+ 42-2 (NO. 
in Se es (0) 20z* — 242% + 6x + 2 
oo 40° — xt — Qe +4 1 lac? — 12e — 2 


Examples. (i) lim 
a—>1 


= — 2. 
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(i) tim log (a — $2) e- - —_ (2)= (a — 2 — $n)-* (5) - aS cos? x 2) 


oe ~ seo8 ae ia ¢- 3a 
= lim (— 2 cosxsinz) = 
a—>hn 


lier J Ay hey Oe 
(iii) lim i tala a co) = lim pete pec be 
P ; 1 rs 2 cos x — sin 2\/0 
(iv) lim eas -2) (co — ©) =lim pas Xe) 
Z — xsing og ee — Bee 
= tin GS )=i ™ Ocoee —asinz 


(v) ae = (0°) = exp lim (x log x) = exp lim aia mee 


(vi) lim (cot x)8!"% (co) == explim sin x log cot x 
x—>0 


. (log cot x tan x cosec? x 
- exp lim (5) = explim (—Seeemeg) 72 
arr ) . g (1 + tan 2) 
(vii) lim (1 + tan x)cosec# (1%) = explim (et ) 


sec? a 
cosx+sinz 


(viii) Jim, (m2) (3) = explim jogs 5? 


= exp lim 


Now os 1 and therefore log sin x — log x —> 0. 


“cos xz — sine _ 


Thus the limit is explim ox? sin x 


é by repeated applications of 
Theorem I. 


2) fen (2) wa wy 


(a) «<0, B>0; then u—->+ x 
(b) «> 0,8 <0; then u—>0, these results being obvious. 


1\)4 1\) 4-1 
{os ptiew )} 
(c)a>0,B>0; ae mo lim u = lim >a by Theorem II 


and therefore by continued application of Theorem II we prove that lim u = 0 by (5). 
(d) If « <0, B <0, the limit is «, since lim (1/w) = 0 by (c). 
Thus u—> 0 if «> 0 and u—> © ifa <0. 


, 1 8 
(x) lim (log gy {log (= )} = 0 ifa>0, and o if « <0 by (ix). 
I> +0 y—> +0 
ene mem 
(xi) lim — = lim —; (Theorem II) and therefore by continued applica- 
t— >to In 


tion of Theorem II, the limit is «, all « if m> 0. 


7.03. Examples of the Use of Expansions. Examples (i). 
Examples. (i) petra oe as far as x® (% small). 


ten =~ oF 5 tpt Oe" )+(F- a +G- ) "+4010)} 
=a + 4a + 440° + O(z’). 
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(ii) Expand sin? x as ea as when x is small. Hither 
sin? x = 2°(1 ey a 120 = + 02"), =o is 4 190” + A") 
or sin? x = }sinz — }sin 3x and expand sin and sin 3a. 


(iii) Find lim Tim (cot? x— 3): 


cot? = <a — a+ o(w))(1 — et fb Oe) =5- 3 Pls, O(a?) 
i.e. lim (cot? x— 5) =— - 
(iv) Evaluate lim psetene Fw sg 
z—>0 x 
hay 1 1 1 1 1 a6 
sinsinzg = (« _ Fall + ao") _ iz _ a + mn)” - 120 + O(a?) 


= 2% — fa + ~ha> + O(27). 
sin sin sin x = x — 425 + 4325 + O(2’) similarly. 
Also x cos x = x — $a* + Jia + O(x7). Thus the limit is }4 — A, = x. 


4 . Sin? x sinh‘ a (e* — 1)? 
v) Find lim sa, 
( z—>0 x 


te . sinz\?/ sinhz\*/,, e® — 1\2 
The limit is (lim “S35 ) (tim es ) (im - ) =], 
(vi) Find lim eee + sin x)cotz; let wu = (1 + sin x)otz, 

rt—>0 


{1 — 42° + O(a) } {sin « — } sin? x + O(z*)} 
x — 4x? + O(a) 


Then log u = =1+ O(z), 


ie. w—>e. 

7.1. Maxima and Minima of Functions of One Variable. A 
function f(x) is said to have a maximum (minimum) value at x = a, if 
f(a) is algebraically greater (less) than all the values of f(a”) near z = a. 
When f(x) is defined for all values near x = a (including z = a), then 
f(a) is a maximum (minimum) if an interval can be found 

| —a| <6 (+40) 
for which f(x) < f(a); ( f(z) > f(a). Thus 2 = 0 gives a maximum value 
to 1 — a? and a minimum to |z|. 


Note. We omit the case when f(x) = f(a) over an interval, and f(a) a maximum 
(minimum) in the broad sense. For example, if f(z) = |w —1| + |x + 1], f(a) 
has a minimum 2 for all zin —-1<a2< 1. In many cases f(x) may not be defined 
for all values of x and may not possess a maximum or minimum. For example, 
wae — Si 

(% — 

The pie eR we have given of maximum is strictly that of a maximum relative to 
values in a neighbourhood; and therefore in this sense a function may have an 
unlimited number of maxima and minima. 

Notes. (i) The problem of determining maximum and minimum values is con- 
cerned with real variables; and in problems where complex values arise through 
analytical conditions, the function may possess a maximum or minimum in a less 
restrictive sense. Thus +/ {a(x — 5)(2 — 8)} has a relative maximum 6 when 
x = 2 obtained analytically from the equation (« — 2)(3a — 20) = 0. The value 
x = 40 does not give a real value to the function, which has, however, an obvious 
minimum 0 when x = 0, 5 or 8. 


is defined for all x except 2 = 1 and has no maximum nor minimum. 
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(ii) Values obtained analytically may be inadmissible in practical applications 
even when they are real. 

For example, if a number of spheres are projected at a certain instant from given 
points under a given law of attraction the distance between the centres of two of 
them is a function of the interval of time ¢ after the instant of projection. This 
function may possess maxima or minima when ¢ satisfies some numerical equation 
obtained by analysis. Such a value of ¢ will, however, be inadmissible when 
(a) it is complex, (5) it is real and negative, (c) the corresponding distance 6 is complex 
(e.g. when 6? is negative), (d) 6 <r, + r, where r,, rz are the radii of the spheres, 
(e) a collision has taken place before t reaches the value found. 


7.11. Analytical Conditions for Maxima and Minima (One Variable). 
The conditions obtained here and in subsequent paragraphs imply the 
existence of the derivatives that occur. In general, also, we shall obtain, 
for simplicity, conditions that are sufficient. 

If f(x) possesses a second derivative near a (including a), then 


fla+ b) — fla) = Wf'(@) + Ef"a + 6). 


The sign of f(a + h) — f(a) is that of hf’(a) if h is small and therefore 
cannot be invariable unless f’(a) = 0. 

Thus if f’(x) exists, a necessary condition is f’(a) = 0 and the possible 
values of a are obtained by solving the equation f’(x) = 0. Ifin addition 
f(x) is > 0 at and near x =a, f(a + h) — f(a) > 0 showing that f(a) 
is minimum; whilst if f’’(z) <0, f(a) is a maximum. 

In particular if f’(x) is continuous and f’(a) > 0 (<0), (where 
f'(a) = 9), then f(a) is a minimum (maximum). 

If f(a) = 0 and f(z) possesses higher derivatives, let f"(x) be the 
first that does not vanish when =a; then 


fla +h) — fla) =“ fa + 6%), (0< 0 <)). 


If f™(c) > 0(< 0) near a, f(a) is a minimum (maximum) if n is even. 
But if 2 is odd, f(a) is not a maximum nor minimum. 


Notes. (i) If nis odd, /’(x) has a minimum or maximum and the curve y = f(z) 
has an inflexion at x =a. 

(ii) It is often simpler to consider the approximation to f(x) near x = a (where 
f(a) = 0), in order to discriminate between the values. We may assume that 
f(x) = (w — a)"4(x, a) where g(a, a) 0. If ¢(z, a) is of constant sign near x = a 
(when it i8 continuous for example), then f(a) is a minimum when ¢(a, a) > 0 and 
nis odd; whilst f(a) is a maximum when ¢(a, 2) <0 and nis odd. Otherwise there 
is an inflexion. 

Examples. (i) f(x) = 2x? + Ta® — Qlat — 14x + 21a? + 28a + 14. 

St (x) = 14(@ — 1)%(@ + 1)%(@ + 2). 

Near z=1, f’(x) =(+)(z —1)?; inflexion. 

Near « = — 1, f(x) =(+)(x + 1)* ; minimum. Similarly x = — 2 gives a 
maximum. 

(ii) The distance between the centres of two solid spheres of radii a, b isc. A 
point source of light is placed on the line of centres between the two spheres. Find 
the position of the source that will illuminate the greatest total surface. In this 
example ¢c >a + b. 

Let x be the distance of the source from the centre of the sphere of radius a 
measured towards the centre of the other sphere and let a> b. 
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The surface illuminated is 270°(1 —*) f 2nb*(1 ioe =) anda<x<c—b. 


There i ecicarsh ak ond oat (aioe Ni il 
ere is a maximum when zi ~(¢—a)" i.e. ava” are | (since the other 


2, 
value of x is greater thanc). This value of x is > a but <c-—bonlyife>b +5 


3 
Ifc <b +5 the maximum area is obtained by taking x =c —b, since the 
rate of increase is positive if x increases. 


: ai cai Qn 
Thus if c> 6 + oan + bP Area = 2n(a® + b?) — (ai + bi)? 
by %o—@— db). 
and ife<b+5,2=c~—8, Axe, 22 ehites b). 


7.2. Maxima and Minima of Functions of Two Variables. If 
a function f(x, y) is defined at all points near (a, b) (including (a, 6)), 
then f(a, b) is called a relative maximum (minimum) of J (a, y) if 

f(a, b) > f@, _y)(<fle, y)) 

for all (x, y) in the neighbourhood. 

7.21. Analytical Conditions for a Maximum or Minimum of f(x, y). 
Taylor’s Expansion gives 
f(a+h, b+ k) —f(a, 6) 

= Ifa + Kfy + Mh faa + Lhkfa, + kfyp) + O(p3) 

where p* = h? + k?, 


The sign of f(a + h, b + k) — f(a, 6) is the same as that of hf. + kf, 
when h, k are small and therefore cannot be invariable unless Sas fy both 
vanish. 


Note. That the conditions f, = 0 = f, are necessary follows also from the fact 
that f(z, y) must be a maximum (or minimum) when y is fixed or when z is fixed. 


When f, = 0 = f,, the sign of f(a + h, b + k) — f(a, b) is the same 
as that of h*f,, + 2hkf,» + k*f,, when h, k are small. 

Suppose that the second derivatives do not all vanish. Then this 
quadratic in (h, k) can be of invariable sign only when its factors 
are not real, i.e. only when f,,? < f,, fy). But if the factors are real 
the quadratic is positive for some displacements and negative for others ; 
for it may be written (4,4 — u,k)(A,h — yk) and this has one sign when 
h/k lies between j42/A2, 4,/A, and the other sign when h/k lies outside 
these limits. 

In this case f(x, y) is said to have a saddle point (or minimaz) at (a, b). 

Finally, if the quadratic is a complete square, it may be written 
+ (A, — wk)? ; and is therefore of invariable sign for all displacements 
except those that satisfy the equation 1,4 — u,k. Since further investi- 
gation is necessary to determine the nature of the point (a, 6), this is 
sometimes called the ‘ Doubtful Case’. No useful purpose, however, is 
served by elaborating the analytical conditions that discriminate between 
maxima and, minima in the doubtful case. For a case arising in practice 
it is sufficient to draw the contour f(z, y) = f(a, b) (see next paragraph), 
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in the neighbourhood of (a, b), making use of the Analytical Polygon 
for that point. 

Summarizing : (i) Values a, 6 are determined by solving the equations 
fr =9=fy, 

(ii) If faq > 0(< 0), and fas?< faaSoo f(a, 5) i is a minimum (maximum). 

(iii) If fox? > faa foo, the point (a, b) is a saddle point (i.e. f(a, 6) is 
neither a maximum nor a minimum). 

(iv) If fas? = faafop, the case is doubtful. Draw the contour 

‘ S(@; y) = f(a, b). 
7.22. The Use of Contours. When f, = 0 = f,, the contour 
f(@, y) =f(a, 5) 
has a singular point at (a, b). If this contour has real branches at (a, b), 
then f(z, y) = f(a, b) not only at (a, b) but also at real points near (a, b), 
and therefore f(a, b) cannot be a true maximum nor minimum in the 
strict sense. It will usually happen that f(z, y) — f(a, 6) is positive on 
one side of a branch and negative on the other; and in that case f(a, b) 
is neither a maximum nor a minimum, the point (a, b) being a saddle 
point. The saddle point in the general case may be of a multiple type 
such as that given by (#? — y*)(x* — 4y?) + 2° + y® at (0, 0). 

It is, however, possible for f(x, y) — f(a, 6) to have the same sign on 
both sides of every branch so that f(a, 6) is a maximum (or minimum) 
in the broad sense. Thus in this sense (x? + y* — a)? has a minimum 
at (0, 0) although the critical contour z* + y? = g is a real circle. 

If, however, f(z, y) —f(a, 6) = 0 has no real branch we infer that 
(a, b) gives a true maximum or minimum ; for let 

f(z, y) —f(a, 6) = F(a@—a,y—b)+R 

where F(x — a, y — b) are those terms that Sid the first approximation 
to the curve at (a, b); and let (0, 0) be isolated for the curve F(é, 7) = 0. 
If possible let F(&,, 7:1) be > 0 and F(é,, 4.) <0, the points (&,, 7), 
(&2, 42) being anywhere within a small circle of radius > 0 and of centre 
0. The function ¢(t) = F(t&, + (1 — t)&, tj, + (1 — tn) has opposite 
signs fort = 1, = 0; and if, as is normally the case, F is continuous 
it follows that 4(t) must vanish for some point joining (£,, 7,), (£2, 72). 
This contradicts the hypothesis that (0, 0) is isolated for F(&,y) = 0. 

Examples. (i) z = ax* + 2hay + by® + 2gx + 2fy +c (=f(x, y)). The pos- 
sible values are 2), Yo where 


ax, + hyg +9 = hay + bo +f. 


=0 

hg 
Denote the co-factors of 4=|h 6b f | by the corresponding capital letters. 
Soe 


a 
h 
g 


(i) Let C (= ab — h?) 340; then x = G/C, y) = F/C and the corresponding 
value of z is 4/C. 
Therefore z— A/C = a(x — x)? + 2h(z — x)(y — Yo) + O(y — Yo)?. 

(a) lf C>0,a>0,z=A/C is a minimum. 

(6) If C>0,a <0, 2 =A/C is a maximum. 

Since C > 0, a, b cannot be zero and must have the same sign. The neigh- 
bouring contours are ellipses and (2, ¥) is isolated. 
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(c) If C <0, (x, yo) is a saddle point. The critical contour consists of two 
straight lines. 

(ii) Let C (= ab — h?)=0. Take a = a?, h = af, b = B* (x <0), for definite- 
ness, the other possibilities being of a similar type. The equations giving (2, yo) are 

a*2 + afyy +g =0 = af, + Pryg tf 

which have no solution unless f = fg/x. In the latter case there is a line of 
minima ax + py + g/a =0; ie. there is a minimum for any displacement away 
from the line, whilst z is stationary for displacements along the line. 

(ii) z = 32% — ue + 2 (=f(z, y)). 

Se = Sa + 32%, Sy = — 2y so that the possible ey are (0, 0), (— 2,-0). The 
contour for (0, 0) is 3a? — y? + 5 lan 0. Saddle 

The contour for (— 2, 0) is y? = (x + 2)%(x — 1) ae near (— 2, 0) on this. 
contour y? = — 3(x + 2)? which gives an isolated point (— 2, 0). 

Here z — 4 = — 3(x + 2)? — y? + (a + 2)8 so that z= 4 is a maximum. 
(See Fig. 27 (a), Chap. cing! 

(iii) 2 = f(x, y) = a + y® — Jatt 

Sp = 2a — 2u°; fy =2y; possible points are (0, 0), (+ 1, 0). 


x y z See Sey Suv Suv? —Seadvy Result 
2 — 622 0 2 
0 0 0 2 0 2 —4 minimum 
hin 26 } ie 0 2 8 minimax 
—4 0 2 8 minimax 


-1 0 4 
(See Fig. 27 (b), Chap. III.) 

(iv) z = (y — «*)® + 2; (0, 0) is the only point. (Doubtful Case.) 

The contour (y — x*)* + 2° = 0 is isolated at (0,0) (minimum). (Fig. 28 (a), 
Chap. III.) 

(v) 2 =(y — x*)? — a: saddle point at (0, 0). (Doubtful Case.) 
(See Fig. 28(b), Chap. III.) 

(vi) Find the shortest distance between the two curves y? = 4ax, y® = 2a(a — c), 
(a, c > 0). 

Let a point on the first be taken as (at®, 2at) and a point on the second as 
(c + 2au*, 2au). Then F(t, u), the square of the distance between these points, 
is given by 

F(t, u) = (at? — 2au? — c)® + 4a%(t — u)?. 
Fy, = 4at(at® — 2au*? — c) + 8a%(t — u); 
Fy, = — 8au(at® — 2au? — c) — 8a%(t — u). 

Therefore for a maximum or minimum we must have (i) af? — 2au2 —c =0 =t —u, 
or (ii) ¢ = 2u. 

(i) leads to complex values (the curves do not intersect). 

(ii) leads to 2au® = c —a or u=0. 

If (a) c <a, there is one real solution given by t = u = 0. 


If (b) c > a, there are 3 solutions ¢ = u =0; or t = 2u, u= tn] ode 


It will be found that for t=u=0, Fy =8a*—4ac, Fr, = — 8a?, 
Fyy = 8a? + 8ac and therefore Fy,,? — FizF yy, = 32a%e(c — a). 

When c <a, the one solution ¢ = u = 0 gives a minimum (since Fyyu> 0). 

When c > a, this solution gives a minimax. 

For the other solutions, Fy, = 4a(4c — 3a), Fy, = 8a(a — 2c), F un = l6ac and 
Fry? — FuFuy = 64a°(a —c) <0 and therefore these give minima since Fuu >: 

When c = a, the shortest distance is a, and this is an example of the doubtful 
case. The distance must be a minimum since the function is unbounded above 
and is positive. Actually F(t, «) may be written a? {1 + 2(¢ — 2u)? + (t? — 2u?)?} 
from which it is also obvious that ¢ = u = 0 gives a minimum. 

Thus the shortest distance is (i) ec when c < a, (ii) 1/ {a(2c — a)} when c > a. 


7.3. Maxima and Minima of Functions of Several Variables. 
By an obvious extension of the method for two variables we find that 
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the possible values of x,, 2, ..., 2, that will give a maximum or 
minimum value tof(2,,%2,. . .,%,) are obtained by solving the equations 


When (a;, dz, . - ., 4») is a solution of these equations, the nature of 
the solution is determined by considering the sign of the expression 
n a ra} Tr 
hy he nti 
Elia +. - + linge) f+ OC") 
where p = (h,2? + A,2+...+h,,%). 

When the second derivatives do not all vanish at (a,, . . ., @,) the 
nature of the solution (except in the doubtful case) may be determined 
by finding the conditions under which the quadratic form 

a @ \? 
(aget- pres Inga) J 
is of constant sign. 

An indication of the character of the results to be expected is 
obtained by considering the case m = 3. 

For a discussion of the general case, see Bromwich, ‘ Quadratic Forms and their 
Classification by Means of Invariant Factors,’ Cambridge Tract No. 3. In the general 
case the results are more quickly obtained by the use of invariants, but here we shall 
deal with the question directly. 

7.31. The Sign of ax? + by? + cz* + 2fyz + 2gee + 2Zhay (= EB). 
The numbers a, b, c, f, g, h are real constants and 2, y, z are real variables. 

Let A, B, C, F, G, H be the co-factors of a, b, ¢, f, g, h in 
ahg 
hbf 
gfe 

If a, b, ¢ are not all zero, we may without loss of generality assume 
that a ~0. 

Then aE = (ax + hy + gz)? + Cy? — 2Fyz + Bz*. 

If B, C are not both zero, we may without loss of generality assume 
C 40; then 


ane 21 lig, — p21 4,2 
E =—(ax + hy + gz)? + = (Cy — Fa)? + 72%. 


A= 


Ifa ~0, B=C=0; E = “(ax + hy + 92)? — 


If a=b=c=0, E = 2hay + 2fyz + 2gex (f, g, A not all zero). 
Then 

(i) a=b=c=0, (4 = 2fgh); E is not invariable in sign whether 
A vanishes or not, since (when h ~0) (ao, Yo, 0), (%o, — Yo; 9) give 
opposite signs to EK. | 

(ii) a4~0 B=C=0, A £0 (so that F #0); E is not invariable, 
since (Xo, Yo; Zo), (Co, — Yo: Zo) Where ary + hy» + gz = 0 give opposite 
signs to FE. 

8 


2F yz 
a 
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a #40, B=C=0, 4 =0 (so that F = 0), E is invariable for all 
displacements except those in the plane ax + hy + gz = 0 where E = 0. 

(ili) a #0, C +0, A #0; E is invariable if either a> 0, C>0, 
A>0Oora<0, C>0, A <0 but not otherwise. 

a #0, C #0, A =0; E is not invariable if C < 0, since E has real 
factors ; but E£ is invariable if C > 0 for all displacements except those 
along the line ax + hy + gz = 0 = Cy — Fz. 

7.32. Conditions for a Maximum or Minimum of f(x, y, z). Let (a, b, ¢) 
be a solution of the equations f, =0=/f, =/f,. Then if the second 
derivatives of f(x, y, z) do not all vanish at (a, 6, c), the sign of 

faath, b+k, ¢c+1) —f(a, b, ¢) 
is that of the quadratic form. 

W*faa + Kfsy + fee + Qhkfg, +- WUfye + BWhfeg when h, k, 1 are 
small. 

Whether this is invariable in sign or not can be determined by the 
results of the last paragraph. The only cases that are doubtful so far 
as the terms of the second degree are concerned are (i) 4 =0,C>0 
(ii) 4 = 0 and all its first minors zero where 


, 1} Si aa Si ab fi ac 
c=| wa 1, A =| Seo Soo Soe 
foo fo ey 8 
(with the appropriate modifications in (i) when the first minors do not 


all vanish). 
In the doubtful case, the terms of higher order must be considered. 
7.33. The Conditions for a Function of m Variables. By similar 


reasoning to the above, if (a,, . . ., @») is a solution of the equations 
j- 0o= Z eS i where f(a, %, . . -, Zp) is a given func- 
tion of m variables and if 
af of orf 
a? 0a,0a, eo 00,04, 
of of of 
A =| @a,0a, da, °° da,0a, 
of of of 
Bain, Badan," Bay? 
is not zero, it can definitely be established that (a,, . . ., a,,) gives either 
(i) a maximum, (ii) a minimum or (iii) a minimax; whilst if 4 = 0, it 
can be established that (a,, . . ., @,) gives a minimax or that the case 
is doubtful. 
Examples. 


(i) Let f(x, y, 2) = Qayz — 4az — Qyz + w* + y? + 22 — Qa — 4y + 42. 
Sq =2yz—4242e—2; fy=2az—2z2+2y—4; f,=2xry—4a—2Qy+2z2+4; 
Sew= 23 fay = 223 faz =2y —45 fyy=23 fy = 20-2; fry =2. 
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Thus 
“4 y z f(t yr 2) See fw Sez Suz Sen Sev Result 
1 2  paeees 2 2 2 0 0 0 minimum 
0 3 dopa cencty! 2 2 on) VORS 2 2 
2 1 Y oe 2 2 2 sibes 2 be 
0 i adeor food 2 2 2 2 tre Sntiao2s GA 
2 es ee 2 2 2 2 Dee 


The quadratic for (1, 2, 0) is h®? + k? +1? (> 0). 

The quadratic for (0, 3, 1) is 

h® + k* + 12 — 2k + Qh + hk = (h + k +1)? + (k —1)? — (k + I), (2 0) 
and similarly for the others. 

(ii) V = x*y3z4(20 — 2a + by — 42). 

The co-ordinates of any point on one of the planes x = 0, y = 0, z = 0 satisfies 
the equations V, = Vy = V, = 0 and V is zero throughout each of these planes. 
But no point on any of them can be a maximum or minimum ; for any displacement 
in one of them does not alter the value of V, and points exist in each of them, in the 
neighbourhood of which V is not invariable in sign for displacements in three 
dimensions. 

V,, = 2xy*z4(20 — 3a + 6y — 4z); Vy = 6a*y2z4(10 — a + 4y — 22); 
V, = 4x%y3z3(20 — 2a + by — 5z) 

and these vanish when z = 2, y = — 1, z = 2. 

Take x =2+h, y= —1+kh, z =2+/ and we find that 

V = — 128 + 32 {(3h — 6k + 41)2 + (6% — 21)? + 10/2} + O(h? + k* + 1)3, 
Thus V has a relative minimum value — 128. 

(iii) V = atytztut — 4(2 + y +24 u). 

V,=0=V, = V,= Vy when 2 =y =z =u =1. 

Take wz =1+h,y=1+hk,z2=1+1/, u=1+ p and we find that 

V = —15+4+ (6h? +...+ 162k +. . .) + O(p*), (p? = Ah? + kh? + 12 + p?). 
The quadratic terms may be written 

6h + $k + H+ "py — ath + + 41+ 4p)? — 0 + shp)* — 80" 
and therefore V = — 15 is a minimax 


7.4. Restricted Maxima and Minima. A problem of a more 
difficult type arises when we wish to determine the maxima and minima 


of a function V of m variables 2, 2, . . ., Xm, these variables being 
connected by the s (< m) relations 
$;(2,, oe ay Lin) = 0, $r(1, oe ey Lm) = 0, oe ay (21, ee ey Lm) = 0 


Even when it is possible to express V as a function of (m — s) variables, 
the maximum and minimum values of V may not always be correctly 
obtained by this procedure, since the (m — s) variables are not inde- 
pendent variables in the ordinary sense. They may not be free, owing 
to the restricting equations, to take all real numbers for their values. 
Also when an arbitrary choice is made of the so-called independent 
variables, the determination of the others may not be unique and in 
some cases may be impossible. 


Example. Let V = 4x + y + y? where (2, y) lies on the circle 
w+yi?+ aw+y=l1. 
Actually V = 1 + 2x — x? and if we regard this simply as a function of x, we find 
that V has apparently a maximum value 2 when x=1. But when x=1, 
y* + y + 2 =0 and there is no real value of y to correspond. Thus V does not 
appear to have a maximum or minimum from this point of view, although actually, 
as we shall show below, V has the maximum value } when x = }, y = — }. 
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7.41. The Method of Lagrange. In this method, equal importance is 
given to the variables a, . . ., z,, but to obtain the required result we 
assume that a correct choice is made of the independent variables. The 
method will be sufficiently indicated if we consider the problem of deter- 
mining the maxima and minima of V(z, y, z, u) subject to the conditions 

d(x, y, z, u) = 0, (a, y, z, u) = 0. 
; . (, y) Ad, vy) Oh, y) A, v) Ag, v) OF, y) 

If the six Jacobians ix, y)’ He, 2)’ He, uy ay, 2) ay, wy’ a, w) 
all vanish identically, ¢ is not functionally distinct from y ; and we may 


therefore assume that at least one of them, say ny is not zero. 
z, 

Note. The six Jacobians may all vanish for a particular value (2%, Yo; Zo» Uo) 
which is therefore a ‘ singular point ’ for the relation 6 = 0 = y. It will be assumed 
in what follows that the point determining the stationary values of V is not singular. 
If such points do exist, however, in a particular case, there is no reason to suppose 
that they do not provide actual maxima or minima, although the ordinary analytical 
conditions are not satisfied there. 


Taking therefore z, y as the independent variables, the differentials 
dV, dz, du that correspond to dx, dy are given by 
dV = V,dx + V,dy + V,dz+ V,,du, 
0= py dx + dp, dy = dp, dz + Yu du, 
0 = pdx + p, dy + y.dz + py du. 
For a stationary value of V we must have dV = 0 for arbitrary dz, dy 


(regarding V for the moment as a function of z, y). But since ne 8 ~0, 
numbers A, « can be found such that , 
Vi t+Ad, + UY, = 9, Vu + Abu + Yn = 9 
from which it follows that 
‘ 0=dV =(V, + Ad, + mye)de + (Vy + Ady + epy)dy 
Le. V,, + Ad, + vy, = 0, Vi, + Ad, + wy, = 9. 
The equations 
(i) Ve + Abe + Hr = 9; (Gi) Vy + Ady + py, = 95 
(iii) Le rr Ab. + hy, = 9; (iv) V, + Ad, + wy, = 0; 
(v) $=0; (vi) p=0 

determine the possible values of x, y, z, u, A, uw. They are the same 
equations that would be obtained if any other (correct) selection of 
independent variables had been made. Thus if a solution of the above 
equations gives a point for which aoe = 0, there must be some other 
Jacobian that does not vanish (since we have assumed that they do not 
all vanish at the same point). 


Note. The elimination of A, u from these equations (three at a time) gives 
AV, ¢, ) ch av, ¢ ¥) z aV, ¢, vy) ie AV, ¢, v) ao 
A(z, Y, 2) > A(x, y, U) > a(x, 2, u) > Aly, 2, u) ' 
These Jacobians taken in pairs correspond to the six possible selections of inde- 
pendent variables ; and they should all vanish at a stationary value. But although 
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it is usually the case that the vanishing of two of them implies the vanishing of the 
remaining two, this is not always true. For example, if V, = 0 Ads v) 0, 


* @(x, y) 
* 
a = 0, ae: y- 0, the first three Jacobians vanish but not the last unless 
some other condition is satisfied. Thus any method that involves a particular 
selection of independent variables only may not provide the correct solution. 
Example. - Let V = x? + y* where ¢ = 2? + 2? + u? — a? =0, 
y = y? + 222 + 3u? — 62 = 0. 
If we regarded V as a function of x, y merely we should obtain only the solution 
z=0,¥=0, u= + (6? — 2a*), z = + (3a? — b?); but this does not give 
all the possibilities. By Lagrange’s method we find 
2a + 2Ax = 0, 2y + 2uy = 0, 22(A + 2u) = 0, 2u(A + 3u) = 0 


from which we find # 
(i) tz=y=0,A=pn=0,u= + V(b? — 20), z = + (3a? — 52), 
mees =0,1225 = TS ta,y=+ V(b? — 2a*), 
(iii) y=z2=0,4=>—-Laz= ff Reig Pham She 
(iv)z=u=0,A=-—-lw=—-lw=tay=+6 


where we assume 3a* > b? > 2a?. 
The other two possibilities x = z = 0, y = u = 0, lead to imaginary values of 
y, x respectively. 


In this case AV, d ¥) av, ¢, y) a Vz ¢, y) 


= ee Fag, 6) ie, sO 


A(x, y, 2) 
Ao ¥) _g d ke the first three Jacobi ish (taki 
Oy, z, u) yeu and we can make the Hrs! acobians vanish (taking 


x =) without making the last vanish. By assuming that they all vanish, we 
obtain the six possible solutions. 


7.42. Lagrange’s Method for the General Case. To determine the 


stationary values of V(x, x, . . ., Z,) when 
WAG, 6) 9%; Vp) g(t, . . -) By) = = Gils, . «%,7a%,) = 0 
(s< m), 


form the function E = V + A,d, + Ard, +. . . + A,d,, and write down 
the m equations for determining the maxima and minima of £, as if it 
were a function of m independent variables (and A, constant). 


We obtain bl - 4, +. ob Age! =)/0.(7,=.1.t0 .m). 


Ou, Oz, 
These m equations together with a 8 ‘@itations go, = 0 (t= 1 tos). 
determine the possible values of A,, Az, . . ., As, U1, a,» - «> Lm: 


7.43. Discrimination between the Stationary Values. The quadratic 
form that gives the first approximation to 
V(a, aa he eS ag an a hm) are V(a,, o. 6) 8 Gm) 
near a stationary value (a,, . . ., @,,) is most simply obtained by expand- 


ing H=V +2 A, which of course has the same value as V. 


This quadratic form is (eget: +...+hy fe -). E, but in this case 
1 


the displacements h, are not independent but are subject to the con- 
ditions ‘s 2 p 


ae t= 1 to s). 
Ea ha ( 8) 
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Sometimes the quadratic form is of invariable sign (positive or negative 
definite) whether the restricting equations are satisfied or not; but we 
cannot conclude that the point does not give a true maximum or mini- 
mum when the form is not definite. 

Examples. Let the quadratic be Ah,* + Bh? + Ch,? with one condition 
uh, + vh, + wh, =0; and suppose that ABC 0, w0. 

(i) If A, B, C > 0 there is a minimum, and there is a maximum if A, B, C < 0. 

(ii) If A, B>0, C <0, the quadratic is 


Aw + Cut) + 2Cuvh,h, + h,(Bw® + Cv®)}. 


2 2 2 
There is, therefore, a maximum (or minimum) if ~ + a + a <0. There is a 
Ps ut vt. w 
minimax if “+ > 0 and the case is doubtful if “4% 4% —o, 
(iii) Find the maximum value of 2%, x7,% . . . %_,%m where 
Mt... +X, =C 
the numbers 2, . . -, Xm, ¢ being, for simplicity, assumed > 0. 
If E = log(x,%, . . »5 Sn%m) + A(%y +--+ hm — 0) we find 5 = od +A= 
(r =1 to m). 
op 


The only solution is therefore given by 2, = Sn be ae 


= 0. The quadratic is therefore negative (without 


reference to the restricting condition), and the value obtained gives a maximum. 
We therefore find that 

(a Hb, gress ele Lm)® 

(a, + @,+..-+O_)he 


HyM Kyte. 6 L_%m< + Can %m 
where 8 =a, +%,... +4 
This result may also be written 
DX, + peXy t+. . - + Dm Xm > XyAX—Ps . . . XP 


m ™m 
where 2p, = 1, (by writing x, = a,X, and p,(Xas) = a,). 
1 1 


(iv) Discuss the stationary values of V = 4x + y + y? where 
at+y?+2%+y—1=0. 
HE =4e+y+y? + Az? + y? + 24 +y—1). 
E,=4 + A(2e + 2) =0; By =1+ 24y + Ay +1) = 

A = —1 gives x = 1 and the value of y is imaginary. 

y= —} gives c= — §,A=4, V = — 4) ore =},4=—-—4, V =. 

The quadratio is Ah® + (1 + A)k® where h = 0. 

Thus (A = $), V is a minimum when x = — §, y —4 
and TER V is a maximum when x = 4, y = 

This exaniple illustrates how it is not sufficient to e express V as a function of a, 
viz. 2a — 22 +1. 

(v) Find the stationary values of V = 2? + y? + z? when lx + my + nz =0 
and ax® + by? + cz* = 1. 

(V in this example is R? where # is the length of a semi-diameter of the section 
of az* + by? + cz? = 1 by the plane /z + my + nz =0. The stationary values of 
V determine the principal axes of the section.) 

z= Ce es Reg 
BE, = 2x +A + Quax =0; Ey = 2y + Am + Quby = 0; 
E, = 2 + An + Qucz = 0. 
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Therefore 2V + 2u=0; 2a(1 + wa) = —1A; 2y(1 + ub) = — mA; 
2z(1 + yc) = — nd. 

Substituting in /a + my + nz = 0 we find 

2 m2 n? 
itpati+pb*i+pe 
i.e. the stationary values of V are given by the quadratic 
a m* n® 
PoP eT LO Mam ok 

(vi) A closed rectangular box is to be made from 300 sq. cm. of sheet metal in 
such a way that the perimeter of its base is 25 times the height of the box. Find 
the dimensions that give maximum capacity. 

If x, y are the dimensions of the base and z the height of the box, we require the 
maximum value of V = ayz where vy + yz + za = 150; 2a ++ 2y = 252. 

In this example V may be expressed easily as a function of z, but if this is done 
only the absolute maximum (or minimum) is obtained. 

Thus «+ y = 482, zy = 150 — 452% giving V = 1502 — #52°. The stationary 
values are z = +2, so that V = 200 (maximum); whilst z= — 2 gives the 
analytical minimum — 200. 

When z = 2, x = 5 (or 20), y = 20 (or 5). 

However, by the method of Lagrange 

E = xyz + Ayz + zx + xy — 150) + w(2e + 2y — 252), giving 
(i) yz + Ay +2) +20 =0: (ii) x + Az +2) + Yu =0; 
(iii) vy + A(e + y) — 25u = 0. 

From (i) and (ii) we obtain (y — x)(z + A) = 0. 

(a) z = —A gives z = 2, w = 2, zy = 100, x + y = 25 (ignoring negative z) 
which is the solution obtained above. 

Here the quadratic is (2 + A)kl + (yo + Ah + (2 + A)hk where 

(Yo + 2)h + (% + rp)k + (% + Yo) = 0, 2h + 2k — 251 = O. 

Thus at (5, 20, 2), the quadratic is 3k1 + 18/h where 22h + 7k + 251 = 0 and 
2h + 2k — 251 =0. From these we find h/15 = k/— 40 =1/— 2, giving the 
value — 75/* to the quadratic and verifying that the stationary value is a maximum. 

(6) y =a; 4% = 25z; x? + 24x = 150; and if we consider positive values 
only, we obtain 


z= aoa (2) =; 2-anl (2): 1-- Bal 2) 


: . 6 2 : 
In the quadratic / = 0 and k = — h, and its value becomes aN (=i, showing 


that the stationary value (193-8 c.c. approx.) is a (relative) minimum. 


0 


Examples VII 
Evaluate the limits in Hxamples 1-24. 


- are tan x 2 e* — e-* — 2tanz 
1. lim 2. lim pga eta 
z—>o % z—>0 sin’ x 
és at — 52° + 622 + 42 — 8 J 
ene A — 7x3 + 18a? — 202 + 8 4. Pa Og tan x — msec x) 
F 1 ; 2 — a + log (a — 1) 
5. lim (cot t— =) 6. lim — 9 
r—>0 x z—p>21 — V {(x — 1)(3 — z)} 
7. lim ai—1l+ V(#—1) 8. lim tan (cos x + sinz — 1) 


2—>1+ V(t = 1) r—>0 1 — cosz 
9. lim (tan x — sec x) 10. lim sA(log x)!° 11. lim 2x~4(log x)° 
> jr t—>0+ I—>+2 
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atv (5a — 4) — 28/8 


TEL 

12. lim 13. lim (2 — #2)" @ 14. lim a-sinz 

2—>l1 De z—>3 a—>0+ 
15. lim (cos x + 2 sin x)°ot 16. lim (cos 2x)3/2* 

xz—>0 z—>0 

ate ie —1/x —1/z 
Sy ta ae 18. lim “— 19. lim “— 
2a z—>0+ 7 z—>o- * 


20. in AS De 
“pe Oe — 1) + Dt — 1)” 

21. lim (cosect x — cot x cosec* x — $a—‘ tan? x) 
z—>0 


(ABCDpqacm + 0) 


1 1 
22. lim s—/(1 — 8% + 42? — 42%) — 5- 
m 57 V( ) Sag 
23. lim [(a# + 2° + c,2% + cox + cg)! — (xt + 2® + cgx® + cu + c4)4] 
ono 


24. lim [(x* + 6x5 + 122t + 1) — (at + 40% + 6x* + 1)!] 
I—>o 
Find the expansions near x = 0 of the functions given in Hxamples 25-9. 
25. e%(3 — 2x) — 8xe®* as far as x. 
26. log $(1 + e”) as far as 2°. 
27. et sin 2 as far as x'. 28. ¢°os2—1 as far as a. 
29. earctanz + log (1 + sina) as far as 2°. 
Discuss the stationary values of the functions given in Examples 30-6. 


a5(a — 2)? " 
30. (x + 18 31. 2 + 2% — Qa? — 2a + a 4+ ot + 2 
32. 3e2* — 43% 33... —— 34. x5e—* 
log x 
35. sin? x cos* x 36. 22 — tanz 


37. A top-shaped solid consists of a hemisphere and a right circular cone, the 
base of the latter coinciding with the plane face of the hemisphere. If the volume 
V of the top is given, find the radius of the spherical part when the surface of the 
solid is a minimum. 

38. On a triangular piece of cardboard ABC lines are drawn parallel to the sides 
at distances x from them so as to form within ABC a triangle A,B,C, similar to 
ABC. From A, perpendiculars A,L, A,M are drawn to AB, AC respectively and 
the quadrilateral AJ/A,L is cut away. Quadrilaterals formed in a similar way are 
cut away from the other corners. The remainder is folded along 4,B,, B,C,, CA, 
so as to form an open triangular box of base A,B,C, and of height x. Show that 
the capacity of the box is a maximum when x = }r where r is the radius of the 
in-circle of ABC; and that the maximum capacity is #, 4?/(a + 6 + c) where 
A is the area of ABC and a, b, c the lengths of its sides. 

39. A particle P is allowed to slide from a point O down a smooth inclined plane 
making an angle « with the horizontal and at the same instant a second particle Q 
is projected horizontally from O with initial velocity V in the vertical plane through 
the line of motion of P. Prove that the distance between the particles increases 
steadily if tan « < 2/2 and find the instant when the distance is a relative minimum 
when tana > 2\/2. 

40. ABCDis the plan of a smooth horizontal table in which 4B — 3ft., AD= 9ft. 
From the midpoint of AD a particle is projected along the table at right angles 
to AD with a speed of 3 ft./sec. and at the same instant a second particle is projected 
with a speed of 2 ft./sec. at right angles to AB from the midpoint of AB. Find 
the minimum distance between the particles whilst they are on the table. 

41. The centres 4, B of two circles of radii 18a, 9a respectively are 5a apart. 
A particle P describes the larger circle with angular velocity w, and a particle Q 
describes the smaller circle with angular velocity 2m in the same sense. Initially 
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P is at the point C where AB meets the larger circle, and Q is at the point D where 
the perpendicular to AB from B meets the smaller circle. The change of direction 
from BC to BD is the same as that of the angular velocities. Find the maximum 
and minimum distance between the particles. 

42. A window consists of a rectangle a x b and a semicircle on the side of length 
a as diameter. Show that, for a fixed perimeter, the maximum amount of light 
is admitted when a = 26. Find also the corresponding results when 


(i) there are two semicircles, one on each of the sides a; 

(ii) there are two semicircles, one on a side a and one on a side b; 
(iii) there are three semicircles, two on the sides 6 and one on a side a; 
(iv) there are four semicircles, one on each side. 


43. A picture of length a has its lower edge in contact with a vertical wall at a 
height 4 above the ground. The picture is inclined at an angle « (< 42) to the wall. 
A man, whose eye is at a distance c (< h) from the floor, stands opposite the middle 
of the picture at such a distance that the angle subtended at his eye by the picture 
lengthwise is as large as possible. Prove that his distance from the wall is 

sec a{(h — c)* + a(h — c) cosa}t — (h — c) tana. 

44. Show that the overflow y caused by lowering a sphere of radius x into a 
hollow circular cone filled with water, the cone being held with its axis vertical and 
vertex downwards is given by y = 4az*, (0< <4); 4n(2x — 1)?(5x — 1), 
$< x%<2); 4x{2x3 — (2% — })1(2a* + })}, (w > 3), where unity is the height 


d, 
of the cone, and its semi-vertical angle is arcsin}. Show that y and = are con- 


tinuous for all x(> 0). Find the value of a that gives maximum overflow. 
Discuss the stationary values of the functions given in Examples 45-71. 


45. 342? — Qdry + 41y? 46. 32° + 4ay — 4y? 47. xty — 42? — y? 
48. xy + 2x? — 2ay + 3y? — 4a + Ty 49. 2a?y + a — y? + Qy 
50. xy* — 2ay + 222 — 3x 51. 6x + 3y + 32% — 2ay + 2y? — ay 
52. 2° + 427 + 3y? + 5a — by 53. x®y(a% + 2y — 4) 
54. at — 423 + 42? — 3y? + Gy 55. y? — ay — 22? + By? + 2ry + 4a + Dy 
56. x§ + at — 2aty + y? 57. 2° — 428 + 4a3y — y? 
58. 2° — at + Qaty — y? Rarer ves. eee EO Ries 
60. sin'xcosy+sin?ycosx 61. 2°y3(12—4x—3y) 62. z wit Y" f(0, 0)=0. 
63. log (2? + y?) — a — 2y 64. Qayz + a? + y? + 2 

ai, 66 extytz 
65. x*y%z4(20 — 2x + by — 42) a 
67. x®yz — 2ayz + a8z + 2? + y? + 22 + yz — Qaz — 2a 4+ By +z 

Cis? 24 28 31> 9,3 _1'553 
sf 69. 3 log (2? + y + 28) — 2 a lies 


70. xyzu + x + 4y + 62 + 9u 
71. 8xyz? — 32ryz — 8yz* + 8xz* + a? + y? — 7z* + wu? + 32ay — 32az 
+ 32yz + 30a — 30y + 282 + 2u 

72. Find the minimum value of 2? + y? + 2%, (i) ii at+tyt+z=3, 
(ii) when xy + yz + 2x = 3a®; (iii) when ayz = a’. 

73. Find the maximum and minimum values of a? + a 3x + 15y when 
(uw + y)? = 4(x — y). 

74. Prove that the distance from a fixed point Po(x9, yo) to a variable point P 
on the curve F(x, y) = 0 is stationary when PP, is normal to the curve at P. 

75. If (a, yy 21)» (Wes Yos Zp) are two points on the curve of intersection of 
lz + my + nz = 0 and aa* + by? + cz? = 1, the distance r between these points 
is stationary when 

2 m* ne 0 
pom * Tobe tay — ‘gles 
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76. If (a, yy, 21), (Xo» Yo» 2g) are two points on the curve of intersection of 
lz + my + nz = p and az* + by? + cz* = 1, the distance r between these points 
is stationary when 

Pp m2 n2? 
1— abet + 1 — bert + Tchr 
12 m2 n2 12 m2 n2 
where k = oy peer +" ~p). 


=0 


77. Find the maximum and minimum values of zy when a + xy + y® = a?. 

78. Find the point within the triangle ABC, the sum of the squares of whose 
distances from the sides is a minimum. 

79. Ifanz® + by? + cz* + 2hay + 2fyz + 2gzux (= d(x, y,z) = 1, lx + my + nz =0, 
prove that the stationary values of V = 2? + y? + z? are given by 


ah gl 
hb fm 
ye gf om + Vi(a+6 + c)(l? + m? + n*®) — dil, m, n)} — (2 + m* + n?) =0 
lmno 
Solutions. 
‘7 rae 3.3 ig 5. 0 erusg 
1 : 59 
de v3 8. 2 9.0 10. 0 11. 0 12. — 30 
13. ¢2/n 14. | 15..¢% 16. e-® 17. —c/b 18. 0 
(aA + pB) ' 
19, — wo 20. SF (m > 1); pom (m <1); (04 gb) ™ = 1), if not 
indeterminate and aA(a — p)/cC(c — q) if aA + pB = 0 =cC + gD. 
2. eh 23. He, — %) ae | 
25. 22 +3+4+O(x5) 26. $a + 42? + O(ct) 27. 1 + a? + 4at + O(a5) 
28. 1 — 4a? + dot + O(24) 29. 1 + 2x + O(xt) 


30. 2 = 0 (inflex.); z = 2 (min.); z= 1 (max.); « = — 1 (max 

31. 2 = 0,1 (min.); x = 0-72, — 0-61 (approx.), (max.) ; Fe eT ice) 
32. x = — log 2 (max.) 33. x = et (min.); «=0-+ (max.) 

34. « =5 (max.); x = 0 (inflex.) 

35. 2nz, (2n + 1)a + arc tan +/(%) (min.); (2n + 1), 2mm + arc tan +/(#) 


(max.); (2m + 15 (inflex.). 


36. (n + 3) (max.); (n + })z (min.). 
37. (0-67)V%, approx. 
38. teers of ABC, A,B,C, are the same. Area of A,B,C, is A(r — x)?/r?. 


39. 303 tana + 7/(tan? « — 8)(< m2 tana, when @ reaches plane). 


40. Analytical minimum when ¢t = "st but particle leaves table when ¢ = 1; 
actual minimum is (4) ft. 

41. 10-34 Sra ); 29-7a (max.). 

42. (i) b = (ii) a=06. (iii)a =0. (iv) a =6b. 44.7 = 0:3. 

45. (0, 0) ia 46. (0, 0) (minimax). 

47. (0, 0) (max.); (+ 2/2, 4) (minimax). 

48. (1, — 1) (min.); (1 + 1/6, — 2) (minimax). 

49. (0, 1) (minimax) 50. (1, 1) (min.); (0, 3), (0, — 1) (minimax). 

51. (— 1, — 1) (min.); (3, 3), (— 5, 3) (minimax). 

52. (— 1, 1) (min.); (+ §, 1) (minimax). 

53. (2, 4) (min.). 54. (1, 1) (max.); (0, 1), (2, 1) (minimax). 

55. (1, — 1), (1 + V3, — 2) (minimax). 56. (0, ©) (min.). 

57. (0, 0) (minimax). 58. (0, 0) (minimax). 
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m1 + 4m + 12n), dx(1 + 4m + 2n) (max.) ; 
(7 + 4m + 12n), gx(1 + 2m + n) (min.); 
ou(3 + 4m + 6n), $n(3 + 4m + n) (minimax.). 
60. (4m + n)x, 4mz (minimax) ; 
(2m — (nm — 1))x, $nx (max.) ; 
(2m — 3(n — 3))x, 4nz (min.). 
61. (1, 2) (max.). 62. (0, 0) (min.). 63. (2, +) (minimax). 
64, (0, 0, 0) (min.) ; (1, cat 1, 1), = 1, 1, 1), (1, 1, bee 1), (= 1, =e 1, cy 1) 
(minimax). 
65. (2, — 1, 2) (min.). 66. (1, 1, 1) (min.). 
67. (1, —1, 0) (min.); (1 + V2, — 2, 1), (1 + V2, 0, — 1) (minimax). 
68. (7, }, — 3) (minimax). 
69. (6,0, 1), (0, 1, 0), (1, 0, 0), (0, 2-1/3, 2-1/8), (2— 1/8, 0, 2-1/3), (2-1/8, 2-1/8, 0) 
a roer ial (3-1/8, 3-1/8, 3-1/8) (max.). 
0. (— 6, — 3, —1, Py (minimax). 
in (1, —1, 2, —1); (1 +¢v2, —1F jv2, $ or $, — 1) (minimax). 
72. Min. 3a? for (i) (a, a, a); (ii) (a, a, a), (— a, — a, — a); (iii) (a, a, a), 
(- a, —4a, a), (- a, a, — a), (a, sage Es a). 
73. — 58-5 at (1-5, — 7-5) (min.); 5-5 at (1-5, 0-5) (max.); 4 at (4, 0) (min.). 
77. —a* (min.) at (a, —a), (—a, a); $a (max.) at (a//3, a/+/3) 
(— a/V/3, — a/+/3). 
78. The circumcentre 


CHAPTER VIII 
VECTORS. TWISTED CURVES. TENSORS. 
8. Displacements and Vectors. If P, Q are two points in Eucli- 
dean space, the position of Q relative to P is assumed to be known if we 


—> 
are given the absolute magnitude of PQ and the direction PQ. This 
relative quantity is called a displacement and may conveniently be written 


PQ. The absolute magnitude of PQ is 


aS 
called the modulus (or module) of PQ. 
If P, Q, R are three non-collinear points 
(Fig. 1), it is assumed in this space that 
there is only one parallelogram PQSR 


> > 
whose coterminous sides are PQ, PR; and 
> —> 

since PQ, RS have the same modulus and 
> — > —> 

direction, PQ = RS. Similarly PR = QS. 

> — 

The operation indicated by PQ + QS is 

> > => 

defined to be PS and is therefore equal to PR + RS which is the 


> = 
same as YS + PQ. This operation defines the sum of two displace- 
ments and implies that the commutative law of addition is obeyed. 

Any quantity that has direction and magnitude and obeys this law 
of summation is called a vector; and the displacement vector provides 
a suitable geometrical representation of other vectors (such as relative 
velocity or force). 


S 


Note. It is not implied in the above that all physical vectors are completely 
specified by their magnitudes and directions. Thus the effect of a force on a rigid 
body, for example, depends on the line of application of the force as well as its 
magnitude and direction. 


In printed work it is customary to use Clarendon type to represent 
vectors such as a, b, F, but in manuscript it will be found more con- 
venient to place a bar or arrow over the symbol representing the vector. 

The definition of the sum of two vectors a, b implies that 

a+b=b-+a 
and by repeated applications of this result it follows that 
a@,+a,+...+4a, 
is independent of the order of summation. 
216 
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8.01. Subtraction of Vectors. The vector whose modulus is the same 
as that of a but whose direction is opposite to that of a is written — a; 
and the expression a + b, which defines subtraction is defined to mean 
a + (— b). ‘ 

8.02. Scalars and Scalar Multiplication. A quantity (such as mass 
or modulus) which is completely specified by its magnitude only, is 
called a scalar (or invariant) and if k is a scalar, ka is defined to be a 
vector whose magnitude is k times the modulus of a and whose direction 
is that of a. It is convenient in practice to use both positive and negative 
scalars although these are strictly directed quantities. Thus whilst such 
a vector as — 2a is strictly 2(— a) where & (= 2) is a signless number, 
it is more useful to regard it as (— 2)a where k (= — 2) is an algebraic 
quantity. In using the term magnitude, therefore, we shall assume that 
this is an algebraic magnitude and may be positive or negative. When, 
for example, the modulus of a is a, the magnitude of 

ka+hkha+...+hk, a 
is (ky + he +...+ ky)a. 

8.03. Position-vectors. Co-ordinates. Components. Let three mutually 
perpendicular lines X’OX, Y’OY, Z'OZ be drawn through a point O 


—> > 
(the origin of reference) and let the directions of these lines X’'OX, Y’OY, 


Z'OZ (axes of reference) be specified by the unit vectors i, j, k respectively. 

Let Q be the projection of any point P on the plane XOY and S the pro- 
> a> > 

jection of Qon OY. (Fig.2.) Then OS = gi, SQ = yj, QP = zk, where 

x, y, 2 are scalars (any real numbers positive or negative). If the vector 


—>> 
OP be denoted by r, we have 


—> > =>lcc 
OP =r=08+ 8Q+ QP = zi+ yj + 2k. 
The numbers 2, y, z are called the Rectangular Cartesian Co-ordinates 
of the point P, referred to these axes ; and (zi + yj + zk) is called the 


position-vector of the point P. The planes XOY, YOZ, ZOX are called 
the co-ordinate planes. 
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In Fig. 2 a point P is shown not on a co-ordinate plane and the 
rectangular parallelopiped is drawn, one corner of which is formed by 
the co-ordinate planes at O, the opposite corner being P. The dimensions 
of this solid are |z|, |y|, |z|. 


Notes. (i) In the above formula for the position-vector the axes need not be 
rectangular, but the assumption of rectangular axes will usually simplify metrical 
results. Let a,b,c be unit vectors whose directions are not all parallel to the same 


> 
plane ; then the position vector OP can be represented by xa + yb + zc, the axes 


—-—--—_-—- > 
X’OX, Y’OY, Z'0Z being specified by the vectors a, b, c respectively and |z, lvl Ie 
being the distances of P from the planes YOZ, ZOX, XOY respectively, meas 
parallel to the axes OX, OY, OZ. 

(ii) If P,, P, have co-ordinates (x,, y, 2), (25 Ya» Z,) respectively, the displace- 

—=_> sasasxm"— sa > — 
ment P,P, = OP, — OP, = (x, — %)i + (ye — ¥)) + (22 — %)k. Thus P,P, is 
_ the position-vector of the point (xz, — 2, ¥2 — ¥4, 22 — %). These co-ordinates 

—_ 
(%, — 2), (Ye — Yi)» (% — 24) are called the components of P,P,; thus any vector 
is specified if its components are given. 

(iii) In m dimensions, a vector may be specified similarly by means of n co- 
ordinates (or components) 2,,%,. . .,Z, and may be indicated by the comprehensive 
symbol x, (where it is understood that r takes the values 1 to n). The sum of two 
such vectors x,, y, is then x, + y,. 


8.04. Direction Cosines. Let the angles between OP and Ox, OY H 
OZ (Fig. 2) be 6;, 62, 0, respectively ; then cos 6,, cos 0, cos 0; (which 
are not ambiguous) are called the direction cosines of OP with respect to 
the rectangular axes Ox, oY , OZ. 


Obviously x = r cos 6,, y = r cos 6,, z = rcos 0, where (x, y, 2) are 
the co-ordinates of P and r is the modulus of OP, 
—> 
i.e. OP = r(li + mj + nk) 


—> 
where (J, m, n) are the direction cosines of OP. 
Since OP? = OR? + RQ? + QP?, we have 
r? = r? (cos? 8, + cos? 0, + cos? 4), i.e. 1? + m? + n? = 1, 
an identical relation connecting 1, m, n. 
Again, if P,, P, have co-ordinates (2,, y,, 21), (2) Yas 22) respectively 
—> 
P,P, = (2%, — 2,)i + (Y2 — y:)i + (@ — ak 
= Ty(li + mj + nk) 


— 
where r,, is the modulus of P,P, and 1, m, n the direction cosines of P,P,, 
i.e. the direction cosines of the line joining P,, P, are proportional to 
(%2 — 21), (Y2 — Y1), (%2 — %). 

8.05. Vector-projection. Let a given direction be specified by a unit 
vector c. The vector projection of a in the direction c is defined to be 
(a cos @)c, where a is the modulus of a and 0 the angle between a and c 
This definition is not ambiguous since cos (— 0) = cos. The magni- - 
tude of the projection is a cos @ which may be positive or negative, the 
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positive direction of the line c being that of c. The projection of a point 
on a line is defined to be the foot of the perpendicular from the point 


—> 

to the line, and therefore if P,P, (Fig. 3) is 

denoted by a, and Q,, Q, are the projections of 

P,, P, respectively on a line of direction c, then 
— —> 

the projection of P,P, on cis QQ. (= (a cos 8)c). 


—> —> —_—__——_> 
Again if P,P,, P,P., . ., Py-1P, are denoted 
by a,, a, .., a, and if Qo, Q,, . ., Q, are the 


projections of Py, P;, . . ., P, on c, then the 
projection of 
—>=> >> ox ll > —_——_> FIG. 3 
Pols — Qn fae Q.91 = Q:Q2 5 es Qn=19)h: 
—_—> os <—>—s— —DOmn a Yh 

But P,P, = PoP, + P:P2+...+Pn-1Pp; i.e. the projection of 

(a, +a,+...-+a,) is equal to sum of the projections of a,, ag, 
a 


Thus the projection of the sum is the sum of the projections. 


—> 

Note. The vector projections of OP on the co-ordinate axes are <i, yj, 7k where 
(x, y, z) are the co-ordinates of P. 

8.06. The Equations of a Straight Line. A straight line is specified 
if we are given its direction and the position vector of a point A on it. 
Let c denote a unit vector in one direction of a line and let a be the 


Fia. 4 


position vector of A, a point on it. (Fig. 4.) If P is any point on the 


—> > 
line, AP = tc where t is a scalar (+ or —). Thus if r = OP, we have 
r=a-++ tc, the vector equation of the line. 

If (xo, Yo, 2) are the co-ordinates of A and (J, m, n) are the direction 
cosines of the line (in the direction of c) 

a=2i+ yj + 2k; c= li + mj + nk. 
so that the co-ordinates (x, y, z) of the variable point P are given by 
ai + yj + 2k = (xo + Iti + (Yo + mé)j + (2 + nt)k 

Thus z= 2+ lt, y=yo+ mt, z= 2, + nt (these being the Car- 

tesian equations of the line). 
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The variable scalar ¢ is the magnitude of AP, and may be positive 
or negative, the positive direction of the line being that of c. 

Conversely, the equations x = a, + b,0, y =a, + 6,0, z =a; + 6,0, 
where 6 is a variable parameter, represent a straight line through (a, 
@, 43) whose direction cosines are proportional to (b,, be, bs). 


Notes, (i) Let P,, Ps be two paid on the line, where OP, =a, OP, =b. 
—- 


—>> 
Then P,P, = b— a; OP = OP, + P,P =a -+ 6(b — a) where @ is a variable 
scalar. Thus the equation of the line joining P,P, is given by r = 0,a + 6,b 
where 6, + 6, = 1. 

If the co-ordinates of P,, P, are‘(x,, Y,, 21), (%e, Yo, 22) respectively, then 
a=2i+yj+2,k, b =2,i + yj +2z.k, r =2i+ yj + zk so that 

a = Ox, + (1 oa = Oy, + (1 — Oye, z = Oz, + (1 — Oe, 

ila es Ga ie 
or —— = >} — ——+ rH the equations of the line joining P,, P, (as is 

eg SY gi) Sg 
otherwise obvious). 


> > 
(ii) Since P,P = 6(b — a), P,P, = b — a, the position vector of the point 
> 
Nt P,P, in the ratio ih (1 — 6) is (1 —0)a + 6b. Thus the point dividing 


P,P, in the ratio k: 1 is > (where 6= 


+ kb #.) 
-o +1 k+1/7 
8.07. The Equation of a Plane. A plane may be specified by three 
non-collinear points P,, P,, P; on it. (Fig. 5.) 

Let the position vectors of P,, P,, P; be a, b, c 
respectively and let r be the position vector of a 
variable point P on the gover 


= the the: depngaaeay PP fail is in the sn same pane 


as P,P, P.P,. 1 it follows that P,P P,P, Po + uP,P, ibs 
where ¢, w are variable scalars (positive or negative), 


i.e. r=a-+ t(b — a) + u(c — a) 
or r=t,a + t,b + t,c (where ¢, + t, + ¢; = 1) is the 
ria. 5 vector equation of the plane. 


Examples. (i) The Cartesian equation of the piane through (2,, ¥;, 2), (Xa Yo» 22) 
(ag, Ys Zs) is obviously 
x y z 1 
% "1 4 1 =0 
% Ye 2 1 
vs ¥e ~% 1 
and this follows also from the vector equation by noting that x = t,2, + t,%, + ty%g, 


y = by + tee + bey 2 = ht + tte + byte 1 = + ty + ty 
(ii) Prove Ceva’s Theorem—that if three lines AD, BE, CF, concurrent in P, 
are drawn through the vertices of a triangle ABC to meet the opposite sides in 


BD CE AF 
D, #, F, then Do-wa' FB > 
Let a, b, c, be the position vectors of A, B, C; then the re vector of P 


=e Aiwides 


is ra + yb + zc where x+y+2=1. The point d given by 
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—> 
AB in the ratio y/z; but OP =(x+ y)d-+<zc, where (x+y) + z=1, and therefore 
the point given by d lies on PC, i.e. d is the position vector of F. Thus 


BD CE 
similarly Do™ ; eo Big = and the product of the ratios is unity. 


matted: af 
FB 2’ 


8.1. Products of Vectors. From two vectors a, b we can form 
two kinds of products that occur in applications. One of them is a 
scalar and the other is a vector. 


8.11. The Scalar Product. The scalar product of a and b is defined 
to be ab cos 6 where a, 6 are the moduli of a, b respectively and @ the 
angle between a, b. It will be written a. b (pronounced a dot 6), although 
other notations are used by some writers. 

It is the product of the modulus of the one vector and the magnitude 
(positive or negative) of the vector projection on it of the other; and 
the commutative law a.b = b.a is obviously obeyed. 

The distributive law a.(b + c) = a.b + a.c is also obeyed since the 
projection of the sum of two vectors on any line is equal to the sum of 
the projections of these vectors on that line. 

If a is perpendicular to b, a.b = 0 and if a = b, we write a.a as a®, 

Thus PeafPoki=1; ,k=—Ki=i pe 0. 

Again, if (a, 41, 21), (2, Y2, %2) are the components of a, b respectively, 
we have 

a.b = (ai + y,j + 2:k).(z2i + y.j + 22k). 
= Lyle, + YiY2 + %%e 
and this may be called the Cartesian form of the scalar product. 

Note. In 7 dimensions, the scalar product of two vectors A,, B, (expressed in 
rectangular components) is defined to be A,B, + A,B, +. ..+ A,B. 

8.12. The Angle between Two Directions. Let (l,, m,, ”,), (lz, me, M2) 
be the direction cosines of two lines (drawn in specified directions). 

Unit vectors along these directions are 

Li + mj + mk, l,i + m,j + nk. 
Therefore cos 6 = 1,1, + m,m, + nN, where @ is the angle between the 
directions. 

Examples. (i) Let a be the displacement of the point of application of a force 
F. If F, a are the moduli of F, a respectively and @ the angle between F and a, 


then W, the work done by the force is defined to be Fa cos 0, ic. W = F.a. 
It follows that if F,.(r = 1 to m) is a system of forces acting at a point which is 


n n 
moved through the displacement a, then the total work done = 2 F,.a = (2'F,).a, 
r=1 r=1 


n 
i.e. is equal to the work done by the resultant 2 F,. 
r=1 


(ii) If two pairs of opposite edges of a tetrahedron are orthogonal, so also are 
the remaining pair. 


> —> > 
Take the tetrahedron to be OABC and let OA =a, OB = b, OC =c. If 
> a ie 
OC1L AB, c.(a—b)=0; and if OB1LCA, b.(a—c)=0. Therefore 


—> > 
a.c = b.c = a.b, i.e. a.(b — c) or OALBC. 
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(iii) The Normal to a Plane. Let unit-vector along the normal from 0 towards 


> 

a plane be c and let the normal meet the plane in A where the modulus of OA = p. 

(If O is in the plane, p = 0 and c may be taken along either normal to the plane at 0.) 
If r is the position vector of P(x, y, z), any point on the plane, then r.c = p. 


> 
If (1, m, n) are the direction cosines of c (i.e. of OA), the Cartesian equation of 
the plane is /a + my + nz =p. Conversely, the equation Ax + By + Cz + D=0 
represents a plane whose normal has direction cosines proportional to A, B, C. 


8.13. Vector Areas. Let a plane area of absolute magnitude k be 
determined by a point P that describes a closed path which does not 


cross itself, by displacements P,P,, P,P;,..., P,P; (Fig. 6.) We 
can construct a vector A whose modulus is & and whose direction is that 


~ > 
' normal to the plane from which the boundary P,P, . . . P,P, appears 
to be described counter-clockwise. The vector A is called a Vector Area. 
It is usually more convenient, however, to prescribe one of the normals 
to the plane by means of a unit-vector p along that normal. Thus the 
vectors determined by areas described in the plane are of the form Ap, 


Pn-\ 
Pn 


a 
B 


Fia. 6 Fig. 7 


where A is the magnitude of the vector and may be positive or negative : 
positive, if the area is described counter-clockwise from a point on the 
prescribed normal and negative, if the description is clockwise. The 
prescribed normal is often called the positive normal. It is useful to 
note, however, that the direction of the vector area is completely indi- 
cated by drawing arrows in the boundary to show in which direction the 
boundary is described. Thus if a boundary is described once in each 
direction, the vector area indicated is zero. Also if a line be drawn from 
a point R of the boundary to a second point S (Fig. 6) and RS is described 
once in each direction, the vector area is unaltered ; and the sum of the 
two vector areas corresponding to the two subdivisions is correctly given 
as the total vector area. More generally, the given area may be divided 
up into a network (Fig. 7), and the total effect of the circuits round the 
various meshes is equivalent to a circuit round the boundary. 
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8.14. Vector Projection of a Vector Area. Let A be the vector area 
described by a point P in the plane « for which the prescribed normal 
is determined by the unit vector p. Then A = Ap where A is the 
magnitude of A. Let 8 be a second plane for which the prescribed normal 


£22 ¢ 


is determined by the unit vector q. Let @ be the projection of P on f. 
Then as P describes A in «, Q describes an area B in £ which is called 
the vector projection of A and B = Bq where B is the magnitude of B. If 
6 is the angle between p and q, then |B|=|A cos 6| and the aspect of the 
description of B from a point on the prescribed normal of f is the same 
as the aspect of the description of A from a point on the prescribed 
normal of « if cos 0 is positive ; whilst the aspect is the opposite if cos 0 
is negative. (Fig. 8.) Thus B = A cos 6q, so that our definition of the 
vector projection of a vector area is consistent with our previous definition 
of vector projection. 


8.15. The Vector Surface of a Closed Polyhedron is Zero. The vector 
surface of a polyhedron is defined 
to be the sum of the vector areas of 
its faces, the prescribed normal to a 
face being the outward normal, and 
the boundary of each face being 
described counter-clockwise to that 
normal. If the areas of the faces are 
projected on any plane, the sum of 
the vector projections is indicated by 
a network of lines each part of which 
is described once in each direction. 
The sum of the vector projections is © 
therefore zero, from which it follows 
that the projection of the vector on. 10 
surface is zero. Since the plane of 
projection is arbitrary, we deduce that the vector surface is zero. 
(Fig. 9.) 

8.16. The Vector Product. The vector product of a and b is defined 
to be the vector area of the parallelogram formed by a, b, the boundary 
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of the parallelogram being described so that the vector b follows the 
vector a. (Fig. 10.) This product will be written a x b (pronounced 
a cross 6), although other notations are used by some writers. 

It follows from the definition that a xX b= —b xa; axa=0O. 
The area of the parallelogram is equal, in absolute value, to ab sin 6, 
where a = mod a, 6 = mod b and @ (between 0 and z) is the 
angle between a and b. Therefore 
a x b= (ab sin 6)n, where n is the 
correctly chosen unit vector perpendicu- 
lar to the plane of the parallelogram. 


a 
Fie. 10 Fia. ll 


> > eS 

8.17. The Distributive Law for the Vector Product. Let OA, OB, BP 
in Fig. 11 be represented by the vectors a, b. ¢ respectively ; then 
ee . . 
OP =b-+c. A triangular prism may be obtained by completing the 
parallelograms OBQA, OPRA, BPRQ (the figure, however, being plane 
if the vectors are parallel to the same plane). The vector surface of 
the prism is zero, 


Ce rs, a re EN 
i.e. OBQAO + BPRQB — OPRAO + AQRA — OBPO = 0. 
— > ——>> —>, 
But OBQAO = b xa; BPRQB=c x a; OPRAO = (b +c) X a; 


—>=>_ > 
AQRA = OBPO = }(b x ©). 
Thus b xa+cxa=(b+c) Xaor 
ax(b+c)=axb+axc 
so that the distributive law is obeyed. 
The above proof is still applicable when the figure is plane or more 
simply from the fact that 


Fi a a Se I ere ae 
OBPRAO = OBPO + OPRAO = OBQAO + BPRQB + AQRA. 


Note. In Fig. 11, the arrows are used to denote the vectors, and should not 
be confused with the use of arrows for indicating the direction in which a boundary 
is described. 


By repeated applications of the distributive law, we find 
(a, t+a,+...+8,) X (Bi tbi+-. .+b,)=2 2a, 4b). 


r=1s= 


> > > 
8.18. The Cartesian Form of the Vector Product. Let OX, OY, OZ be 
chosen as the positive normals of the planes YOZ, ZOX, XOY respec- 
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ME uy Ei se 
tively ; and consider the vector area of the triangle ABC, where OA = i, 


oa — 
OB =j, OC =k. The direction cosines of one normal to ABC are all 
positive and the direction cosines of the other normal are all negative. 


td 
Therefore the magnitudes of the projections of ABC on the co-ordinate 
planes have the same sign. These vector projections are obviously OBC, 


— —> 

OCA, OAB, ie. }(j x k), $(k x i), $(i x j). Thus the magnitudes of 
j x k,k xi,i x jhavethesamesign. Butj x k= +i,k x i= +j, 
i x j = + k (from the definition of vector product), and the signs are 
all + or pan -. walt gs are all +, the direction of rotation from any of 


the axes Ox, oY, OZ to either of the other two as viewed from a point 
on the third is counter-clockwise and the system of axes is called a positive 
system. Otherwise the system is negative. 

For a positive system, therefore, j x k=i, k xi=j, i xj =k, 
and for both systems i xi=j xj=kx k=0. 

If a=a,i+ yj +2k, b=-2,i + yj + 2k, then for a positive 
system 

a X b= (y:22 — Yo%s)i + (4:2 — 22%,)j + (41¥2 — Tay,)k. 

Notes. (i) The vector product of (2, ¥1, 2), (225 Ya, 2) could therefore be defined 
simply as the vector (yz, — Yo%1» %4%2 — %2yy TyYq — Toy). 

(ii) The absolute magnitudes of the projections of the triangle formed by (0, 0, 0), 
(15 Yrs 21)s (®a» Yor 22) are 

4 | ¥iz2 — Yoral> 4 | Ate — 2e%|, $| 2 — yy;|- 

(iii) This representation of vector product as a vector area is peculiar to three 
dimensions. In n dimensions, the analogue of the vector product is a skew-sym- 
metric tensor of the second order- 


Example. The angular velocity of a rigid body rotating about a 
fixed axis ON (Fig. 12) may be regarded as a vector w whose modulus 
is the measure of the ordinary angular velocity and whose direction is 


> . 
ON, the rotation being counter-clockwise 
to an observer on ON looking towards 0. N 


Let P be any point of the body and let 6 

(between 0 and z) be the angle between 

nea —> 

ON and OP. The speed of P is w.OP P 
sin 6 where w = |w| and its direction is O 


<= 
obviously that of w x r where r = OP, Fig. 12 
ie. v the velocity of P is actually w x r. 
If (@,, @2, @s) are the components of w and (a, y, z) are the co-or- 
dinates of P (referred to a positive system of axes through O) then 


Vv = (i + waj + ok) x (wi + yj + zk) 
so that the components of v are 


(2% — Wey), (st — @,2), (Wyy — We@). 
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8.19. Scalar Triple Products. From the vectors (a x b) and c, we 
can form the product (a x b).c and this is called a scalar triple product. 
The modulus of (a x b).c is Ep where 

E is the area of the parallelogram formed 


—> — 
by OA (= a), OB (=b), and p is the 
perpendicular distance from C to the 


P plane OAB. Thus the modulus of 
(a x b).c is the volume of the parallel- 
b opiped whose coterminous edges are 
a —_>._—_—> ->> ’ , 
eae OA, OB, OC. (Fig. 13.) The scalar pro- 


duct is positive if c makes an acute angle 
—> 
with that normal to OAB from which the change of direction from OA 


ie 
to OB appears counter-clockwise. 

If a = (2, Y. 2), b = (a,, Ya, 22), C = (a, Ys, 2s), then 
(a x b).c = {(y:22 — yoes)i + (2122 — 2a)j ; 

+ (@iY2 — Leys) }. {xsi + ysj + 2k} 
NY % 
Te Yo 2 
T Ys %s 
from which it appears that (a x b).c = (b x c).a = (c Xa).b as is 
obvious from the above geometrical interpretation of the triple product. 
The product is of course equal to 

— (b x a).c = — (a x c). b= — (ce x b).a 
and therefore without ambiguity may be denoted by the symbol [abc], 
if it is understood that the interchange of any two of the letters changes 
its sign. 

Thus [abc] = [bea] = [cab] = — [acb] = — [cba] = — [bac]. 

Note. The volume of the tetrahedron formed by (x,, y,, 2Z,) (r = 1 to 4) is 


y—%y Yy—-Yg 2% —-%, 0 44% 1 

%y—% Yi-Yg 2% —% Lo—x, —Y, %—z, 0 2, 2 1 
a a ae el ad PT ad le 
Ty—% Ys—-Ya %—% Pm Us ae | He Ye % 1 


8.191. Vector Triple Products. Vector Triple Products may be formed 
in various ways. Consider, for example, a x (b x c). 

Let a = (x, Y 21), b= (22, Yo 22), c= (23, Ys, Zs). 

Then by using the Cartesian form of the product (b x c), we may 
easily verify that 

a x (b x c) = Ai+ Bj + Ck 

where A = 2,(2,%5 + y,Ys + 2123) — 29(%i%_ + YrYa + 2122), with two 
similar expressions for B, C. 

Thus a Xx (b x c) = (a.c)b — (a. b)c. 

Similarly 

b x (c x a) = (b.a)c — (b.c)a; c x (a X b) = (c.b)a — (c.a)b. 
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8.2. Curves in Space. If the co-ordinates z, y, z of a point P are 
functions of a parameter ¢, the locus of P is called a twisted (or tortuous) 
curve. Under certain conditions the Pe) 
curve may be plane. RP a 

8.21. The Arc. Let a, y, z be con- A 
tinuous functions of ¢ and let A, B be two Ps 
points of the curve given respectively by (>) B 
the finite parameters, t., 7’ (I > t,). Let Dina 
(n — 1) parameters ¢, be chosen so that S 

beetitostats <sniis hy aseie 
and let t, correspond to the point P, where P, is A and P,, is B (t, = T). 
Then P,P,41 = {(2s41 — %)? + (Yors — Ys)” + (+1 — 2s)” }. Let us 


fay oT ay ee ; 
assume also that (- ai) y (= 4), z (- Z) are continuous and that 


they do not all vanish for the same value of t. Then, given ¢, the length 
of each sub-interval can be taken sufficiently small to ensure that the 
oscillations of #%, 9?, 2 are all <e in each sub-interval. 

By the mean value theorem, 2,41 — 2% = (@):,(ts41 — ts), 


Ys+1 — Ys = (YaAts+a — ts), %41 — % = (t,” (te41 — te) 
where t,’, t,’, t,'"" are values of t in the interval (¢,, t,+1); 
Le. P,Pox1 = (tors — te) {(@),2 + de? + @r? + 0} 
where |p| < 3e. 
Thus P5P 541 ae {(@).? + (Ys? + (2)? Wtess Pes. ts) + K(ts41 Mii ts) 
where |k| < Me, M being the maximum value of 3(¢2 + y? + 2?)-#. 


When each sub-interval tends to zero Dk(t,,, — t,) < Me(T — to) and 
therefore tends to zero. 


T 
Also D((@),2 + Gh? + C2 Mor — b> | +g + Ade 
7) 
Therefore the sum of lengths of the chords tends to the value of the 
T 
integral | (¢? + 9? + 2*)'dt, so that the integral provides a natural 


ty 
definition of the length of the arc from A to B. If we take the upper 
limit to be the variable t (corresponding to the variable point P), we 


t 
can form the function s = | (é? + y%+ 2*)!dt which measures the 
arc AP. ; 
Differentiating, we find o = (a2 + 92+ 2%)!. This result is often 


written ds? = dx? + dy? + dz*, where dx, dy, dz are the differentials 
corresponding to the same increment dt. Since (dz* + dy? + dz?)* is 
the length of the chord joining (2, y, z) to (w + da, y + dy, z + dz), it 
follows from the above that lim (chord AP ~ arc AP) = 1 when P— A. 


Fia. 14 
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Notes. (i) The formula for the are AB is obviously applicable to the case when 
# + y? + 22 = 0 at either or both of the points A, B. 

(ii) The integral for s will exist under less restrictive conditions than those given 
above. For example #, #7, 2 may possess a finite number of finite discontinuities 
(i.e. the curve may have a finite number of corners). 

(iii) The function s increases steadily with ¢ and is finite; therefore t may be 
expressed as a function of s in an interval within which 4 is not zero (although é may 
tend to zero at the ends of the interval). It is therefore convenient in theoretical 
work to regard xz, y, z as functions of the arc s. 

8.22. Derivatives of Vectors. A vector is said to be a function of 
scalar variables, u, v, . . . if its components are functions of these 
variables ; and is said to be continuous and possess derivatives if its 
components possess these properties. 

Thus ifa = Xi+ Yj + Zk and X, Y, Z are functions of the variable 
u, da is defined to be 6Xi + 6Yj + 6Zk and 

da 0X oY, , aZ 
Ou ay ¥ Bu! sh an 

Since the distributive law is obeyed for products, we easily deduce 

the results 
db da 


C) ae ye 
5, (2:) Ra tS ae Kid) icsiaux 


db da : 
a [par] = [p,ar] + [par] + [par.] ; 


2p x a) x} = (Py x a) X P+ (PX Gy) X FF (PX 4) XP 


8.23. The Tangent to a Curve. Let P, Q be two points of the curve 
z=x(t), y= y(t), z= 2(t), determined by the 
> 
values t, ¢ + dt. Let OP be denoted by r and 

— —> 
OQ by r+ 6r. Then PQ = or. 

When Q— P, the limiting position of the 
chord PQ is defined to be the tangent at P. 


Thus the direction of the vector & is that of 


the tangent and since lim {chord ~ are) = 1 


when Q—> P, the modulus of the vector & is 
unity. If T is unit vector along the tangent 
at P (in the direction of increasing s) it follows 


dr 
Fia. 15 aes. 
that T = 7s 
If (1,, m,, ;) are the direction cosines of the tangent 
Ht akg ke Soe ley aay ley 


2 2 2 
ie. 11, mM, % = > = = where (=) tt (2) of (z) == 1. 
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8.24. The Spherical Indicatriz. Take a unit sphere with its centre 
at some fixed point (O, for example) and draw the vector T from O 
meeting the sphere in the point T. 
As the point P describes the given 
curve, the point 7 describes a curve 
on the sphere (the sphere being called 
the spherical indicatrix). (Fig. 16.) 


8.25. The Principal Normal. Let 
OT, OT, be parallel to the tangents 
at P, Q respectively to the given 
curve. Then since OT = OT, =1, 
the arc 77, is equal to the angle dy 
between the tangents at P,Q. When 
Q — P, the limiting position of TT, 
is the tangent at 7 to the curve 
described by 7 on the sphere. Since Fic. 16 
this tangent is perpendicular to OT, 
it is parallel to a certain normal to the given curve. This normal 


— 
is called the principal normal. Since TT, = oT, it follows that - se 
in the direction of the principal normal and its modulus is iy where p 


ds 
is the angle through which the tangent has turned from some initial 
position. 

If N is unit vector along the principal normal 


— KN, where x = . (a positive scalar). 


The number « is called the circular curvature of the given curve and 
p = 1/« is called the radius of circular curvature. 
If 1,, ms, W, are the direction cosines of the principal normal 


1dT 1lde_1/d%, , dy, , d% 
= eee Se eee SS = —_— Se 

il kom h tata N cee ae x (Git G+ Ga) 

1/d%x d’y d¥ 

i.e. (1,, mg, %) = “(ae 752? 7a) where 


1 d*z\* d*y\? d*z\3 
=~ (a) +@) +): 
8.26. The Osculating Plane. The plane containing the tangent and 
the principal normal is called the Osculating Plane. 


If ZL, M, N are the direction cosines of either normal to this 
plane we must have Li, + Mm, + Nn, =0= Ll, + Mm, + Nn, and 


230 ADVANCED CALCULUS 


therefore the equation of the osculating plane is 
eval dali ag Mi ona 
da dy dz 
ds ds ds |=0 
dx d*y dz 
ds* ds? ds? 
where &, 7, ¢ are used for the current co-ordinates on the plane. 


Notes. (i),A plane can be drawn through the tangent at P parallel to the 
tangent at Q. (This plane is parallel to OTT’, in Fig. 16). ‘The osculating plane 
is the limiting position of the above plane when Q —> P, and may therefore be 
described as the plane containing the directions of two consecutive tangents. 

(ii) If = 2(s), n = y(s), € = 2(s) is substituted in the equation of the osculating 
plane at s = 8,, the resulting equation in s has a triple root at s = 8,, since 

(s — 8,)? 


xfs) — a(6,) = (¢ — 4)(%2), + (GS), + 06 — 0} 


with similar equations for y(s) — y(s,) and z(s) — 2(s8,). 

The osculating plane may therefore be described as the plane through three 
consecutive points ; it is the limiting position of the plane through P, Q, R when 
Q, R—> P. 

(iii) Let c,(> 0) be the limiting value of the radius of the circumcircle of PQR 
when Q, R—» P, and C, the centre. Then (C, by (ii) above is in the osculating 


> 
plane at P(s,). The equation (r — a,)* = c,* where a, = OC, must have a triple 


root s = 8. 
Therefore ‘(r, — a,)*=¢,2; (ry —4)-T; =0; T° + (ry — a).KN =0. 
From the'second it follows that r, — a, = + ¢,N since (;is in the osculating 
plane and by substitution in the third we find that c, = 1/« = p (since it is positive). 
The radius of curvature is therefore identified as the limiting value of the radius of 


the circumcircle of P, Q, R when Q, R—> P. 

8:27. The Binormal. The Binormal is that normal to the osculating 
plane (and therefore to the curve) which is such that the tangent, the 
principal normal and the binormal (in this order) form a positive system. 

If B is wnit vector along the binormal, we have 

[TNB] = 1, T.B=0, T.N=0, B.N=0, TX N=B, etc. 


Since B? = 1, BP =0, and since B.T = 0, oT + B.(«N) = 0. 


But B.N = 0; therefore = is perpendicular to B and T and must 
be of the form — AN (where 2 is a scalar, positive or negative). Since 
|\dB| measures the angle de through which the binormal turns when P 


is displaced through the arc ds, the magnitude (—) of - Ga thie 


direction of N) measures the twisting of the curve from the osculating 
plane. The scalar 4 is therefore called the torsion and 1/A the radius 
of torsion. In Fig. 16, the extremities of the unit vectors T, N, B are 
shown and also the extremities T,, Ni, B, corresponding to T + dT, 
N+dN, B+4B. Since 4 — in,  — —aN, the ares 77,, BB, 
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lie respectively along the great circles TN, NB. If 1s, ms, ns are the 
direction cosines of the binormal 
1,i--m,j-+-n,k=B=T xN . 

sRi(tht Mi, (oe earned Oy ol) 
«\\ds ds? ds ds?* ds ds? ds ds? ds ds? ds ds? 
8.28. The Frenet-Serret Formulae. Since N = B x T, 


N= (-2N) XT+B x (eN) = 2B — xT. 
The three equations : 

dT dN _ dB 

> Fe ag Bia Boe "he »N 


comprise what are known as the Frenet-Serret Formulae. They are 
equivalent to the equations 


with similar equations involving m,, m., ms and m4, M2, Ms. 


8.29. The Torsion Formula. The scalar triple product 


dr dr dr 
le a ae 


is equal to 
[= KN, «(AB — xT) + | =. 
da/ds dy/ds dz/ds 
i.e. K*, =| d*a/ds* d*y/ds* d?z/ds* 
d®zx/ds* d*y/ds* d*z/ds* 


Notes and Examples. (i) The Condition for a Plane Curve. If the curve lies 

in the plane Ax + By + Cz + D = 0 (A, B, C not all zero), then for all values of s, 
dx dy dz 
0 = Ax + By + Cz + D=AT + BY + C7 


d*z d*y dz dz d5y d°z 
= Aya + Bra t+ Cpa = Ags + Bris + C73 = &- 


dx/ds d*x/ds* dx/ds* 
dy/ds  dy/ds*  d®y/ds* 
dz/ds  d*z/ds*  dz/ds® 
This condition. is also sufficient. For let 
_dyd: ded'y ,_dd'e ded | _ded'y dyd's 
% = ds dst da dst?” ~ deds*  deds” ” ~ ds ds* ds dst 
If any one of these expressions «, 8, y vanish, the curve is plane. For example, 
if « = 0, oe = < where k is independent of s. (In the trivial case when a first 
derivative vanishes the curve obviously lies in a plane parallel to a co-ordinate 
plane). Therefore y = kz +1, a plane. 
If two of them vanish, so must the third (except possibly in the trivial case), 
and the curve reduces to a straight line. 


A necessary condition is therefore 
= 0. 
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If none of them vanishes, we have 


de de de dty ay de 
ogy + Bae + 7g, =O = age + Bigs + age = ges + Bags + Mgt 
dude dpdy dy dz dad’: dpdty  dyd% 


Differentiation gives 7-3 + 95a, + de ds ~° = de det | ds det de ds” © 
ldw 1dp  l1dy 


=p tll Feary from which it follows that 6 = k,a, y = k,« where k,, k, are 


independent of s; i.e. : + ay + be = 0 or 2, y, z must lie on a plane 


ot hy + kz = ks. 

(ii) Formulae in Terms of a Parameter t. In applications 2, y, z are usually given 
in terms of a parameter ¢, and the formulae we have obtained may be expressed more 
conveniently in terms of x, y, z and the derivatives with respect to t. Let dots be 
used to denote these derivatives. 

(a) The Arc. s is obtained from é* = ¢* + y? + 2%. It should be noted that 
és = dé + py + He. 


(6) Ciredar Curvature. = = 


ds 
dy dty de de 
ds’ ds?” ds’ ds® 


with similar results for 


ad 
3” (Gt a eee 
We may then easily obtain the formula 
»2 e442 -F 
Kk = ry = FT a . 
p é 
(c) Tangent and Normals. 
é (l,, Mm), 1) = az, y, 23 
K8°%(Ip, Ma, Mg) = X8 — XS, Hs — Ys, 76 — BB; 
K&%(1g, Ms, Ns) = Ye — Hz, 24 — zh, ZY — Ky ; 
and it may be verified that 8x? = (yz — gz)? + (2# — ##)* + (ay — dy)’. 
(d) Torsion. Since t = &T, t = ST + xs*N and 


FFT + Ged + a (ud*) JN + x6(AB — xT) 


a" 
and therefore [fF # F] = K7Aé® 
or KAAS = 


eS y- 2 
and the vanishing of this determinant is the condition (necessary and sufficient) 
that the curve should be plane. 

(iii) The Circular Helix. The curve given by 2x=acos0, y =asin6, 
z = a0 tan ais called a circular helix. It obviously lies on the cylinder z* + y? = a?. 
It cuts the generators at a constant angle (4 — «), a property that may easily be 
seen by cutting the cylinder along the generator in XOZ and developing the cylinder 
into a plane. (Fig. 17.) The curve then becomes a set of straight lines inclined to 
AA at angle «. 

# =(— asin6@), y = (acos6),z =a tan«. 

8? = a? sec? ~ and therefore s = (asec «)@ if s is measured from 6 = 0 in the 
direction of increasing 0. This is obviously verified by inspection of the developed 
curve in Fig. 17. 

T = (— sin cos «)i + (cos 6 cos «)j + (sin «)k. 


2 
KN = {(— cos 6@ cos a)i — sin @ cos aj = ie. K = —, and the principal 
normal is along the radius of the circular section through P. 
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B =T x N =(sin@ sina)i — (cos 9 sin «)j + (cosa)k, thus showing that the 
binormal makes a constant angle with the generators. 
dr ; cos?a dr cos? a 
= = {(— cos 6)i — (sin 6)j} —~ = {(sin 6)i — (cos 6)j} 


ds a’ dss 
2, 3. 5 ‘ . 
d*r d ah ~ ae aa ee ee a 
a a 


Therefore \73 X 753)'a5 
ticular: « = 0, the helix is a circle, x = 1/a, A = 0. 
« = 2/2, the helix is a generator, x = 0,2 = 0. 


a =2/4, ek = 1/2a =A, and this is the helix of maximum torsion on this 
cylinder. 


AN 


a 


rs 


<— tise 
a oy 


In par- 


Fia. 17 


If the spherical indicatrix (Fig. 16) has x* + y* + z? = 1 for its equation, the 
paths of 7’, N, B are the circular sections z = sina, z = 0, z = cosa respectively. 

Note. The general helix is defined to be a curve that always makes the same 
angle with a fixed direction. 

(iv) The Intrinsic Equations of a Curve. Let the axes of reference be the tangent 
(OX), the principal normal (OY), the binormal (OZ), where O is a point on the 
curve. The co-ordinates of any other point P (where arc OP = s) are then functions 
of s and can be expressed in terms of «, A the curvature and torsion at O.. Since 
any point O may be chosen, these axes may be regarded as moving with the point 
O on the curve; and since x, A depend only on s, the co-ordinates are described 
intrinsic. The Frenet-Serret formulae show that the derivatives can be expressed 
by equations of the type 


dx i d?y d?z 
qa = ty + aby + lacy qap = MAy + Mody + Maly; Gap = M4y + Mbp + NgCp 


where @y, by, cp are certain functions of s. 
By differentiating these equations and using the formule, we obtain 


da db de 
Ap+1 = Gy — Kb; byt 1 = Gy + Kip — Mey; Cot1 = GZ, + Ady. 
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Also, since O is on the curve, 


(dx dy dz 
(er Yor #0) = (0, 0, 0); (FZ) = Clas mas mado = (Is 0, 0); 


(Les Me, Ng) 9 ei (0, 1, 0); (13, Ms, N3)o eed (0, 0, 1). 


Thus taking all the values for (0, 0, 0), we have (a,, b,, c,) = (1, 0, 0); 
(4g, b, C2) “os (0, K, 0); (a3, b, Cs) ox (-— K*, Ke Ax); 
(Gg, Dg, C4) = (— 3x’, ” — x? — KA*, Kd’ + 2x'A), &e. 
where accents denote differentiations with respect to s. 
KK’ 


Ke? K K’ = a 
Thus t =e — 7s? — ~ 8. ores y = 58° + 58 + (k ~ Ko — KAa)ye a 


A 4 
2 = Fe + (re! + 2e' Aas an 


(v) Example. Show that the shortest distance between the tangents at O, P is 
approximately ;';«As°, when s (= OP) is small. 
The direction cosines /, m, n of the tangent at P are 
2 , /o2 3 
1 —5e-Se or a Ss ee +> + (K” — 3 — Kit)e- eae 
Kas? ae 
os (KA + 2«'A)G a 


The direction cosines of the line perpendicular to this tangent and the z-axis 
(tangent at O) are + (0, n, — m)/(m* + n*)1/2, and the shortest distance D is 
| ny — mz | | 
(m? + n?)3* 

The numerator of D is yok*As* + O(s5) and the denominator is xs + O(s*) 
and therefore D = |};«/s* + O(s*)|. 

(vi) Curvature and Torsion of an Involute. A thin string has one end A at the 
point O of a given curve and lies along the curve in the direction’ of s-increasing. 
The string is unwound from O, the unwound part being kept taut. The path of A 
is called an involute of the given curve. If the length s is unwound, where the are 
OP = 4, the point A is on the tangent at P at a distance s from P in the direction 
opposite to T. 


> > 
Thus if OP = r, then OA = rj = r — sT, where the suffix 1 denotes that the 
quantity refers to the involute. 


dr, d.. ds 1 
T, ye whines ie. T,; = — N and an nak 
AB — xT 
nN, = — rece ) ie. x2x,2s* = 2? + x? sc that p, the radius of circular 


Ks 
curvature of the involute, is Mate where p, o are the radii of circular curvature 


and of torsion of the given curve. 
Also N, = T cosa — Bsina where tana =A/x =p/o. 
Therefore B, = T, x N, = Bcosa + Tsina; differentiation gives 


1 a ee a 
— AN, =] — AN cosa + «Naina + (T' cos. — B sin a)%} ee ae 
Lda _1(op—op') .  (_1)_ ap? +0?) 
1.e. hei es sated 7 + ot 9 1.85 “,(-;)- 7s. 


(vii) Rate of Change of a Vector F referred to Moving Axes. Let a system of 
rectangular axes be rotating with angular velocity w(= @,, @», @, referred to these 
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axes). The unit vectors i, j, k that determine the directions of these axes are 
functions of the time ¢. Let F = (F,, F,, Fs). 


di d 

qwnzexi= ,j — wk; similarly 3 = a,k — w,i, and 
dk 

a Mei — a,j. 


Therefore = = ar + F,j + F3k) 
== (F, — w3F, + w2F;)i + (F, — o,F, pit ‘se 


PF, -- oF, + o,F,)k 

giving the components of F. 

In two dimensions, if » is the angular velocity of the axes, and F = iin: Fy) 
referred to these axes, then the components of F are F, — wF,, F, + wF;. 

(viii) Example. A particle moves on a certain curve. Find the components 
of acceleration referred to the moving axes T, N, B. 

dT dN dB 

Here EB = KN, r Tae KvT + AvB, a ae oe AvN, from the Frenet-Serret 
formulae if v is ds/dt; so that the components of angular velocity of the axes 
are @, = Av, w, = 0, wy = KY. 


d 
Thus the components of are ? «v*, 0, since the components of v are (v, 0, 0). 


8.3. Scalar and Vector Functions. A function V (Bisg Ba,H50!'5 2) 
that is completely specified by the values of (z,, 7, . . ., Z,) is called 
a scalar function or invariant. A vector function V(x, %2, . ~ +, Zp) 18 


one that requires (in m dimensions) m components for its specification, 
ie. is a vector whose components are scalar functions. For simplicity 
in exposition, we shall often take m = 3, and consider functions of 
three (or fewer) variables. 

If V(x, y, z) is a single valued function defined for all x, y, z, then 
through any point (ao, Yo, 2) there is a single surface given by 

V(2, Yy; 2) aa V(x, Yo Zo). 

It is often convenient, however, to drop the suffixes in 2», Yo, Zp and to 
refer merely to the V-surface through the point (z, y, z). 

8.31. The Normal to a Surface. The straight line through the point 
P(x; Yo, Zo) Of direction-cosines 1, m, n is given by 

t=A@otlr, y=Yotm, z=2%+ mr 
where r is the distance of the point (x, y, z) from P. It meets the sur- 
face V(x, y, z) = V(x, Yo, Zo) in points determined by 
V(ao + Ur, Yo + mr, 2 + nr) — V(%o, Yo; 20) = 0 


Le. (ee +m m5 + ne + O(r?) = 0, if V possesses bounded second 
0 


derivatives at P. 
One root is obviously zero, and one (at least) of the other roots tends 
to zero when the line approaches a direction that satisfies the equation 


i + mn Me mS! =0. If therefore the first derivatives do not all 
0 
beset at (Zo, Yo, es the lines whose direction cosines satisfy the above 
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equation are tangents to the surface. Thus all the tangent lines to the 
surface through (29, Yo, Z) lie on the plane 


oV aV av 
(% — sor oa +¥-— Yolay, 5 ae a 2a =0 


which is therefore called the Tangent Plane at (%o, Yo, Zo). The normal 
to this plane is called the normal to the surface and its direction cosines are 
oF. sey ov 1 oV \? av \? ov\? 
rn aa Ve where Ce (5) +. (=) ey (=) ; 

Notes. (i) The ambiguity in sign corresponds to the two directions in which 
the normal may be drawn. In applications the normal chosen is either stated or 
implied, and in the case of a simple closed surface is usually taken as the outward 
normal. It is often the case also that this corresponds to increasing V. 

(ii) If the first derivatives of V all vanish at (x5, Yo, 2), this point is said to be 
singular for the surface. 

8.32. The Directional Derivative for V(x, y, z). Let P be a given 
point, through which a straight line is drawn, and let Q be a variable 
point on this line distant s from P. Then lim {(Vg — Vp)/PQ} when 
Q— P may be called the rate of change of V at P with respect to s. 

This limit) is lim {eet Vy dy +Ve “ =1,V_ + mV, +,V, 

ss—>0 ds 
> 
where 1,, m,, ”, are the direction-cosines of PQ and z, y, z are the 
co-ordinates of P. This may be called the derivative of V in the 
direction (1,, m,, ;). 

8.33. The Gradient of a Function V(a, y,z). Since 1? + m® + n? = 1, 

where (J, m, n) are direction-cosines, the directional derivative 
WV,+mV, + nV, 
has obviously a maximum (and a minimum) determined by the equations 
V, + pl = V,+ pm = V,+ un =0 

l m nn eG 8 papi 1 

ys ae Vy b Urs “iia i ae Ve) } 
The maximum value is therefore (V,* + V,? + V,*)#, and the corre- 
sponding direction is along the normal to the V-surface through (2, y, z) 
in the direction of increasing V. The gradient of V(z, y, z) is defined to 
be the vector function whose direction is along the above normal and 
whose magnitude is the maximum derivative. In terms of the unit 
vectors i,j, k, it is equal to V,i + V,j + V,k and is usually written 
VV or grad V. 


Note. Inndimensions, grad V(2,,2,,. . -,%) is defined to be the vector function 
of components 0V/dz,. 


7] C] a 
34, ae Da VY Soe se: 
8.34. Vector Operators. The symbol V Bal 4- ay) ae 5K may be 


regarded as an operator that gives the gradient when applied to a scalar 
function V. That it is vectorial in character may be verified directly 
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by making a co-ordinate transformation. If the axes are rectangular 

the formulae of transformation are of the type 

ve =let+mytnze;y = = Lye + may + maz ; a! = Ty + may + nye. 

& = lz’ + lay’ + Is2" 5 y = mya’ + may’ + my! 5 z= nyo’ + ngy’ + nye’. 
nt, i. & denote unit vectors along the new axes, we have 

Pell ht ak: j-=1,i + m,j + nk; k’ = 1,1 nj + nk. 

i=1,i’ + l,j’ + 1k’ ; 7 a a + maj’ + msk’; k = ni’ + n,j’ + nk’. 


Now (VV)' = an af + oy =2(Vah + Vrms + Vara)’ 


err te o V,i+ V,i+ Vk = vv. 
We can give an obvious interpretation to the operator a.V; 
for (a.\7)V may be defined as 


(a,i + a,j + ak).(5 + 8, + sk)Y 
mr dz 


oy 
=4,V,+a,V,+4,V, (where a = (a, ag, as)). 
Thus (a.V)V =a.VV. 
We may also take (a.\7)V to mean ad + a5) wa d a, and no 


difficulty arises if we write (a. \7)V as a. VV, since VV i not been given 
a meaning. 
Notes. (i) If a is unit vector in the direction (J, m, n), then 
a.VV =1V,+ mV, + nV, 
the directional derivative. 
(ii) If r is the position vector of (x, y, z), then 
dr.VV = V,dx + Vydy + V,dz =dV 
the differential of V. 
8.35. The Operators 7., 7 x. Divergence and Curl. If 
V=V,i+ V,j + Vk 
is a vector function, then 7.V is defined to be 


ra] 7] a 
(z! + 55+ ak) (7 +: Vai + Vek). 


Ox 
Since V is given to be a vector and \/ is vectorial in character, V.V is a 
scalar (invariant for change of axes). Its value is ae + % + Be 


and it is called the Divergence of V and sometimes written div V. Again 


V x V is defined to be (si+ i+ 5) x (Vii + Vai + Vek) and 
must be a vector. Thus 


oy 
vx =(B hs (Eh (EE 


The vector VY x Vis called the curl (or seve of V and is sometimes 
written curl V (or rot V). 


Note. The reader should verify directly that for a transformation of axes, the 
expressions given for div V and curl V are invariantive and vectorial respectively. 
9 
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8.36. The Symbols (a x V7).V, a(V x V), V.(V x a). Here it is 
assumed that a is a constant vector. 

It follows from the formal expansion of the scalar triple product that 
these symbols all represent 

ov, aV, oV, aV; av, av, 
lay ae) +a 7) tae 3) 
and so this expansion is equivalent to 
(a x V).V =a. curl V = div(V x a). 

8.37. The Symbols (a x VY) x V, a x(V xV), VY x(V Xa). As 
above, we can find expressions for these from the formulae for vector 
triple products, if it is remembered that the symbol Y must precede V. 

(i) (B x C) x A= C(A.B) — (C.A)B gives 

(a x V) x V= V(V.a) — (V.V)a = grad (V.a) — (div V)a. 

(ii) A x (B x C) = B(C.A) — (A.B)C gives 

a x(V x V) = V(V.a) — (a. V)V 
or a x curl V = grad (V.a) — (a. /)V. 
(iii) A x (B x C) = (A.C)B — (B.A)C gives 
V x(a Xx V) =(V.V)a — (a. V)V 
or curl (a x V) = (dw V)a — (a.V)V. 
It may be noted from the above that 
(a x V) x. V =a xX curl V + curl (V x a) 
or Vx(Vxaj+ax(V xV)+(V xa) xV=0. 
8.38. Operations on Products of Functions. We can also determine 
expressions for 
(i) VOV; (i) V.(UV); (ii) V x (UV); (iv) V(U x V); 
(vy) Vx(U x V); (vi) V(U.V). 
The obvious method of determining these is to add the expression obtained 
when U or U is constant to that obtained when V or V-is constant. 
Thus (i) VUV (= grad UV) = UVV + VYU (vector). 

(ii) V.(UV) (= div UV) = UYV.V+V.VYU (scalar). 

(iii) V x (UV) (= curl UV) = U(V x V) + (VU) x V_ (vector). 

(iv) From § 8.36, V.(a x V) = —a.(V x V) when a is constant. 

Therefore 

V.(U x V) (= div U x V)=V.(V x U)— U.(YV x V) (scalar). 

(v) From § 8.37, 7 x (a x V) = (V.V)a — (a. V)V. 

Therefore 
V x(U x V)(= curl U x V) =(V.V)U — (U.V)V—(V.U)V+(V.V)U 

vector). 

(vi) From § 8.37, V(a.V) =a x (V x V) +(a.V)V. 

Therefore 
V(U.V)=U x(V x V)+ V x(V x U) + (U.V)V +4 (V. 7) U(vecior). 
i,e. (i) grad (UV) = U grad V + V grad U. 

(ii) div (UV) = U div V + V. grad U. 

(iii) curl (OV) = U curl V + (grad U) x V. 

(iv) div(U x V) = V. curl U — Ucurl V. 
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(v) curl (U x V) = (div V)U — (div U)V + (V.V)U — (U.7)V. 
(vi) grad (U.V) = V x curl U+ U x curl V+ (V.V7)U + (U.V)V. 
8.39. Second Order Operators. By applying the operators V7,’ V., 
VY x twice on suitable functions we may obtain the following expressions : 
(i) V.(VV) (= div grad V); (ii) V x (VV) (= curl grad JV) ;s 
(ili) V.(V x V) (= divecurl V); (iv) V x (V x V) (= curl curl V); 
(v) V(V.V) (= grad div V). 
Thus 

Gi) V .(VV) = V.(V ed + Vy + VK) = Ver + Vy + Vex 

This is written \7?V (and called the Laplacian of V). 

The symbol (V’.\V)V may also be written \7/*V where this is taken to 
mean (/*V,)i + (V?V2)j + (V?V3)k, (Vi, V2, Vs being the components 
of V). 

(ii) Since a x a= 0, we deduce that VY x (VV) = 0. 

(iii) Since a.(a x b) = 0, we deduce that V.(V x V) = 0. 

(iv), (v) Since a x (a x b) = a(a.b) — (a.a)b, we deduce that 

Vx(V x V)=V(V.YV) — V?V. 
Thus (i) div grad V = V?V = Vag + Vay, + Vee; 
(ii) curl grad V = 0; (iii) divcurl V=0; 
(iv), (v) cugl curl V = grad div V —V72V. 


> 
Examples. (i) Find Vr", V7 .(r™r), VY x (r™r), where r is the vector OP and OP isr. 
vrn = mrm—1(=3 “ 4 + x)= mrm—2y, 


V(r") = (Vr™).r + 9 V 5) = mrm—2y? + Br™ = (m + 38)r™, 
VX (rr) = (Vr™) x r+r™%V x r) =0 since : 
(Vr™) x xr) = mrm-2r x r)=0 and V x r=0. 
(ii) If uv = Vw prove that v.curl v = 0. 


curl vy = v(+) x Vw +29 x (Vw) = v(=) x Vw. 


1 1 ‘ 
Therefore v.curl v = (<-vw).(v(—) x Vw) = 0. 

8.4. Transformation of Co-ordinates. A vector has a meaning 
that is independent of any particular co-ordinate system ; and therefore 
a study of the relationship between its components in one system with 
those in another may be expected to give an indication of the essential 
characteristics of a vector. In order to deal satisfactorily with the effect 
on vectors of a transformation of co-ordinates, it is necessary to introduce 
the special notations and conventions that are used in this analysis. 


8.41. The Summation Convention. Kronecker Deltas. In the Tensor 
(or Absolute) Calculus, quantities occur with various affizes, some of 
which may appear above the main symbol (or symbols) as in A™, a’bs 
or below the symbols as in A,,, A,,. In the former case the affix is called 
a superscript and in the latter a subscript. Symbols occur having both 
types of affixes, as for example A? or a,b%c”". If a symbol contains 
an affix that is not repeated, this affix is called free and is supposed to 
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take all values from 1 to N (where N is the number of dimensions under 
consideration). 
Thus A, is a symbol denoting the N values A,, A;, . . ., Ay; whilst 
A’, denotes the N2 values A}, Aj, A}, ..., AN. 
A repeated affix implies a summation. Thus a,b means the N 
N 


expressions 6,0, (6 = 1 to Di), 


r=1 
A repeated affix is sometimes called wmbral since it may be changed 
to any other affix not appearing in the symbol. For example: 


ArsX> = An X” 5 ApgX® + My X! = YX! + MrsX*. 
An illustration of the type of quantity that occurs is provided by the 
Kronecker Delta 68 which is defined to be 1 when r = s and 0 when 
rs. Thus N of these quantities are equal to unity, viz. 6}, 63, . . ., 


6% and the remaining N? — N are zero. 
Also 65 = N; and 6{4* = A’. 


Note. Kronecker Deltas of higher order may also be constructed. Thus oT 
is defined to be zero except whén (i) m = p, n = g (m5 n) its value then being + 1 
and (iil) m=q, n=p (mn), its value then being —1. It follows that 
om = (1 +... 4+6%)=0 ifr As and =N—1if r=s (since 6}}=0, for 
example) 
i.e. om = (N — 1)6%; also 57" — (N — 1/6" = N(N — 1). 


8.42. Linear Transformations. A displacement vector may be indi- 
cated by the symbol 2”, where in anticipation of a result to be proved 
later, the affix is written as a superscript. 

A linear transformation is given by the equation 

P= a (=ajat'+...+ aye’, r=1 to N) 
where the determinant of the coefficients, sometimes written |aj|, is 
finite and not zero. 

By solving these equations, we express 2” in terms of Z in the form 
a” = «@* where Aa? is the cofactor of aj in the determinant 4 = |a}]. 

By the substitution of 2° = «},@” in the equation for @ (or by 
using the properties of a determinant), we see that aja}, = 1 when 
r =m and zero when r ~m, 


i.e. aja;, = O;, and similarly afaf” = 67". 
In view of more general transformations, we can write these results as 
ox" Ox" 
ous > ozs ? 
where i a i atl j. 


Note. Aspecial case arises when the two sets of axes are orthogonal. Suppose 
for example, NV = 3 and (/,, m,, m1), (lo, a5 Ng), (1g Mg, M3) are the direction cosines 
of OX, OY, OZ with respect to OX, OY, OZ, and that the two systems are of the 


TENSORS 241 


same species. Then (/,, 1,, 1), (m4, Me, Mg), (M1, Ng, Nz) are the direction cosines of 
OX, OY, OZ with respect to OX, OY, OZ. 

Thus €=1,2+ my + nz; J =le+ my +nz; Z=lx + my + nz, and 
e=hE+1 G9 +152; y= me + me + mz; z= mF + nf + N32. 

Typical relations satisfied by these coefficients are [? + m+n} =1; 
24+2+42=1; 1, =mn,—mn,; and the determinants of the coefficients 
are both equal to 1. 

This is a special case when a) = «} and |a{| = |a%| = 1. 


8.43. Functional Transformations. When @” is a function of 2” (not 
necessarily linear), the differential displacements dz” are connected linearly 
with da” at x", provided A(z', z*, . . ., 2%)/d(#, Z, . . ., ZY) is finite 
and not zero. The new framework of reference consists of the loci <” = 
constant (which in 3 dimensions are surfaces) and the tangents to the 
various loci obtained when all but one of the variables % are constant 
form the axes of reference at the point «". The equations connecting 
the two displacement vectors dé", dz” are obviously given by dz” = 

r 
oF dst or dx’ = ode, where, as in the last paragraph, 
OG" Ox® Oa? Ot" 
—_ eS Er re OS OF. 


8.44. Covariant and Contravariant Vectors. The gradient of 


V(z, x*, . . ., #) (an invariant) is defined to be the vector ae and 
when the variables are changed we have 
oV AV das 
Oe ~~ (Oa? Oa" 
oar 
Also we have shown that dz = a oe. 


Thus vectors appear to be of two kinds, one which is transformed 
like the gradient and one like the displacement vector. The former is 
called Covariant and the latter Contravariant. Thus if X” is a vector 
that obeys the law 

y= Oa" v4 
Ce a 
it is called a Contravariant Vector, a superscript being used to denote 
contravariance ; whilst if X, is a vector obeying the law 
x8 
£, = 2x 
it is called a Covariant Vector, a subscript being used to denote covariance. 


8.45. Tensors. If the n? quantities X,., obey the law of transformation 
OxP dx 

ae = Oar apa 
X,, is called a Covariant Tensor of the second order. 
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If the n* quantities X’* obey the law 
dz" Oz8 
re, ws het Bi ee 
Ox?” aaa 
X's is called a Contravariant Tensor of the second order. It is possible 
also to have a mixed tensor X7 if it obeys the law 
,  O@ Oat 
Xi= Ox? 058" a 
Similarly, we may have tensors of any order having contravariant 
and covariant properties. Thus we should write a tensor of the fifth 
order as X?P3 if it obeyed the law 


~ Oat Ox! Oa" Oa Oa!” 
and there is of course a similar equation for the inverse transformation : 

nq __ Ou? Oxt OF" 02° OG Lap é 

Oz" OZ? Ox" das Ax! 

Notes. (i) A vector is a tensor of the first order. 

(ii) It is important to note that any free affix appearing on the left of such an 
equation as the one above should appear in the same place on the right; and that 
any umbral affix appearing on one side of the equation only should occur once as a 


superscript and once as a subscript ; this is a characteristic feature of Tensor 
Equations. 


8.46. Addition and Multiplication of Tensors. Two tensors of the 
same order and species may be added to form another of the same order 
and species. 

Thus X,, + Y"Z,,, is a covariant tensor of the second order if X,,, 
Y?"Zms are covariant tensors of the second order. 

The product of two tensors of orders k,, k, is a tensor of order k, + ky. 


i dz” Ox? Oxy 0@$ Oa" 
1 1 3 $ p 
Thus if X?, = aut BET ager and Y?= aps agii« then Xt Yi 
is obviously a tensor of the fifth order that might be denoted by Z>e,. 
S47. The Substitution Operator. Since — =- = 8, then 
Oz" Ox* 
ant ag) = Ar) 
where A(t) is any expression involving the affix t. The operator 
az" Ox8 
dat” Oz 
is therefore called a substitution operator. Similarly 
dz" Ox! t 
 aa8 ag (= °F) 


is a substitution operator. 
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The operator = eal is a isd tensor of the second order. For 


A aa Oat — Gax ag — 88 = 
8.48. Contraction of Tensors. From such a tensor as A’*! we can form 
a tensor of lower order by writing a superscript identical with a subscript 
and obtaining for example A‘y?. 


0%" O05 O%2 Ox Ax° 


: ap 

Now 40! = 55 aot aa ag oa 
On" Of° Oz’ mae ce. Ox wBy —. 4%b 
= 5a ot ap ae i 00 a ag am = Ae 


~ 8o that Aji? is a tensor of the third order. This operation is called the 
contraction of tensors. 

Similarly by further contraction we obtain the vector Aj?’ 

Note. Contraction is obtained by making a contravariant affix identical with a 
covariant affix and no significance is attached to the expression obtained by making 
two affixes of the same kind identical. 

8.49. The Quotient Law. Suppose we are given that 

A(r, 3, DB® = C" 
under transformations, where C” is a certain vector and B* is an arbi- 
trary tensor of the second order. 


Then A(r, s, t). Bs = Cr = al = oF Al. p, 9) B»4 


__ 0&" OxP xt ie 
er ozs “Ont A(x, p, q)B*. 
But if Bs is arbitrary, we must therefore have 
7 Oz" Ax? Ox! 
Alt 8, 8)i— an ae Ot .A(a, p, 9) 
so that A(r, s, ¢) is a tensor of the third order that should be denoted 


by Aj. 

Similarly if C%,::, Bi :: are tensors, the latter being arbitrary, and if 
A(r.., «.., r..) Bh:: = C%::, we may show that A is a tensor of the 
type Ay 

8.5. The Fundamental Double Tensors. When the ‘ distance’ 
ds between the points 

(Et, EY,» nny €%)y: (Ge et, €* - G4...» oy E* + GEN) 
is (as in rectangular Cartesian co-ordinates) given by 
ds? = d&idfi+ dé*dé#4...+ déN dé, 
the space of N dimensions is said to be flat. 
Notes. (i) More generally, a space is flat if by transformation of co-ordinates it 


can be reduced to the above form. 
(ii) The symbol dé" d&" is used for the square of d&" so as to avoid ambiguity of 
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the index symbols. There is, however, little likelihood of confusion in the use of 
ds* for the square of ds. 

In a transformation, the invariant ds* becomes ds* = g,,,, dx™ dx” 
of OF 
Ox" Ax 

If, however, we define the invariant ds* by means of this general 
quadratic form, it cannot in general be transformed into the sum of n 
positive squares with constant coefficients. Space in which ds? is defined 
by the general quadratic form is therefore, in general, curved. One of 
the investigations occurring in tensor analysis consists in determining 
the conditions for which the space is flat. 

Since dx” may be regarded as an arbitrary tensor in the expression 
for the invariant ds?, it follows by the quotient law that g,,, dx” is a 
covariant vector; and, by a further application of the law, that gm, is 
a covariant tensor of the second order. The position of the affixes in 9,» 
is therefore justified. 

Let g = |9mn| (the determinant of the g’s), where gnn = Jam, and 
let the cofactor of g»,, be divided by g and the quotient be denoted -by 
g”” (thus anticipating its contravariant character). 

Consider g,,,g™. By the properties of the determinant this is zero 
when m +n and 1 when m =n. 


where Inn = 


_ 0" oe 

Oa aam 
Imig" A(m) 4 A(n) 

and if A™ is any contravariant vector gm,.g”A™ = A”. 


This mixed tensor g,,,g"" is here usually denoted by g',. Again, 
since g,,,4™ may be regarded as an arbitrary covariant vector and 
9" (GmrA™) = A”, it follows that g™ is a contravariant tensor of the 
second order. 

The tensors g,,,, 9, g”” are called the Fundamental Double Tensors. 


8.51. Raising and Lowering Affizes. From the vector A, we obtain 
another A” by means of the relation A" =g”"A,,. This is called. 
‘ Raising the Affix’. Similarly from A” we obtain A, by the relation 
An =GImnA™ and this is called ‘ Lowering the Affix’. Although the form 
of the vector is altered in this way, the two forms should be regarded 
as equivalent ways of representing the same vector. For this reason a 
vector and that obtained by raising or lowering an affix are sometimes 
called Associated Vectors. 

Similarly, we may raise or lower affixes in tensors of any order and 
obtain associated tensors. For example 


gua. = 2 beads 
It is sometimes necessary to indicate which particular affix has been 


raised or lowered and this can be done by allotting a certain place for 
each affix in the lower and upper positions. 


Thus g,,,9” is the mixed tensor on ( ) so that 
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Thus if A?! be denoted by A?%:;; we may write 
Girt. = ee 
This is unnecessary in certain cases of symmetry, for if 4,, = A,,, then 
g"A,, = g™ Ag = g”A,, and both can be written A”. 


Notes. (i) If there is an wmbral affix, it may be raised in one place if it is lowered 
in the other. 
Thus 4,,,B™ = g™95,A,,,B? = (9A, > )(JprB?) 
Te A’, B, > yale): 
(ii) In a tensor equation, a free affix may be raised (or lowered) throughout the 
equation. 


Thus if A,B! {0 = D?; 
«then AT {BS ,C'? = D?” or A;;BS;0', = D;;. 
8.52. The Christoffel Symbols. In the further development of tensor 


analysis, two expressions (which are not tensors) occur which are of 
fundamental importance. 


They are (i) [uv, A] = (32 " a ‘i #). 


ws OS onl tie Gre Wuv\ __ apr : 
(ii) (wr, 2) = 59 (Bee + on = 9"[uy, Pp). 


They are called the Christoffel Symbols (or the three-index symbols) of the 
first and second kind respectively. 
ule’ OF 
~~ Oa" Aan 
can find expressions for the symbols, in this special case, in terms of 
the derivatives of é" with respect to 2”. 
For 29, mm azer og agr azer 
On’ = Oax*Ox” Ox ~~ Oar" O02” 


We have seen that when the space is flat, Inn and we 


with two similar expressions for 


9.» uv 
Oa"? Az” 
Thus 
24 azer agr azgr ag" gzer a 0 O95 4. 29 + 9 in 
Ox" On” Ox Ox" Ox Oat © Ox Ox’ Ox” Oa ° Oa ~ aa” 
azer ger 
and [uy, A] = ye = 


Examples (i) [uv, A] = {uv, 4} = 0 when the g’s are constant. 
(ii) Irp (uv, p} = Irpg97?[Hv, a] = [w», A). 
(ili) (uv, A] = [vu, A]; {uv, A} = {vp, A}. 

a y v Me 
(iv) (av, AL-+ DA, 1) + yo) = 9 Bet + Sd 4, Do) 


2 
Fe = [vA, u] + Au, *I- 


* 


, 
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(v) Show that {mp, m} = ies A 
Since dg = G"" dg, where G™ is the cofactor of g,,, ing, we have 
% = gn dang; also. mp, m} = genet 
since gomilze _ grodlen by symmetry of gx 
= gon lls by interchange of umbral affixes 
i.e. {mp, m} = wien is Bzntlog V9). 


Note. The results in these examples are of course true for any set g,,,, of funda- 
mental tensors. 


8.6. Covariant Derivatives. If A” is a constant vector in flat 
space, the corresponding displacement vector at a point P moves parallel 
to itself as the point P moves. The vector A” is therefore said to repre- 
sent a uniform field. If P moves along a curve, the vector A” represents 
a uniform (or parallel) field of vectors along the curve. When a trans- 
formation is made to the system x”, A” is transformed into B’ where 


A’ ee (é* being the original Cartesian system). 
If ie is constant along a curve (specified by a parameter ¢) 
aB™ OFF 1:5) ih wider 
“dt ax” ~ Qamdx” dt 
0g" ag = og = ater da” 


= 0 


i.e. ? — eg ae Bee aa aaa ar = 0 
giving Pm di =+ {mn, a)Bn =0 

r ia + {mn 2 }Bmem” = 0 
) ti ; rae 


More generally, if B* represents a uniform field throughout flat space, 
since the above equation is true for all curves passing through any 
point P, we have 
OB + (mB, «)Bm = 0. 
If X,, is a given covariant vector, then X,B* is an invariant and its 
partial derivative a covariant vector. 
This partial derivative is 
ox, oB* 0X, fe 
5 Bt + Aaa = ea X, {mB, «}B 


pe (3 fal n)X,) Be 
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But since B* may be taken arbitrarily, it follows that 


— {af, n}X,, 


isa tensor. It is called the Covariant Derivative of X, and written X,, . 
The covariant derivative of X* may be obtained similarly, but it is 

more instructive to obtain it from the above result. The covariant 

derivative of X* is written X*, , and may be defined simply as g*?X,, ,. 
Now X, = 9p ,X% and therefore by covariant differentiation 


0X, aX a 
Xy,0= SP — (9B, )X.= Bins + XeFet — (pp, 8 agX* 


pa ihe a (98, p\X2 


since >a — (gp, p} + (pB, a] and gu, (9B, 8} = (PB, 41 


ox4 
ie, X% 5 = 9?” Xy p= IOraaa + P98, PIX 


-< 


st {qB, «}X%4. 


Note. Although we have he the properties of flat space to obtain these deriva- 
tives, the expressions are tensors in any space for which ds? =g,,,dz"dz". Itis 
possible to choose a flat space for which the values of g,,,, and their first derivatives 
agree with a given space at a given point. i ee spe: law is satisfied, the value of 


“Imn Under a transformation being Jn”, = pe aie 

8.61. Tensor Derivatives. The covariant derivative of a tensor 
X%;" may now be obtained by writing down the ordinary derivative ie 
and adding (i) — {8n, r}X‘;: for every covariant affix f, (ii) {rn, «}X™:: 
for every contravariant affix «. 

It is sufficient to prove this for a particular case such as X7° since 
the method indicated is general. 

Let A*, B, be two arbitrary uniform fields; then X7'A”B,, is 
invariant and its ordinary derivative is a covariant vector. This deriva- 
tive is 

OXT 4p moAP m pe Dm 
— APB, + Xp Bm + XpAret 


= EAB, — X™ (rn, p}A'By + X™{mn, 1}APB, 


i} m “i 
-(3- {pn, q}Xt™ + {gn, m )X3)4°B 

i m 2 j heed ‘are 
i.e. gas {pn, q}X7 + {qn, m}X} is a tensor of the t order 
that may be written X7' n. 
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8.62. Rules for Covariant Differentiation. The ordinary rules for the 
differentiation of a sum or a product are conserved in covariant differ- 
entiation, 

i.e. 
(X) + Yn = (Xn + (Yn (XML Mn = (Kn(¥) +( XL On 

The first result is obvious and the second is obvious for at least a 
free index appearing in the product. If, however, there is a repeated 
affix « as in the case X* Y,’, then in (X*°),, there is a term {rn, «}X":, 
and in (Y,,), there is a term — {an, r}Y;:. These two terms in the 
expression for the derivative give 

frn, a} XT Ya: — fan, XP Y,., 
which vanishes by the rule for repeated affixes. 

8.63. The Covariant Derivatives of Ynn are zero. 


ag. . 
Jmn, r = ae ae {mr, %}9an a {nr, % }9 ma 


ae [mr, n] — [nr, m] = 0. 
The fundamental tensors may therefore be regarded as constants in 
covariant differentiation, and affixes may be raised or lowered before or 
after differentiation. 

Note. This result is, as shown above, true for any space, but is obviously true 
for flat space, since the variables may be changed to give a value for ds* in which 
Inn i8 constant, and therefore the ordinary derivatives. of g,,, and the Christoffel 
symbols vanish. 

8.64. Gradient, Divergence, Laplacian. We have already seen that 
the gradient of an invariant ¢ is a covariant vector which we may denote 


by V¢ or = or ()n: 


The tensor formed from X” by covariant differentiation is X’,, and 
the contracted tensor X”’,, is therefore invariant. This invariant is 
called the Divergence (and agrees with the corresponding definition in 
Cartesian co-ordinates). 

Since X* = g™*X,,, div X* = 9" Xgl: 

The divergence of the gradient (¢),, may be written (d),,, , or V*(¢) 
and is called the Laplacian. 

Thus VO = Pala 

8.65. Magnitudes of Vectors and Scalar Products. Since the magni- 
tude of ds is (9, dx” da")*, the magnitude of the contravariant vector 
A™ is A where ‘ 

A= (Fmn4d”A”)t — (g**A,, Aq). 

The scalar product of A”, B” is defined to be g,,,A™B” and this is 
equivalent to A,B" ='A"B, = g”"A,,B,,. 

Note. The scalar product (which is sometimes called the inner product) obviously 
agrees with that defined in terms of Cartesian co-ordinates ; for when the axes are 
rectangular, the invariant becomes AB cos @ where @ is the angle between the vectors. 
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8.66. Orthogonal Co-ordinates. . The magnitude of the single displace- 
ment dz” is +/g,,dx" and therefore the angle 0,, between the displace- 
ments dz’, dx’ is given by VW9,-+/9s5 da” dx* cos 0,5 = 9,3 dx” dx’, where 
from now until the end of the paragraph we drop the summation con- 
vention for a repeated affix (unless otherwise stated), 


i.e. cos 6,4 = 9rs/V (GrrJss) 
The co-ordinates are therefore orthogonal if g,, = 0, (r #8), 
i.e. ds? = 91x dat + oe + INN daN daN . 


If we write g,, = h? (the square of h,), then 
1 
g = hls aE Ry, a 
It may easily be verified that 
[rr, r] = h, oF . [rs, t] = 0 (7, s, ¢ all different) ; 


“Ont” 
[rs, s] ha faa, f),. 328); 
1 ee eh, . AS, Me ORs - 
{rr, 1) = — at revs} => sei {ss, r} = — iz poe {rs, t} = 0. 


Example Determine the Divergence and Laplacian for orthogonal co-ordinates 
in three dimensions. This is merely taken as an illustration and is, of course, not 
the best method of egy the formulae in pis —. 


oxr 

div X* = Xl, = ay + frp, 1}X? = a an (log V9)X?, 
aX"  A(log V9) yr 
= Ont 7 Ox? -3 sol vox" ) 


a formula applicable to the general case and the summation convention being used. 
For orthogonal co-ordinates in ba dimensions 


ds? = Bi, ar 


A unit displacement along the z1-axis corresponds to an increase of 1/h, in 2". 
A displacement U, along ' corresponds therefore to an increase of U,/h, in 21. 
A vector X* of components of actual magnitudes U,, U,, U, is given therefore 


by &* = U,/h,. 
Thus, in three dimensions, 


1 a rt) a] 
Ar i Be OO {8 GighsUs) + SalshiUs) + sea(hahaU)}. 


Again V*V = Vo L Elves g* 5 21 ay) since (V)’ = g"(V)s (summation), 
pak ag hy OY) 9 (hb dv + 2h 
hyhgh, \0x'\ hy Ox Ox*\ he Ox* Ox8\ hy dx3/)° 
For example, in spherical polar co-ordinates, where 
ds? = dr® + r2 dQ? + r* sin? 6 d¢?, 
div (U,, U,, Us) =4% (v,) 4 + Asin U.) + —; a 
where U,, U,, U; are iy physical components of a vector and 


pel 1 ov 1 a2V 
a aaa) ai a + sano cin? a0) + 72 sin? 6 Og 
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8.67. The Second Covariant Derivatives of X,. The Riemann- 


Christoffel Tensor. Since X, .= re — {rs, p}X,, then 
OX, « 
Ay aaa aa cigiad {rt, M}Xn, ee {st, m}X,, m 


aX, ax a 
aaa OPIS? — (sas 9))K 


— (rt, m)(Ser — ts, pip) — fat, mS — fom, p)Xp) 


UO ET gas ch ax, 
= Saag US Pigg — OR ee 


~ (api 8B} — fot, mh, p} — fat, m}rm, v})Xp 


i.e. Kp, a 


Similarly 


x, 0?X, ae 


= sag — tt, RP — fre, mien — fot, mye 


- “ibe P} — fs, m} mt, p} — (at, m}irm, p})Xy 


But {rt, m)oam = {rt, pyr and {rs, pyoP = {re, myo 


Therefore 
Ae. st — 4r, ts = Fag Pp} — Str Pp} 
+ {rt m}{ms, p} — (0s, m}{mt, p} |X, 


But X, is any vector and X, ,, — X,, ;, isa tensor. Therefore the 
coefficient of X,, is a tensor of the type R?,,,. It is called the Riemann- 
Christoffel Tensor, 


ie. Bry = 2 (rt, p}— Sere, p} + (rt, m} (ms, p} —{rs, m}{mt, p}. 


The associated tensor R,,,.: 18 Jpgh* sp 
Also Yq me g} == [rt, fs and therefore 


sie {rt, gq} = Ae pl] — {rt, a}(Lps; 9] + (9s, p]) 


and similarly gyg-%, (rs, q} = rs, pl — (rs, qXCot, a + Lat, pl). 
Therefore 


C] e, 
Ror = sal" P]— sales, pl + ts, q3lpt, 9] — {rt gips, gi). 
Since R,,. = 0 for Cartesian co-ordinates, it follows that R,,., = 0 
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for any transformation. Thus the vanishing of Ry, is a necessary 
condition for flat space. 

Notes. (i) The condition Ry;s; = 0 may also be proved to be sufficient for 
flat space. 

(ii) The form of Ry,s¢ shows that y 

Rorst = — Rrpst 3 Rorst = — Rortss Rorst = Restor; 
prst + Rostr ots Rotrs =0. 

The component is zero, when p =r or s =¢. There are m(="C,) different 
pairs of different affixes. The number of ways of selecting 2 pairs (repetition 
being allowed) is m (when there is a repetition) + "C, (when the selections are 
different). Finally there are "C, relations involving three components (n > 3). 
The number of independent components is therefore "C, + 4"C,("C, — 1) — "Cy 
which will be found to be ~,n%(n*?— 1). For n = 4, there are 20 independent 
components, 

For n = 3, the 6 components may be taken with the following arrangements of 
affixes 1212, 1213, 1223, 1313, 1323, 2323. For n = 2, there is one component Rj»1>. 

In this case 


a a 
Ryne = 5zil22, i| - pzall2, 1] + {12, 1}[12, 1] — {22, 1}[11, 1] 
+ {12, 2}[12, 2] — {22, 2}[11, 2] 
2, 
and the first two as 2 a hat ills gt 90a 
For example, if ds* = H du*® + G dv’, 

10k 10°94 1 /dE\? 1 /dG\2 1 /dL\ dG 1 /0E\/a 
Buu = — 3 Goi out tana) +76 5a) + agaa) an) + ise) (5) 
3 1 1 1 1 
since {12,1} = soy; [12,1] = 5My; {22,1} = — gpGus (11, = 5Mus 


1 1 1 1 
{12,2} = 9qous [12, 2] = 9Gus {22, 2} = aq? (11, 2] = — gh o- 


The tensor vanishes if 


5,3 Ge gino 
Eo —aHQ Fy (EO + Gun — oR RBG) = 0 


be il vase) * sal 7eea3) = 9 
ee size) +o) =0, (EB =h, @ =. 


ed 
In particular, (<a + 5a) logs =0, if hy =h, =h. 


T 
(iii) Since = (the tangent vector) is constant for a straight line in flat space, 
the co-ordinates of a point on a straight line must satisfy the equation 


S(2) + mn of -0 


T n 
i.e. el + {mn, i = =0 is the equation of a straight line in curvilinear 
co-ordinates. 


When the space is not flat, it may be shown that the above equation represents 
a geodesic, where the geodesic curve through A, B is defined to be that for which 


B 
[a i minim um. 
A 
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dX? 
In flat space the system X* that satisfies the equation at {mn, nxn =0 


and has given values at a point A of a curve AB is a system of parallel vectors, and 
the values at B are independent of the curve joining AB. In curved space, the 
equations may be used to define parallelism along a curve AB, but the values at B 
then depend on the curve chosen. Thus whilst the description of a closed path 
by a point P in flat space does not alter a constant vector drawn through P, the 
corresponding result is not necessarily true in curved space. 

(Refs. Eisenhart, Riemannian Geometry ; Eddington, The Mathematical Theory 
of Relativity ; McConnell, Applications of the Absolute Differential Calculus.) 


Examples VIII 

1. Show that the vectors a — b +c, 2a — 3b, a + 3c are parallel to the 
same plane. ; 

2. If a, b, c are mutually perpendicular vectors of equal magnitude, then 
a + b + Cc is equally inclined to a, b, c. 

3. Interpret geometrically the equation (r — a).(r + a) = 0. 

4. If (c — }a).a = (c — }b).b =0, prove that (a — b) is perpendicular to 
c — }(a + b) andinterpret the result geometrically. 

Prove the results given in Hxamples 5-9, where the centroid @ of a system of 
particles of weights w, at P; is given by the position vector (2w,a;)/(2w,), the 
position vector of P, being ay. 

5. @ is independent of the origin of reference. 

6. The centroid of w, at P, and w, at P, divides P,, P, in the ratio w, : wy. 

7. The centroid of equal weights at P,, P,, P; is the intersection of the medians 
of the triangle P,, P., P3. 

8. If Gis the centroid of w, at 4, (r = 1 to n) and @’ the centroid of w,’ at P,’ 
(r = 1 to m), then the centroid of the combined system is the centroid of Lw; at G 
and Zw,’ at @’. 

9. The centroid of the area of a quadrilateral ABCD is the same as that of 
particles of weights 1, 1, 1, 1, — 1, at A, B, C, D, E respectively where E is the 
intersection of AC, BD. 

10. The eight vertices of a unit cube, referred to rectangular axes OX, OY, OZ 
specified by unit vectors i,j, k are O, A, B, C, P, A,, B,, C,, where A, B, C, P 
are given respectively by i,j,k, i+ j-+ k and A,, B,, C, are the projections of 
P on YOZ, ZOX, XOY respectively. Find the position vectors of the midpoints 
of OB, BC,, C,P, PB,, B,C, CO and show that these points form a regular hexagon 
in a plane perpendicular to the vector i— j—k. 


elilieen ollie 2 
11. The points P, Q, R divide OA, AB, BO in the ratios k,: 1, k,: 1, kg: 1, 


> ee > > 
respectively. Find OP, OQ, OR in terms of a (= OA), b (= OB) and show that 
P, Q, R are collinear if k, kk, = —1. (Menelaus’s Theorem.) 

12. If a, b are two vectors of different directions, prove that the points whose 
position vectors are p,a + 9,b, pa + q.b, p,a + qgb are collinear if 


Me cicMbaiy sile 
1 Pe | = 9. 
1 Ps qs 


13. If a, b, c are three vectors not parallel to the same plane, show that the 
points given by p,a + q,b + 17,,¢ (n = 1, 2, 3, 4) are coplanar if 


Bh ey oe 
1 PP, G 1% 
Wie ONE 
ae 
14. Prove, by vectors, that the midpoints of the diagonals of a complete quad- 
rilateral are collinear. 
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—> 
15. If C, D are points that divide AB internally and externally in the ratio 
> > > 
ky: key (ky ky), prove that OC.OD = (ka? — 1b2)/(k3 — kf), where OA = a, 


_ —>— 
OB =b. Deduce that these vectors OC, OD are perpendicular if bk, = ak, where 
OA =a, OB = b, and interpret the result. 

16. Points A,, B,, C, are taken respectively on OA, OB, OC such that 


—_> > — > > > 
OA, = k,OA, OB, = k,OB, OC, = k,0C. Show that (AB, A,B,), (BC, B,C,), 
(CA, C,A,) are collinear on a line parallel to the vector 


> > aoe 
k,(k, — k,)OA + k(k, — &,)OB + k,(k, — &,)OC. 
17. ABCD is a skew quadrilateral and P, Q, R, S are four coplanar points on 
=>-e—- > 
AB, BC, CD, DA respectively dividing these sides in the ratios k,: 1, ky: 1, k,: 1, 
k,: 1. Prove that k,k,k,k, = 1. 
18. If A, B, C, D are four points not in the same plane, show that the six planes 
obtained by taking two of the points and the midpoint of the join of the other two 
pass through the centroid of A, B, C, D. 


—>—->— 

19. The vectors OA, OB, OC are given by a, b, c respectively. From the result 
(a x (b — c)).c = [abc], prove that the volume of the tetrahedron OABC is 
| OA.BCp sin @ where p is the shortest distance between OA, BC and 6 (between 
0 and z) is the angle between OA, BC. 

20. Deduce from Example 19, that if a,, a, are unit vectors along two lines, and 
P,, P, are two points, one on each line, the shortest distance’ between the lines is 


—> 
the absolute value of [a,a, P,P,] divided by the modulus of (a, x aj). 

21. Ifl,, m,, n, are the direction cosines of a line through (2,, y,, 2) and /,, Mg, % 
the direction cosines of a line through (x, ¥, 2.) prove that the shortest distance D 
between the lines is given by 

Ly my % 
l, Ms Ng 
%—% W— Ys 4.7% 

22. Show that the shortest distance between the line joining (2, y,, 2) to 

(25 Yo» %2) and the line joining (25, y5, Z3) tO (a4, Yq» 24) is 

+ {A(x — &5) + By: — ys) + Ole — 2)} + (A? + Bt + C?)h 
where A, B, C are the cofactors of (x, — x5), (y,; — Yq), (%, — 2) respectively in the 
determinant 


-+ Dsin 6 = where cos @ = 1,1, + mm, + nN. 


% — Xs Via Yay MRR 
% — % ¥1 — Yeo % — 2 
eh Yar hw ~~ % 

23. Find the shortest distance between the lines given by x = 2 + 3t,y = 3 + 4, 
2=44+65t; ~=3— Su, y = 4— 3u, z = 2 — 4u. 

24. Find the shortest distance between the intersection of the planes 
x + 2y + 32 = 4, 3+ y-+2=4 and the intersection of the planes 

22—yt+3=1, 44r+y— 2% =2. 

25. Show that the lines joining the midpoints of opposite edges of a tetrahedron 
are concurrent at the centroid of the tetrahedron. 

26. If each edge of a tetrahedron is equal to the edge opposite to it, prove that 
the lines joining the midpoints of the opposite edges are the shortest distances 
between these edges; and find the shortest distances in terms of the sides of the 
tetrahedron. 


—e 

27. The vector moment about O of a force F acting at P is defined to be OP x F ; 
prove that its scalar component about any axis is the ordinary moment of F about 
that axis. Deduce that the sum of the ordinary moments of a system of forces 
about an axis is the moment of the resultant about that axis. 
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28. Show that (a x b).(c x d) = {b x (c x d)}.a = (a.c)(b.d) — (a.d)(b.c). 

29. Show that [abc]d + [cda]b = [bcd]a + [dab]c, where a, b, c, d are four 
vectors in three dimensions. 

30. The equation of motion of a particle of mass m under the action of a force F 

d 

is given to be mo = F where v is the velocity. The kinetic energy 7' is given 
to be 4mv*. The work done (W) by the force in a small displacement dr is given to 
be F.dr. Show that the increase in kinetic energy when the particle moves from 


Pi) e 
P, to P, along its path is | F. ds and is therefore equal to the work done by 
Py 


the force. 

31. The angular momentum H of a moving particle of mass m is defined to be 
r xX mv where r is the position vector of the particle and v its velocity. Show 
that H is equal to the vector moment (see Example 27) of the force acting on the 
particle, viz. r x F. 

32. OABCD is a right pyramid of vertex O and of height h, the base ABCD 
being a square of side 2a. Find the shortest distance between OC, AB. 

33. The base of a right pyramid of height A is a regular polygon of n sides 
each of length 2a. Find the shortest distances between a side of the base and the 
edges of the pyramid that do not lie in a plane through that side. 

34. Find the area of the circular section of the sphere x? + y? + z* = R? nwle 
by the plane la + my + nz = p (where 1* + m? + n* = 1) and also the areas of 
the projections of that section on the co-ordinate planes. 

35. Prove that the perpendicular distance of a point P from a line whose direction 


—> 
is specified by a unit vector a is the modulus of PQ x a where Q is any point of the 
line. Deduce that the equation of the circular cylinder of radius R whose axis 
passes through (25, Yo, Z9) and has direction cosines (/, m, 7) is 
{m(z — Zz») — my — Yo) }? + {n(x — %) — Uz — 2) }? 
— Yo) — mx — x)}? = R?. 


+ ly 

36. Show that the points (6, 4, — 3), (4, 4, — 2), (3, — 2, 3), (3, 2, 0) are co- 
planar. 

37. Prove that the locus of the midpoint of lines whose extremities are on two 
given lines and are parallel to a given plane is a straight line. 

38. Show that the locus of the midpoint of lines whose extremities lie on two 
given non-intersecting lines is a plane perpendicular to the shortest distance between 
the given lines. 

39. Find the points on the curve x = #8, y = 3¢2 — 2t, z = 3t — 3 where the 
osculating planes pass through the origin. 

40. For the curve given by z = 2a(@ +- sin @ cos 6), y = 2a sin? 0, z = 4a sin 6, 
show that p = o = 8a cos@. 

41. For the curve given by x = 4at’, y = 3a(1 + 2¢*), z = 6at prove that 
3ac = y?. 

42. If for a given curve, p/o is constant, show that the tangent makes a constant 
angle with a fixed direction (i.e. that the curve is a helix). 

43. Show that if p, o are both constant, the curve is a circular helix. 

44. If the sphere of centre C and radius R given by (a — r)* = R*, where 


—_> x 
a = OC, has four-point contact with a given curve at the point whose position vector 
is r (a function of s), prove that (i) (a—r).T=0, (ii) (a—r).N=p, 
(iii) (a —r).B = op’ where T, N, B, p, o refer to the given curve. Deduce that 


—> 
OC = r+ pN + op’B and R* = p? + (ap’)*?. (C is called the centre and R the 
radius of spherical curvature,) 

45. A curve is drawn on a right circular cone so as to cut the generators at a 
constant angle. Prove that its projection on a plane perpendicular to the axis of 
the cone is an equiangular spiral. 
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46. The principal normal at any point P on one curve is given to be also the 
principal normal at a corresponding point @ on a second curve. Prove that (i) PQ 
is constant, (ii) the tangent at P makes a constant angle with the tangent at Q, 
(iii) the curvature and torsion of each curve are linearly connected. (Bertrand Curves.) 

47. If 6 is the shortest distance between the principal normals at two points 
P, Q of a curve, prove that lim (6/s) is equal to p/+/(p? + o”) where s is the are PQ. 

s—>0 


48. A constant length c from each point of a given curve is measured to a point 
Q along the binormal. Prove that if the torsion of the given curve is constant, the 
radius of curvature of the locus of Q is p(c? + oa*)/4/ {o°(c? + a) + ¢%p?}, where 
p, o refer to the given curve. 


—_> 
49. If PC = R where P is a point ona given curve and C is the centre of spherical 
dR R’ 
curvature (Example 44), show that Fee ( ae \B — T. 


50. Deduce from Hxample 49 that if « is the angle between the radii of curva- 
ture at two points P, Q of a given curve 


2) 4 
«e+ eG)) 
lim Sr ie » where PQ = s. 
51. Show that (r’”)? = ~4(1 + A*R?). 
52. Show that the angular velocity of the moving axes determined by the 
spherical polar co-ordinates r, 0, ¢ is (¢ cos 0, — ¢ sin 0, 6). Deduce that the velocity 


v is (#, rb, résin@) and the acceleration x is 


Le — r§? — rsin? 6 6°), Gs ~(r26) — r sin 0 cos0 ¢ Ajroste es cir sin? 06)}- 
53. Prove that the acceleration of a moving particle in cylindrical co-ordinates 
«he 1d : 
pr $ @ is ¢ — PB, 5 Grr), é). 


54. Prove thatu.Vr = u. 
55, Show that 7 x (a x r) = 2a if a is constant. 


56. Show that a.v(b.v(=)) = S(r.a)(r.b) _ (ab). 


57. If divD = p, divH = 0, curlH ="(5 X pv), curl D = — . where c is 
constant, show that 
Ms 7] “3 
(i) ?V*D —D=c?Vp + BylP¥)> (ii) ce? VH — H = — ccurl (pv). 
58. Show that in three dimensions 
g = (1 — cos? @,, — cos? O,, — cos* 12 + 2 COS A C08 O5, COS O42) 911 Jo2 Iss 
where 655, 3;, 9;, are the angles between the curves of reference. 
59. Show that for 
x*(b—a)(c—a)=(A—a)(u—a(v—a), y*(c—b)(a—b)=(A—b)(u—b)(v—b), 
z%a — c)(b —c) = (A — c)(u — c)(v — c), (Elliptic Co-ordinates A, p, v), 
(v — Ayu — A) (A — pu)» — #) 
Ade? = ————— 7g y I at 
Gaya — yA — 0) + GW — aun —  — )™ 
“ (4 — (A — ») 
(vy — av — b\(v—c 
60. When x = wocosw, y = uwsinw, 2z = u? — v® (Parabolic Co-ordinates 
u, v, w), show that ds? = (wu? + v*)(du® + dv®) + u®v? dw. 
61. Show directly that V?+ V2 + V2 and Vz + Vyy + Vez are invariant 
for a change of rectangular axes. 


)av?. 
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Find values for the expressions given in Examples 62-4. 
62. 2 (Onnst2"2) where Jn is completely symmetrical. 


o2 
63. a inggn (4mrO area). 


of 
64, Aamoxhdx Paae Am Ant ptgr mana ?a?). 


65. The system 67", is defined to be (i) zero if two or more of the subscripts 

(or superscripts) are the same or when r, s, t do not consist of the same three affixes 

as m,n, p; (ii) + 1 when rst and mnp differ by an even number of permutations ; 

(iii) — 1 when rst and mnp differ by an odd number of permutations. Show that 
(i) Oey = (N — 2)67° 43 i = (N — 1)(N — 2)67,. 


(ii) 6123 "ana? = |at| when N = 3. 


mnp’1 2°3 
a 
66. If X«, Yg are vectors, prove that xent + Yesar is a vector. 
x, . ee 
67. Show that X;,.—Xz,+= oe Be) 


68. If ds* = f(r) (dx® + dy*) where r = +/(x* + y*) represents a flat space in 
two dimensions, then f(r) must be of the form ar? where a, 6 are constants. 

69. If ds* = hi dz* + h}dy*, show that the corresponding two-dimensional 

; Oh, oh 1 Oh, 

space is flat when Be Oy F,—- dy Fon + hFeFy =0 and h, = F, ay’ where 
F(x, y) is any function of z, y. ‘ 

70. Show that the space given by ds* = H du® + 2F du dv + G@ dv? is flat when 

a{FE.— Boy) | 3 [28Fy— BBe— Fy 
a ae EA 


a } =0 where 4? = HG — F. 
71. Prove that for cylindrical co-ordinates p, ¢, z 


: 1a 10F, , OF; 
div (F,, Fy Fy) = at) + 5 oe Oe? 
10/0V 1 CL JE 
VV = aap) + pag t oe 
72. Verify that the equations of a straight line in cylindrical co-ordinates are 
dp _ (4) 0, Mb, 2H _ 9, He 
ds® jes * "* Ge * pdede ~* dt 
73. Prove that in any space for which ds* = g,,, dx™ da” 
ee ee OD Gm OR. 2) & 
» Pl = dam aga age IM + Heo Dam azn LY» A): 


By multiplying this result by eal rove that 
7 aa” P 


xP =x Ox 
: aam aan — (™™ Tage — gam aan PI 


and deduce that 


De OX, Ox Ox” 
an {mn, r}X, = ( — {ur, p}Xp Em agen 


of show that 


74. If F(x, x’*) is invariant, where RO ey and if Pa = 577 


dp, OF. : 
an oe is a covariant tensor. 
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Taking F(a, x’) to be 4g.ga’*a’B deduce that 
d oF d®xr poe 
rl a 
is a contravariant tensor A\ and therefore that A\ = 0 determines a set of invariant 
curves. 


Solutions 

3. Lines drawn from a point on the surface of a sphere to the extremities of 
a diameter are orthogonal. 

4. The perpendicular bisectors of the sides of a triangle are concurrent. 

5 Zw(ar +h)  Lwyay 

a Dwr  LWe 

9. Let AH: HC =A:; the centroid is that of weights A + u, wu, A+ pw, A at 
B, C, D, A respectively. If A is added at C and yu at A the centroid is unaltered 
if — A — p is placed at FH. 

10.3,j+2,i+j)+4k, i+hH+k, +k, tk 

"Wl ka a+kb  b_ 

“1l+hk’ 1+kh’1+k, 

15. If corresponding rays of a harmonic pencil are orthogonal, they are the 
bisectors of the angles between the other rays. 23. 36/4/(291) 

24. Plane through the first line parallel to the second is 

(x + 2y + 3z - 4) +A(Bx+y+2—4) =0 

where — (1 + 3A) + 16(2 + A) + 6(3 + A) =0, ie. is 128% + lly — 8z = 120. 
Plane through the second parallel to the first is similarly 128% + lly — 8z = 64. 
Shortest distance is 56/34/(1841), the distance between the planes. 

25. Take the position vectors of the vertices as 0, a, b,c. One of the lines is 
r = }a + 4(1 — t)(b + c) which contains the centroid }(a + b +c) for ¢ = }. 

26. a? = (b —c)?; a.(b+c—a)=0, &e. 5% = }(b? + c? — a), &e. 

28. Take e = c x d, so that (a x b).e = [abe] = (b X C).a, &e. 

29. Take d = xa + yb + ze then [dbc] = x [abc], &c. 

31.H=vxmv+rxF=rxF. 

2ah 


V(a? + h®) 


+ h, where h is the displacement of the origin. 


32. 


n 
33. ——___—_ ’ 
aX (2r —1)x 
Ni (1 sin? — + a* cos® ae) 
34. n(R? — p?), a(R? — p*)l, &c. 39) f=). Ei: 
42. pdT +o dB=0, ie. B+cT =a, a constant where c= p/o. Also 
T.a=c, so that T makes a constant angle with a. 


r=2ton—1. 


45. Prove Z = constant, where p, ¢ are cylindrical co-ordinates. 
46. Take r’ = r + cN where accents refer to the curve Q. 
ds’ de ‘age Pe ° pe es . 
TT, =T+q,N + aB—xT); N=N; N.Y =N.T=0; 
de (Sy 2 22 - ds’ a 
therefore 7 = 0, also a = (1 + Ac)? + xc? ; take 7. = p, (1 + Ac) = pcosa, 
xe=sine; then T’=Tcosa+Bsina; therefore «’uN = KN cosa — 


. . da da : . de 
AN sina — T sina 7 + Beosa 7; N.T = 0 with N.B = 0 gives 7 = 0. Also 


T’.T = cos « and finally (1 + Ac) tana = xe. 
62. 39mnpt™x? 63. Qmrbnr + Anrdmr 64. 240 Ant q 
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74. a = et OF = pba’ + or dx = paae O@'8 + Pager es PE 
or oe abr so that Bp = Da oe and oe = Pagan #1 + oe and 


oe Toe “ety 
and therefore = — Fea = 98 “Gaz + (By, x ]’ay, 


CHAPTER IX 


DOUBLE AND MULTIPLE INTEGRALS. LINE, VOLUME 
AND SURFACE INTEGRALS. 


9. Simple Curves (Plane). The locus determined by x = x(t), 
y = y(t), where z(t), y(t) are continuous functions of ¢ in the interval 
to <t <T, is called a simple curve if x, y do not assume the same pair 
of values for any two different values of ¢ in the interval tf, << t < T (e.g. 
if the curve does not cross itself). 

If x(to) = x(T) and y(t.) = (7), the curve is closed. 


9.01. The Circumscribed Rectangle and Square. For a closed curve y, 
let a, A be the lower and upper bounds of = (all y) and 6, B the lower 
and upper bounds of y (all 7). 


The rectangle determined by =a, x= A, y=}, y = B may be 
called the circumscribed rectangle of y. (Fig. 1(i).) If ¢ is the greater 
of A —a, B —b (or their common value if equal), a square of side c 
can be drawn with its sides parallel to OX, OY enclosing y and having 
one point (at least) in common with y on at least two opposite sides. 
(Fig. 1 (it).) The area c? of such a square may be denoted by sq. (7). 

Note. The term area or a symbol A which specifies it will often be used to refer 
to a two-dimensional set of points and also to its measure, when there is no likelihood 
of ambiguity. 

9.02. Elementary Quadratic Closed Curve. Let the circumscribed 
rectangle of y be given by a<a<A,b<y<B. It will be found 
sufficient for a simple development of the theory to assume that y is such 
that every line x = ec where a<c< A, and every line y = c’, where 
b<c’' <B meets the curve in two points and two points only. The 

259 
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closed curve is then of the type illustrated in Fig. 2, where y consists 
of parts of the sides of the circumscribed rectangle joined by curves 


within the rectangle in each of which y (or x) can be expressed as a single 
valued function of 2(y). Such a curve may be called quadratic. 


Note. It would be sufficient for most purposes that these single valued functions 
should be monotonic (in the narrow sense). 


9.03. Elementary Closed Curve. It will be assumed as obvious that 
a simple closed curve divides the points of the plane not on the curve 
into two categories, the one forming 
the interior of the curve and the 
other the exterior (Ref. Watson, Cam- 
bridge Tract No. 15, I.) We shall 
call a simple closed curve elementary 
if the interior can be divided up into 
a finite number of regions by means 
of lines parallel to the axes such that 
the boundary of each sub-region is 
quadratic. (Fig. 3.) <A curve is 
; elementary, for example, if every line 
rie, 3 parallel to an axis meets the curve in 
a finite number of points (except 
when the line coincides with part of the boundary, the exceptional lines 
being finite in number). 


9.04. The Area determined by a Closed Curve. Let y = J/(z) be a 
bounded function defined for the interval a <x <b. Draw a square 
of side c whose sides are parallel to OX, OY such that the curve lies 
entirely within the square. (Fig. 4.) Divide the square into n2 smaller 
squares of side c/n by lines -parallel to the axes. 

These smaller squares may be placed in three classes : 

(i) Those having some point in common with the curve. 

(ii) Those that are interior to the region bounded by z =a, x = b 
the curve and OX, (f(x) for simplicity being assumed > 0). 

(iii) The remainder. 
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Let the total area of the squares in these classes be denoted by K,, 
I,, and c? — E,, respectively, so that K, = E, — I. 

As n increases, it is easy to see that K,, HZ, are decreasing positive 
functions of n, and J,, an increasing function. Thus when n— oo, ie. 
E,,, I, tend to limits K, EB, I respectively where K = E — is 
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FIG. 4 ria. 5 


The limit K may be called the area covered by the curve and is not 
necessarily zero. When K = 0, Fis equal to J and it is sufficient, but not 
necessary, in order that K should be zero, that f(x) should be a continuous 
function of x; for E,, I, then obviously tend to the common limit 


f. ‘Nii: 


The subdivision of the square of side c may be replaced by a sub- 
division into polygons P, provided sq(P,) tends to zero in the continued 
subdivision; for the polygons that have a point in common with the 
curve can always be taken sufficiently small as to lie entirely within K,,. 


(Fig. 5.) 


FIG. 6 


Again, let P,, P2, . . ., P,-, be (mn — 1) points taken in order on 
AB. The area of the polygon AP,P, . . . BCD (Fig. 6) tends also to 


b 
j f(x)dx when this exists, if n tends to infinity in such a way that the 
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upper bound of the lengths of the chords P, P,,, for a given n tends to 
zero. (C, D are the points (b, 0), (a, 0) respectively.) 

Similarly if we take an elementary closed curve y (Fig. 7) and sub- 
divide a square of side c into smaller squares of side c/n, the limit of the 
sum of the squares having a point in common with y is zero when n 
tends to oo; and the limit of J,,, the sum of the squares interior to y, 
may be called the area enclosed by y. 


aR 
POTTS 
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FIG. 7 


It follows also that for such a curve, the area enclosed is the limit 
of the area of a polygon inscribed in the curve provided that the upper 
bounds (for a given ») of the lengths of the sides tends to zero. (Fig. 8.) 

Note. A simple curve is not, in general, rectifiable, nor is the area covered by 
it necessarily zero. It can be proved that if a curve has a length however, the area 
covered by it is zero, but this is not a necessary condition. For example, the length 
of the curve y = f(x) from x = a to x = b when f(z) is continuous may not exist, 
but the area covered by it is zero. 

9.1. Double Integrals. Let an area of magnitude Q, enclosed by 
an elementary closed curve y be divided up into N sub-regions of areas 
1, Wa, -. ., Wy. (Fig. 9.) Let f(z, y) be a bounded function of x, y 
determined at all points of Q including y. Form the sums: 


N N 
S, => 2M,o,, 5 = 2,0, 
1 1 


where M,, m, are the upper and lower bounds of f(z, y) in w, (with its 
boundary y,). Also let M, m, be the upper and lower bounds of f(z, y) 
in Q:(and y); then 
ae 
MQ > 8, > Zf(z,, y,)o, > 8, > mQ, 
1 


where (x,, y,) is any point in @, or on y,. 
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If each sub-region be again subdivided in a similar way and the 
numbers M,w,, m,w, be summed over the whole area 2, where , denotes 
one of the new sub-regions, and the sums be denoted by S,, s, respectively, 
we have ; 

MQ, > 8, > 82 > Af(Zq Ye)@s > 82 > 8, > MQ. 
By continuing this process, we form two monotones 
te GR a> P< yy 
and these sequences tend to limits as the number of times a subdivision 
is made tends to infinity. If also this number tends to infinity in such 
a way that every sq. (y,) tends to zero, it can be shown that the limits 
are independent of the mode of subdivision (i.e. of the particular choice 


FIG. 8 Fia. 9 


of the sub-regions w). Denoting these limits by S, s respectively we 
have MQ >S>s>mQ. If S =s, the common value is called the 


Double Integral of f(x, y) over 2 and is written {J f(x, y)da dy. 


2 
In particular, if f(x, y) is continuous over 2 and y, it may be proved 
by a method analogous to that given for functions of one variable that 
the double integral exists. 
Also, the double integral, when it exists, is then obviously equal to 
the limit of the sum Jf (z,, y,)o,. 
9.11. Mean Value of a Double Integral. Since 


MQ2> || fe y)dx dy > mQ 


then || f(z, y)da dy = kQ where kis some number for which M > k > m. 
2 
This number k is called the Mean Value of f(x, y) over 2. 


Notes. (i) c dx dy is obviously equal to c 2 when c is constant. 


Q 
(ii) If,f(x, y) is continuous over 2 and y, there is at least one point (2, yo) of 
the domain for which f(a, yo) = k. 


Thus All fla, y)dx dy = f(xq, yo) for some point (%, yo) in Q or on y. 
a 
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9.12. Discontinuities in the Integrand. Let 7, be a curve lying entirely 
within 2, which is such that the area covered by it is zero. (Fig. 10 (1).) 


Oe 


SS 


ria. 10 


Let f(x, y) be discontinuous (but bounded) on y,,. Let K, be the total 
area of those subdivisions that have a point in common with y,,, when 
the sums that correspond to all the sub-regions are S, and s,. Then 
in S, — s,, the part belonging to K, must be less than or equal to 
(M — m)K,, and therefore tends to zero since lim K, = 0. Thus these 
discontinuities have no effect on the value of the double integral. Simi- 
larly we may have a finite number of curves 7;, y2, - - -» Ym if they are 
of the requisite type. 

Notes. (i) It is sufficient that y,, should consist of a finite number of parts, 
in each of which either y is expressible as a continuous function of z, or x is a con- 
tinuous function of y. It is sufficient also, but not necessary, that y,, should have 
a finite length. 

(ii) It is implied here that the sub-regions w, in any sub-division are positive 
(or rather signiess). When a curve crosses itself, it is necessary in the analytical 
case to attribute sign to an area bounded 
by it in order to give a meaning to such 
an area. Since, however, in this particular 
case, we are dealing with curves that cover 
zero area, it is possible for y, to be non- 
simple, as in Fig. 10 (it), if it can be broken 
up into a finite number of simple curves of 
the right type. 

9.13. Rectangular Boundary. Let 2 
be the rectangle bounded by 
L= 6,8 A, ese 6, y = B (Fig. 11); 
and let f(x, y) be continuous over 2 
} and its boundary. 

A natural method of subdivision consists in drawing the lines x = 2,, 
yY = ¥,, (r = 1 tom — 1, s = 1 ton — 1) where x =a, 2, = A, yo =), 
Y, = B. The sub-regions consist of the rectangles w,, specified by 
=A, L=Lriry Y = Ys, ¥ = Yer1, the area of this rectangle being 
(%41 — %)(Ys41 — Ys)- The double integral is therefore equal to the 
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limit of TEf(z,, y,)(Tp+1 — Lp)(Ys41 — Yo) where Lys Ys are any numbers 
that satisfy the inequalities 2, Sk. S98 y <y, < Ys+1- 

Also the value of the limit is independent of the mode in which m, n 
tend to infinity provided that max (z,,, — z,) and max (y,,; — ys) both 
tend to zero. 

The part of the summation belonging to the rectangles of breadth 
tas — ty is "Fe, ye\Yor1 — Ye)l@41— %-) and by the definition of 

0 
a simple integral, the limit of this when » tends to infinity is 


B , 
{if (5 why Pan, Ly). 
The double integral is therefore the limit of 


m—1 


DA [i fee weyers — 2 


0 
which, again from the definition of a simple integral is equal to 


Ji{[,f ee 


By reversing the order of integration we obtain similarly that the double 
BA 
integral is equal to \ {| f(a, wha. For a rectangle, therefore, we 
b a 
may without ambiguity, write 
ArB Bra 
ff fe de dy = ("fe vide dy = JY fle, widy de 
a a 
and regard the two latter integrals as repeated sumple integrals. 


Examples. (i) NG + y*)dx dy over the rectangle bounded by « = 0, x =a, 
y= 0, y =, is equal to ["(aty + dy*ihde — [bat + 09) de = doit +08, 
0 0 
(ii) [erste dy over the rectangle given by ac x< A, Do y< Bis 


wo fe fo} 


(iii) ler drd@ over the quadrant of a circle specified by 0<r <a, 
0< 6< 2/2 (in polar co-ordinates), is 


a /2 
{f e-r arf’ in\ 5a —e-#), 
0 0 


9.14. Elementary Closed Boundary. Assume first that the boundary 
is quadratic. (Fig. 12.) Then the line s = c, (a <c < A) meets the 
boundary in two points given by (c, y,(c)), (c, y2(c)) where y, > y, and y, 
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Y2 are continuous functions of c. Similarly the line y = c’, (b< cc’ < B) 
meets the boundary in two points given by (a,(c’), c’), («,(c’), ¢’), where 
%,>,; the circumscribing rectangle being given by a <a@ <A, 
b a <B. Denote y,(z), y2(z), 2:(y), t2(y) by Y:, Y., X,, X2 respec- 
tively. 

Now define f(a, y) for the whole rectangle by taking f(x, y) = 0 outside 
the area 2. The boundary of Q is therefore a curve of finite discon- 
tinuity, and the area covered by it is zero. The double integral over 
the rectangle is then obviously equal to the double integral over 2. 


7 


< 


Wi: 


I 


( 


SN 


Y 


\ 


B ¥, 
Now f, F(a, y)dy = f(z, y)dy since f(x, y) = 0 forb < y < Y, and 
Y; 
Y,<y<B. 
; Arey, 
i.e. ff. S(@, y)da dy -| { J F(z, shy ae (Y,, ¥, being functions of z). 
a ¥. 
Similarly 
Br eX 
ff. F(x, y)dx dy =|. if f (2, vara, (X,, X; being functions of y). 
xX, 
More generally, we can apply the same method to an area 2 bounded 
by an elementary curve, since we can divide Q into a finite number of 


sub-regions whose boundaries are quadratic. Thus, in Fig. 13, the double 
integral is equal to 


Jefe + tle + fea 
a we 
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and if f(z, y) = a y), the above result might be written 


" Fla, Y,)dz — | ‘ F(a, Y,)dx + { Fle, Y,)dz 


a, a 


as 


me f 4 Fe, Y,jde — iM F(v, Y,\de + j ; F(c, ¥,)dz. 


Examples. (i) {fxy dz dy over the area given by the boundary: y = 0, 
(0< 2< 3); y = (z — 3)*,(2< z< 3); y=1,(1< x< 2); y=2,(0< x< 1). 
(Fig. 14.) The integral is 


3 
[(day2G + (dey) + (dey?) 59") dae = 134 (after evaluation), 
0 
or, integrating first with respect to 2, we verify that the value is 
1 1 
j, (daty)8- V9 dy = fey — 8y! + dy? — ty \dy = 344. 


(ii) JJa da dy over the area shown in Fig. 15. 


ste 


2 


4 


Fig. 14 Fig. 15 


1 4 2 4 
Here [feaeau = i (xy)§ dx +- } (ay)}, de +| (ay)¥* dae + f, (xy)ht dx 
1 1 


where Y, = H(2x + 4), yo = w® — 4a + 5, ys = 4a. 
The value is 
4 4 
[sede [be tere + [et — et + sone + 42° dz = TH. 
0 1 1 2 


9.15. Symmetrical Areas. Let the area 2 be symmetrical about OY 
as in Fig. 16 (i); then from the definition of a double integral as a sum, 
it follows that 


J J Pie dae ey jue y) +f(— 2, y)}dx dy 


where 2, is that half of 2 for which x >0. Denote Q, by Q (x +, y). 
If f(z, y) =f(— 2, y), f(@, y) is said to be even (2) ; 
and if f(z, y) = —f(—~, y), f(, y) is said to be odd (2), 
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Therefore for an area {(x, y) symmetrical about OY 


[| feadedy = 2) | fle, wide dy over 22 +, 9) 
if f is even (x) and ff f(z, yjdx dy = 0 if f is odd (zx). 


(aD au 
Fic. 16 


Similarly for an area symmetrical about OX as in Fig. 16 (ii) 
{| fe y)dax dy = aff f(a, y)dx dy over Q(x, y +) 


if f is even (y) and \] fle, y)dx dy =0 if f is odd (y). 
Q 
Finally, if the area is symmetrical about both axes as in Fig. 16 (iii) 
[f sevandedy = (fe sho ay ove te 9-4 
a 


if f is even (x, y) and is zero if f is odd in either variable. 
In particular, if p, g, m, n denote positive integers or zero, for 
Fig. 16 (4), 
\) xy" dxdy = 2{ {amy da dy over 2(x +, y) ; {J xP tly” dz dy =0; 
Q a 
for Fig. 16 (i), 


{J a™ydedy = af famyee da dy over Q(x, y +) ; {J amy%2t1 drdy=0; 
oa for Fig. 16 (wit), } 
{J x*Py4 dx dy = af fasryee dz dy over Q(z +, y +), 
whilst r 
{J ww +ly2 dar dy =|j oy 21 de dy ={| a +1y2+1 de dy = 0. 
2 2 Q 


Note. Similar simplifications may be made when there is any line of symmetry 
by changing the axes so that the new y axis becomes the line of symmetry. (See 
next §.) In particular if x = his a line of symmetry, it is obvious from the definition 
of the double integral that 

{fle y)dx dy over Q(x, y) = Sffle +h, ydx dy over QXx + h, y) 
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Example. 

Sf(ax* + 2hay + by* + 2gx + fy + c)dx dy 
over the area bounded by 

(% — %)/p + (y — ¥o)/9 = £1, (p, g> 0). 
(Fig. 17.) 

Take = 2+ & y=yo+ 7%. 

Then the integrand $(x, y) becomes a&* + 2hén 
+ by? + 29,6 + 2fin + (Xo, Yo) and the domain 
of &, » is the parallelogram given by |&/p| 
+ |n/q| =1, and is symmetrical about the & 
and 7 axes. Now 


ffg2 ag dy = 4 (22), 5592 ae dy = dpa? 
so that the required result is FIG. 17 
-$pglap* + bg*).+ 2pgq $(Xo» Yo): 
9.16. Change of Variable in a Double Integral. Let u, v be given 
functions of x,y. Then if these functions are continuous at 2, y, and in 
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the neighbourhood and possess partial derivatives of the first order, x, y 
Ae) is not 
az, y) 
zero at Xo, Yo; and these functions tend to wo = Uu(%o, Yo), Vo = (Lo; Yo) 
when z, y tend respectively to 2, ¥». We may write these functions as 
x(u, v), y(u, v). Given a certain region 2 (Fig. 18) in the x — y plane, 
with its boundary y, there will therefore correspond a set of points 2’ 
with a boundary y’. If u, v are single-valued functions of x, y, to each 
point of 2 and y there will correspond a single point u, v. But the 
converse is not necessarily true even when J does not vanish in 2 or on 
y. Let us assume, however, that Q and y (where y is a simple closed curve) 
is transformed into 2, and y, so that the transformation is actually 
one-one. If this is the case, then y, is also a simple closed curve in one- 
one correspondence with y. 

Since the case of the simple closed boundary is easily reduced to that 
of the rectangle, it will be sufficient for us to take the boundary y, as a 
rectangle ay <u < &, By <v < pr. 

Since we are assuming J ~0 throughout 2 and y we may take 
J>0 ia the variables u, v may be interchanged if necessary). 

‘ 


can be expressed uniquely as functions of wu, v when J = 


270 ADVANCED CALCULUS 


.8v Corresponding to the division of the 
v rectangle by the lines u=u, (r=1 to 
n—l), v=v, (s=1 to m—1), we 
have a subdivision of Q(z, y) into curvi- 
linear quadrilaterals PQRS. (Fig. 19.) 
It is obviously sufficient, however, to 


y utdu assume that the element of area is the 
ordinary quadrilateral i ORS. 
) 


If P is given by 2(u, v), y(u, v), then 
Q, R, S are determined by the parameters 
(wu + du, v), (u + du, v + dv), (u, v + dv). 

Thus %g — tp = %,6u + O(5p*), ts — tp = 2,60 + O(Sp?), 

tp — tp = 2,0u + 2 Ov + O(8p?) 
with similar expressions for yg — yp, me ; YP YR — Yr, where 
dp = (du? + 
If the terms O(6p*) were ignored, the on ORS would form a parallelo- 
gram of area 
A(z, y) 


&q — Zp)(Ys — Yr) — (Zs — Zp)(YQ — YP) Bu, v) du dv 
ie. the area of the quadrilateral PQRS is J, du dv + O(6p*) where 


a(x, A(z, y) 
sd (u, v) 


Fie. 19 


Thus 
fj f@ y)dx dy 


= Tim 22 f {x(ups %5),Y(Ups Ve) })Ta(Uys Vs) +B }(Up1 — Ur)(Ve41 — Ys) 
where U,11 — Up; Usi1 — Vs are written du,, dv, and k = O(6p,,). Given 
é, the subdivisions can be taken sufficiently small to ensure that dp,, < € 
for every 7, s. Thus O(dp,,) < de, where A is bounded. 


fae a(x, y) 
Thus| | fe, y)da dy = AJ. [f{a(u, »), y(u, ») Hs te, pide +limK 


where |K| < AMe(a, — «1)(B: ¥ B;) and M = max |f(z, y)|, 


ie, K—>0 and|| i iMtedy = [[ fley.dudo=(I fe, yo 
Ou, v) . ri 
where J = a(z, 9) => 


Notes. (i) The Jacobian J, may, of course, vanish on the boundary. 
(ii) To allow for the case when u, v are interchanged, we may write |J| for J 
in the formula. 
(iii) When the variables are changed, the line element ds is given by 
= (ay du + xy dv)* + (yy du + yy dv)? 
= Edu® + 26 dudv + F dv® 
where Z = a2 + y2, @ = ty %y+Yuyy F= a? + y?, 
It should be noted that |J,| = |(%uy¥» — tv yu)| = V(EF — G*). 
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The curves u = constant, » = constant are orthogonal if @ = 0, since the gradients 
of these curves are ¥y/Xy, Yy/%y respectively. Thus for orthogonal co-ordinates 
ds* is of the form h? du® + h3dv* where |J,| = hyhy. 


For example, ff I(x, y)da dy = {J f(r cos 6, vane dr d@, since 
Q ao, 


ds* = dr® + r® dQ, 

(iv) In applying the formula for change of variable, care should be taken to 
ensure that the transformation of Q (and y) into Q, (and y,) is one-one. More 
particularly, when the variables are being changed from z, y to u, ¥, it is essential 
that to each point of Q, (or y,) there should correspond only one point of 2 (or y). 
The transformation is not necessarily one-one, when J is of invariable sign in Q 
(and y). 


Fia@. 21 


For example, if u = 2° — 32y3, v = 3x%y — y’, it is easily verified that the 
rectangle of the x — y plane shown in Fig. 20 is transformed into an area of the 
u — wplane whose boundary is not simple. In particular, the points (+ 4/3, 1) are 
both transformed into (0, 8). Also J = 9(z? + y?)* is never zero in Q or on y. 

In Fig. 21, each of the three areas shown in the x — y plane is transformed into 
the same rectangle in the u — v plane (l< u< 8, 1< v< 8); and the trans- 
formation is 1 — 1 for any of these three areas when w, v belong to the rectangle, 
if the correct functional values (or branches) of z, y are taken. 

The following theorem gives a sufficient test for one-one correspondence. 

Theorem. If (i) 2 is convex (i.e. such that the straight line joining any two 
points of 2 lies wholly in Q) 
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(ii) Py(xy, ¥;) Po(vy, y2) are any two points in 2 (distinct or coincident) 
Ge eae 
i; Ox, Oy, — Oy, 0x5 18 never zero 
then the transformation is one-one. (Daniell.) 

If possible, let u(P) = u(P’) and o(P) = v(P’). Then if the straight line joining 
PP’ has the equation xcos@ + ysin@ = p, we must have u,sin@ — u,cos@ = 0 
for some point P,(2,, y,) between P, P’ and v, sin@ — vy cos @ = 0 for some point 
P.(%a, Y2) between P, P’ “ P,, P, may or may not coincide. 

Ov du : ; AP 

Therefore oz, on i alg 0, which contradicts one of the conditions of the 
theorem. 

Examples. (i) Find the finite area in the first quadrant bounded by y? = a2, 
y=az%, ay?=b3, zy*=bi(a,>a,>0, b>b,>0). Take w= ay%, 
v = y3/x*. The area in the u — v plane is the rectangle bounded by a, << v< a, 
b<v< Bi, 

Also oe = % Also x = u3/7y-2/7, y = u2/Tv1/7, and the transformation 


Area = } u-2/7y—8/7 du dv = $(b,¥ — 6, (ag—? — a,—*). 


a 
(ii) Find the area of the loop of the curve z* + y® = 3aay. 
y?. Foo O(u, v) : 

Take v = ra 7’ then ie, 9) = 3, if x, y are not zero. The area of the loop 
is the limit of [f}du dv over the triangle specified by u = &, 0 = &, u + = 3a, 
when ¢, (> 0), & (> 0) —> 0, ice. is equal to f{t du dv over the triangle given by 
u=0,0=0,u+v=3a. Thus the area of the loop is 3a’. 

ur (© — %)* , (y— ¥e)* 
(iii) Find ff¢(a, y)dx dy over the area of the ellipse ses ae eis in 1 


2 
where (x, y) = Az® + 2Hay + By? + 2Gx + 2Fy + C. 
Let «=a, +aX, y=yot bY, then ¢(z, y) becomes 
AatX? + 2H ab XY + Bb®Y? + 2G,X + 2F,Y + $(x% yo) 
and the new region is the interior of the circle X* + Y?=1. 

By symmetry [[X*aX d¥ = f[¥? dX d¥ = gff(X* + Y*)4X dY = affr* drdé, 
where X = rcos#, Y=rsin#, O< r< 1,0< O0< Qn 
i.e. f(x? dX d¥Y =[fY? dX d¥ = 4x 

Also f[XY¥ dX dY = j[X dX d¥ = ff¥ dX d¥ =0; ffdX dY =z. Thus the 
required value is tab(Aa* + Bb? + 4¢y). 

9.2. Volumes and Surfaces. Let f(x,y) > 0 over an area Q. If 
at each point (x, y) of 2 a distance 
z(=f(a,y)) is measured parallel to 
OZ, the extremity lies on a surface 
z=f(x, y). (Fig. 22.) 

The lines drawn parallel to OZ 
from the boundary of w,, a sub-region 
of Q, determine a cylinder of cross- 
section w,. The volume of that por- 
tion of the cylinder cut off between the 
two planes z= candz=c +h is ho, 
and we therefore assume that the 
volume cut off from the cylinder 
between z=0 and z=/f(x, y) lies 
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between m,w, and M,w,. Thus the total volume cut off from the 
cylinder of section 2 between z= 0 and z = f(x, y) may be assumed 
to lie between Xm,w, and M,w,. Since these sums have a common 


limit ff f(x, y)dx dy, the double integral provides a suitable definition 


of the volume required. 


Note. If f(z, y) has both signs in 2, the double integral must then give the 
sum of the volumes for z > 0 less the sum of the volumes for z < 0. 


9.21. Volume determined by a Closed Surface. The locus given by 
x= 2(u, v), y= y(u, v), z = Au, v), where u, v are variable parameters 
belonging to a region 2, in the u — v plane, is called a simple surface if 
x, y, 2 are continuous functions of u, v not assuming the same set of 
three values for any pair of values interior to 2,. Assuming that 2, y, z 
are differentiable functions, we shall also assume that the Jacobians 


(=H) (963). (FE) 


do not vanish simultaneously at any point of the surface. A point where 
these Jacobians all vanish is called singular. The loci given by u = con- 
stant, v = constant are curves drawn on the surface, and the direction 
cosines of the tangents to these curves (and therefore to the surface) are 
proportional to z,, y,, %, and Ly, Yy, 2, respectively. If, m, n are the 
direction cosines of the normal to the surface at (u, v) we have 
la,, + my, + nz, = 0 = Ix, + my, + nz, 

and therefore 1:m:n=J,:J,:J; so that a unique normal (or tan- 
gent plane) does not exist at a singular point ; and also it is not in general 
possible to express any one of the variables x, y, z as a unique function 
of the other two in the neighbourhood of a singular point. A simple 
surface may be called elementary if it is possible to divide it up into a 
finite number of regions within each of which one of the variables z, y, z 
can be expressed as a single valued continuous function of the other 
two. An elementary surface which is such that all lines parallel to OX, 
OY and OZ meet the surface in two points at most may be called an 
elementary quadratic surface, and we shall regard it as obvious that the 
region bounded by an elementary closed surface can be divided up into 
a finite number of sub-regions, each of which is bounded by an elementary 
quadratic closed surface. It is sufficient, therefore, in obtaining the 
ordinary formulae relating to volumes and areas of closed (elementary) 
surfaces to consider the quadratic type. 

By taking a cube of side c whose edges are parallel to the axes and 
which entirely encloses a portion of a surface z =f(z, y), it may be 
shown as in the case of areas, that if f(x, y) is continuous, the volume 
covered by it is zero. 

The projection of the points of a quadratic surface on z = 0 is obvi- 
ously an area 2 bounded by a quadratic curve. (Fig. 23.) A line 
drawn through any point (2, y, 0) of Q parallel to OZ meets the surface 
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in the two points (x, y, 2: (x, y)), (w, y, 2 (v, y)) where z, > 2,80 that since 
we assume that z,, z, are continuous functions of 2, y, the volume enclosed 


by the surface is ff (z, — 2)da dy. We may similarly obtain formulae 
2 


for the volume as J (x, — %)dy dz,\| (y, — y2)dz dz, using an obvious 


oo, Qs 
notation, 2,, 2, being the projections of the surface on x = 0, y = 0 
respectively. 


VMs Lp 7 a 
hs: as 


2 yf 
Example. Find the volume cut from the surface — + a = 2 by the plane 


lz + my + nz = p (assumed to meet the surface). (Fig. 24.) 
A line through (x, y) parallel to OZ meeting the volume does so in two points 
(2, y, %) and (2, y, 2) where 
oe ee ele 
n + = 9\aa t pa/ 
Thus V = ff ,(¢: — 2,)dady where Q is determined by the equation z, — 2, = 0. 
x + Xp)* 8 
Now AC —%4)= © + oe AM y+ veh 


y1= 


— 42, where x,cn = al, yon = b*m, 


272 2 

ae PO St > 0). 

By taking x + 2, = arcos0, y + y, = brsin @ and using the method of Example 
(iit), § 9.16, we find that V = ae (at + b®m® + 2pen)?. 

9.22. Area of a Surface, z=f(x, y). A twisted curve z= 2(t), 
y = y(t), 2 = 2(t) may be called elementary if it can be divided up into 
a finite number of parts in each of which two of the variables can be 
expressed as single-valued continuous functions of the third. Its pro- 
jections on the co-ordinate planes are then elementary plane curves 
and the projections are closed if the curve is closed. For simplicity in 
exposition we shall usually assume that these projections are quadratic. 
In particular, the locus of the point given by x= 2(u, v), y = y(u, ), 
z= 2(u, v), w= u(t), v = v(t), is a curve lying on the surface x = x(u, v), 
y = y(u, v), z= 2(u, v). If it is elementary and closed, its projection 


DOUBLE INTEGRALS 275 


on the co-ordinate planes are elementary closed curves, which are the 
boundaries of plane regions divisible into a finite number of closed 
sub-regions with quadratic boundaries. 

Let the projection’ on z = 0 be an elementary curve y bounding a 
region 2 (Fig. 25), and let the equation of the surface be z = f(x, y) 
where f(x, y) is single-valued and positive. If f(x, y) is continuous and 
differentiable, there is a single normal at each point whose direction 
cosines are proportional to —f,, —f,, 1 and this normal is never per- 


pendicular to OZ. Choose that normal that makes an acute angle with 
OZ. The area 2 may be subdivided into regions by means of the planes 
2=2,(r=1ton — 1), y = y,(s = 1 tom — 1), where x = 2, & = Zp, 
Y = Yo ¥ = Ym form the rectangle circumscribed to y. 

The sub-regions of 2 consist of complete rectangles like P,Q,R,S, 
and of irregular areas abutting on y. The subdividing planes divide the 
surface area also into sub-regions of which the former sub-regions are 
the corresponding projections. Let the vertices of the representative 
complete rectangle P,Q,R,S, be given by P,(x, y), Q(x + dz, y), 
R,(x + dx, y + dy), Si(x, y + dy) and let these be the projections of 
P, Q, R, S of the surface. The direction cosines of the normal to the 
surface at P are 

l, m, n = (— 2, —%, 1)/(1 + 22 + 22h 
and therefore the direction cosines of the normals to the planes PQR and 
PSR are of the form (J + k,, m + ky, m+ ks), (U+ 21, m+ As, m+ Az) 
respectively, where k,, >, = O(dp), (6p? = da? + dy?). 

But AP,Q,R, = (n + k.)APQR and AP,R,S, = (n + 2,)APRS, 


ie. APQR + APRS = <a 8x dy where o = O(dp), since n 0. 


Thus S(APQR ie APRS) me PU? ee za fae) Rtv Ys) HL Grs)s 


8 
where I,,, 3, Ns are the direction cosines of the normal at (z,, y,) and 
Ors = O(5p;s). 
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An irregular sub-region of 2 is part of a rectangle Z, abutting on y 
and is the projection of a corresponding part of a skew quadrilateral EZ, 
one of whose vertices at least is outside the boundary curve on the surface 
and one, at least, inside (6z,,, dy,, being small enough). Also # (the sum 
of one pair of the two triangles of which it is composed) = E,/(n + k) 
where |, m, are the direction cosines of the normal for any point of 
E, and k = O(6p), dp being the diagonal of #,. If therefore y is a curve 
that covers zero area, YE, —> 0 and therefore XH —> 0 (since (n + k)~+ 
is bounded and max dp — 0). 

By means of the subdividing planes x = x,, y = y, we have obtained 
a number of skew quadrilaterals whose vertices are in the surface, and 
by joining a diagonal of each quadrilateral we have obtained the triangu- 
lar faces of a polyhedron inscribed in the surface (which is therefore not 
the most general type of polyhedron). The projections of certain of 
these faces are triangles A; lying entirely within y, and the sum of their 
areas is YA,(1 + o)/n where n refers to a point of A; and o = O(e), « 
being max (4p,,). 

The projections of the other faces are triangles abutting on y and 
the sum of their areas tends to zero when max (6p,,) tends to zero. 


The summation xs tends tof | * de dy andthe summation >" = being 
2 


0) So! must tend to zero. The double integral iH} * dedy therefore 
2 


provides a natural definition of the Surface Area. 
Substituting the value of n, we find for the surface area S under 


consideration, S = fj V(1 + 23 + 2)da dy. 
2 


9.23. Surface Area in Curvilinear Co-ordinates. Let u = u(t), v = v(t) 
be an elementary closed curve y, in the uw — v plane enclosing an area 
82. Then this curve corresponds to an elementary closed curve y on the 
elementary surface defined by the equations x = a(u, v), y = y(u, 2), 
z= 2(u, v). If we assume that z, y, z are single-valued functions of wu, v 
for all wu, v in 2 (and y,), then to each such point wu, v there corresponds 
one point within or on y (although the converse is not, in general, true). 

_ Ay, 2) _ 92, 2) _ 4%, y) 
We shall assume also that J, (= tu, >) J; (= au, i) J, (= a(u, y 
do not all vanish simultaneously at any point of 2, since the surface 
is assumed to be simple. The direction cosines of the normal at (u, v) 
have already been shown to be proportional to J,, Ja, J. 

Let 2 be divided up into rectangles by means ofthe lines u = u, 
(r=1 to n—1), v=v, (s =1 to m—1), where u= uw, u=uU,, 
v = Vo, VU = ¥,, are fixed lines on the uw — v plane forming the circum- 
scribed rectangle of y,. _ The sub-regions are either complete rectangles 
like P,Q,R,S, (Fig. 26), or irregular areas w, partly bounded by an are 
of y,. The surface area is correspondingly divided up into curvilinear 
quadrilaterals PQRS and irregular areas w partly bounded by an are of 
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y. In the light of our work in the last paragraph where the simpler case 
xr = U, y = v was considered, it is sufficient, in order to get the required 
formula, to find an expression for the area of the parallelogram formed 


by the differential displacements PQ . PS along the curves v = constant, 


%= constant respectively through P. If, y, z are the co-ordinates of P 
PQ = (Gi + Yui + euk)bu; PS = (x,i + y,j + 2,k)év 
and the vector area of the parallelogram is 
(J,i + Jaj + Jsk)du dv 


its direction being along the appropriate normal to the surface. The 
absolute magnitude of the surface area is therefore 


\] (J? + J3 + J3)idu dv 
Q 


where du dv corresponds to the absolute magnitude of the elementary 
area of the u — v plane. 

The symbol (J? + J} + J2)!du dv is often written dS and is called 
the Surface Element and is essentially positive. It is necessary, however, 
for subsequent development to give greater precision to the notion of 
surface area by introducing the idea of Vector Surface Element. This is 
defined to be dS.N where N is wnit normal in such a direction that 
[Nab] = + 1, where a, b are wnit vectors along the directions u-increas- 
ing and v-increasing respectively. It is usually more convenient to 
prescribe this normal to a given surface, and therefore the variables u, v 
should be interchanged if necessary to secure that [Nab] = +1. For 
a closed surface, for example, it is usual to prescribe the outward-drawn 
normal. 


9.24. The Line-element on a Surface. In rectangular co-ordinates, 
the line element ds is given by 


ds? = da? + dy? + dz 
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and when 2, y, z are functions of u, v this becomes 
ds* = EF du? + 2G du dv + F dv? 


where E = 272, @ = Sz,2,, F =Z2?. Thus dS = /(EF — G)du dv. 

The curves u = constant, v = constant are orthogonal if G = 0 and 
therefore for orthogonal co-ordinates on a surface, ds® is of the form 
hi du® + 13 dv® and dS = h,h, du dv. 


Example. The sphere x? + y? + z* = a® in spherical polar co-ordinates for 
which x =rsin@cos¢, y =rsin@sin ¢, z=rcos@, is given by r=a. The 
curves @ = constant, ¢ = constant are orthogonal and ds? = a%(sin? 6 dd® + d62) 
so that dS = a* sin 6 dé d¢. 

Thus the area between the two parallel planes z = h,, z = hy, where 

arph>z>h,> -—a 
1 Mi p= 2r r6=6, 
is given by \ f a* sin 6 dO d¢, (h, = acos6,, h, = a cos 0.) 
$=0 J0=6, 
ie. Area is 27a(h, — h,). 


9.25. Surfaces of Revolution. Let the part of the curve y = f(z) 
between z = x, and x = 2, (x, > 2,) be rotated about OX through an 
angle 2x to form part of a surface of revolution, where f(z) is single- 
valued, continuous and positive inz, <x <2,. (Fig. 27.) Also assume 


FIG. 27 


that f’(x) exists in (v,, x,). The wu — v curves at a point on the surface 
may be taken respectively to be, (i) the generating curve at the point, 
(ii) the circle described by the point. These curves are orthogonal. 
Let the line element of the generating curve be ds and let 8 be the angle 
through which the ordinate has turned from its initial position (in XOY). 
Then the line element on the surface is 1/(ds? + y? d6*) and the surface 
element dS = y ds dé. 
The surface area required is 


a=, fO=2r ds Ly A 
| | dado = 2x y(1 + y'2)t de. 


w=2,/60=0 Vda 
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If the co-ordinates of the generating curve are expressed in terms of s, 
85 ty 

S= an{ yds and if in terms of a parameter t, S = 2n| y(aé® + ¥?)* dé. 
8, 

Examples. (i) A square hole of side 2b is cut symmetrically through a sphere 


of radius a(> 64/2). Find the surface removed. Take OZ as the axis of the hole: 
then one part of the surface is given by z = 1/(a* — 2* — y*) and 


1 2 wir. a* 
24 od > %y (a? sates gy? ‘ois y?) 

dx d 

Let the sides of the square be paralleltoOX,OY. Then }5 = so | a a os 5 

over the square given by 0< ~< b,0< y< 6b 

b 
aan ef wae gt pn tonnel zat) 
i.e. $= eal arosin{ esas dz = 8ab arc sin V(a? — b2) — 8ab I 


. ax? dx dx “ df 
Siete prs eae all cero) is a(, a+ om 
and z= y(a?—5%)sing, t= tang, t;=tang, b= (a — 6%)sin¢g,. 
On evaluation we find that 
b 
is 16ab are sin | 55 mf " tot aro tan| as anf 


(ii) Find the portion intercepted on the surface z= pcos¢, y = psin #4, 
z=a¢tana by the cylinder p = 6 
tye teal; ae t+ yz + 2h =p? +a% tan® a; xpry + yoys + 2pzy = 0 
Therefore S = fJ(p? + a* tan* «)tdpd¢ over the area 0< p< b,0< ¢< 2x 
2 2 t; 2 
= n{by(0? + a? tan? a) + a8 tan! « log( + VE es ve is ni =) 
If b =a, S = na*(sec? « + tan? « log cot 4x). 


(iii) The catenary y = c coshz/c from = 0 toz, isrotated about the axis OX. 
Find the area of the surface formed. 


Ly 
y’ = sinh = ; (1 + yt = cosh = (> 0) and $ = anf c cosh? = dz 
ny) 


ie. S= nea, +¢ sinh ~! cosh *:) = mca, + ¥48;)- 


9.3. Line Integrals. If x, y, z are the co-ordinates of a point on 
a given rectifiable curve, they are functions of the arc s (measured from 


B 
some fixed point) and ‘we can form an integral of the form | F(a, y, ads 
A 


where A, B are two points of the curve. 
Such an integral is called a Line Integral. If P, Q, R are functions 


B 
of , y, z, the integral denoted by J (P da + Qdy + Raz) is defined to 
A 
B 
mean the line integral j (IP + mQ + nR)ds where 
A 


1( = dx/ds), m( = dy/ds), n(= dz/ds) 
are the direction cosines of the tangent (in the direction of s-increasing). 
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9,31. Line Integral for a Plane Curve. In two dimensions 


B B ' 
j (Pde + Qdy) = | (IP + mQ)ds. 
A A 


It is usually possible to divide the are AB (as for example in the case of 
an elementary curve) into a finite 
number of parts, within each of 
which either y is expressible as a 
single-valued differentiable function 
of z, or 2 as a similar function 
of y. It is then possible to ex- 
press a given line integral as the 
sum of a finite number of ordinary 
integrals. It is essential in such an 
expression to keep account of the 
appropriate signs of dz or dy. 

For example, for the curve shown 
in Fig. 28, if the abcissae of A, A,, B 
are denoted by a, a,, 6 respectively 


[Pe nde =f" Pee, wae — f "Pee, yi 


” | , P(x, ys)de — | ‘ P(x, ysdde + f. P(x, ys)der 


where A;A,, A;A, in the figure are parallel to OY. 


Example. Find So(x? + 2y)dx + (y — x)dy where C is the boundary of the 
closed curve given by z= 0, y = x + 1, y = (x — 4)*, y = 0 and is described 
counter-clockwise. (Fig. 29.) 


4 
Along y = 0, 1 = f az? dx = 214. 
0 


Along y= He +495 T= [Gt +(e — 4) + He — 4) ate — Ade 
+ 
= — 24%. 
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Along y= 4241, 1 =[" e+ 242-4 4 — delle = — 0} and slong 2 = 0 
2 


t= [yay = —3 
1 


The value of the line integral is therefore — 13. 

Note. This may be verified by Green’s Formula, § 9.32. 

9.32. Green’s Formula for an Elementary Plane Closed Curve. If P, 
Q are single-valued continuous functions on and within an elementary 
closed curve C and possess continuous partial derivatives, then 


<p (Pde + Qay) =|{_ (Q, — P,)de dy 


where Q is the region bounded by C, and where the arrow on the integral 
sign denotes that the direction in which C is described is the same as 
the direction from OX to OY as viewed from a point on one side of the 
plane XOY. 

Let C be an elementary quadratic curve as shown in Fig. 30, with 
circumscribing rectangle given by a <2 <A, 6 <y <B. Fora value 
x for which a < x < A there are two points E, F on C given by (z, y,(2)), 


(x, y2(z)), (ys > Ys), and for a value y for which b<y<B, there are 
two points H, @ on C given by (,(y), y), (#a(y), y), (t1 > 22). On the 
boundary of the rectangle there may be straight parts L,L,, M,M,, 
NN,, S:S;, on zx =a, 7 =A, y= B, y= b respectively. 

Then, since the derivative is continuous 


ff Qedeav=(_ {Q(a1, y) — Qe, y) }dy =|" Qla, y)dy =f Q(x, y)dy 
= <b Oe, vidy 


since dy is zero on S,S, and N,N. 


Similarly \) Pde dy = — <p Pla, y)de. 
2 Cc 
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Thus <p (Pde + Qdy) = | | (Q, — P,)dzdy and the direction in 
Cc 2 


which C is described is counter-clockwise as viewed from that side of 
the plane XOY for which the direction from OX to OY is counter- 
clockwise. 

The theorem is immediately extended to any elementary closed curve 
C by dividing the region 2 enclosed by C into a finite number of sub- 
Tegions @;, Ws, . . -, @, bounded by quadratic curves 7, ys, . - ., Yue 
(Fig. 31.) For then 


JJq(@-— Pitedy=2{) 0, —Pyydedy = Ee (wae + Ody 


= <p (Pde + Qdy) 


since each part of a boundary y, not belonging to C is described once 
in each direction and P, @ are single valued. 


Fia. 32 


Example. (x? + 3y)da + (y — 2x)dy, where C is the quadrilateral specified 
by y=2%, y = 2, y = 8 — 2z, y = 0, as shown in Fig. 32. 
By Green’s formula the integral is 


SI(— 2 — 3)dx dy = —5Q = — 25. 


9.33, Green’s Formula when Q, = P,. If Q, =P, and the deriva- 
tives are continuous, then + ¢(P dz + Qdy) = 0. Let V(x, y) be any 
continuous function for which V, = Q(z, y). Then P, = Vzy so that 
P must be of the form V, + f(x). Take therefore W = V + X where 
X is any integral of f(x) with respect to z. Then P = W,,Q = Wy 
ie. given P, Q and P,=Q, we can always find a function W for 
which P = W,, Q= W,. ' 

By Green’s formula +$,(W,,dz + W,,dy),i.e.4,dW =0. This shows 
that W is a single valued function of z, y for the region Q, since its final 
value is the same as its initial value. ; 
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Now let AR,B, AR,B (Fig. 33) be any two elementary curves joining 
A, B and suppose that in the area between them there is no discontinuity. 


Then j dW + | dW =0 
AR, BR,A 
ie: j aW = W.-W, =| dw 
AR,B AR,B 
so that if W, is the initial value of W at A, its value Wz at B is inde- 
B 
R 
R, 
A 
FIG. 33 


pendent of the path joining A, B, if the one path can be deformed into 
the other without encountering a discontinuity. 


Examples. 
(i) j C {2(a + y)e™ + Te” + eV }dx + {3(a — y)e®¥ + e% + lle®¥ }dy. 


0,0 
The integrands and their derivatives are continuous for all a, y. Also 
Q, = 2e% + 3e5¥= P,. The value of the integral is therefore independent of the 
path from (0, 0) to (x, y). 
Integrate from (0, 0) to (z, 0) along y = 0, then 


z 
n= { (2xe™ + Te + 1)da = xe™ + 3e% 4+ x — 3. 
ty) 
Integrate along x = constant from y = 0 to y, then 
y 
= j {3(x — y)e™™ + e% + 1le®¥ dy = (am — ye” + 4e5¥ + ye?® — 2 — 4. 
0 
Thus I=1,+i,= te a eee 
(ii) Find < (2% + 6a%y + y? — 3y)dx + (2° — dary* — 2xy + 3y)dy where C is 
the circle given by (2 — 2)? + (y — 2)? = 4. 
I = fJo(3 — 4y — 4y?)da dy = ff(— 21 — 20Y — 4Y*)dX dY over X* + Y2=4. 
But SfY*dX d¥ = 3ff(X? + Y*)dX d¥Y =3ffredrd@ over r=2 where r, 
6 are polar co-ordinates in the X — Y plane. 


Thus ff/Y¥*dX dY = 4m; also f[/dXdY = 4n; LS get 0. 
The value of the integral i is therefore — 100z. 
ae + pa dy 


(iii) The area A determined by a closed curve bounded by C is $e =% 


where A, 4 are unequal I Ry for by Green’s formula, this integral is if de dy. 
he 0, A= — $y de if A=0, A= $e dy; if A=—-—1, p=1, 
A= = t4,(x dy —ydz) = tH r* do in polar co-ordinates. 
Thus 4 = $2 dy = — $y da = $4(x dy — y dx) = 34,7? db. 
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(iv) Let Q = V,, P = — Vy and let the second derivatives of V be continuous. 
Then ff, V°V dx dy = $(V_dy — Vy da). 
Now VV x dr = (V,, dy — V, dx)k, where r = xi + yj in the usual notation 
for vectors. 
Thus $ VV x dr = {ff V7V da dy jk. 
Denote the rates of change of V along the outward-drawn normal and the tangent 


to C by Ae sd (s increasing in the direction of the tangent taken). 


OV ov 
Then VV = ae T+ an Ni dr = ds.T and therefore 


ov oV 
VV xdr= an O(N x T)= (oy a)k- 


ov 
Thus {ff V2V de dy }k = (4,55 4a)k = $,VV x ar. 
(v) If x, y are changed into orthogonal co-ordinates u, v for which 
ds* = hi du* + hj dv* 
find the value of V*V in terms of u, v. 
10V 10V 


where i, j are the unit vectors at (wu, v) along the curves v = constant, « = constant. 


vVV= 


h 
Therefore ff, V*Vhyhy dudvk = {,VV x dr = folgte dv — iV. du)k 


ie. Sq, V Vials du dv = Hoga my) + SAGi¥«) fa dv. 


This result is true when ., is the interior of a circle of centre (u, v), however small 
this circle may be taken. The integrands are therefore equal (by an obvious use 
of the mean-value theorem for double integrals) 


ow = pel.) + 2.) 


A : 1a/a 1 ov 
For example, in polar co-ordinates, 7?V = 2 = ) + 72 90F 


9.34. Multiply-connected Areas. Consider the area shown in 
Fig. 34, which has an outer boundary 
C (an elementary closed curve) and 
a number (n) of inner boundaries 
C,(r = 1 to m) (elementary closed 
curves). By joining a point of C, to 
‘a point of C by means of an elementary 
curve y,, the region becomes one with 
a single boundary consisting of C, C,, 
y, (the last being described once in 
each direction). It is assumed that 
no curves y, intersect. Applying 
Green’s formula to the new region, 
we note that the integrals along y, 
cancel each other (P, Q being single- 


- 
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valued) and that the direction in which C, is described is opposite to 
that in which C is described, 


ie. <p (Pdr + Qdy) —E€h (Pde + Ody) =|l (Q, — Py ddedy. 


An area 2 is said to be simply-connected if a line within it joining 
any two points of its boundary divides 2 into two regions that cannot 
be connected without crossing the line (called a cut). Otherwise 2 
is said to be multiply-connected. If by means of m cuts (the edges of 
the cuts, as they are being made, becoming extensions of the boundary), 
2 becomes simply-connected, the 
original region is said to be (m + 1)-ply 
connected. Thus the region shown in 
Fig. 34 is (n + 1)-ply connected. 

9.35. Discontinuities in the Case 
when Q, = P,. When discontinuities 
P, Q or their derivatives occur in 2, 
the case of greatest interest is that for 
which Q, = P,. 

Let there be » discontinuities at 
isolated points D, in 2 (r = 1 to m). 
Draw elementary closed curves C, 
surrounding these respectively but 
not intersecting each other. (Fig. 35.) 
Apply Green’s formula to the multiply-connected region between 
C and C,; then since Q, = P,, we have 


<p (Pde + Q dy) =E<h (P de + Qdy). 
Cc 1 Cr 


The value of the integral is independent of the choice of C,, provided it 
is of requisite type and does not actually pass through D... 
In particular, take C, to be a circle centre D, and small radius p. 


2r 
Then <p, (P dx + Q dy) = | (Q cos 6 — P sin 6)d0 
r 0 


where z = a, + pcos#, y=b,-+psin@ and D, is the point (a,, 6,). 
Although Q cos @ — P sin@ may not exist when p is zero, the integral 


2r 

el (Q cos 6 — P sin #)d6 may tend to a definite limit w, when p—> 0. 
0 

-Thus if all the integrals <P dx + Q dy) tend to limits w,, we have 


m 
<p iP de + Q dy) = Zin, 
_ b 
Example. ee (a, b constant), where C is an ele- 
mentary curve enclosing 0. 


b(y? — 22) — Qaay F 
Here Q, = Py = y Ge ae 2)2 and 0 is a point of discontinuity. 
2m 


Taking x = pcos0, y = psin®, we find that the integral is | d@ = 2xb. 
0 


286 ADVANCED CALCULUS 


9.36. Many Valued Integrals. Let F(x, y)=(  (Pdx+Qdy), 


where Q, = P,, and let the path of integration be a particular curve 
ALB joining A (2, yo) to B (x, y) not passing through a discon- 
tinuity of P, Q or their derivatives. (Fig. 36.) Let AL’B be any other 
path joining AB not passing through a discontinuity, the region between 
the two curves containing within it a number of discontinuities at D,, 
Te: 4 os eas ne 


[Pa + ean =f (Pde + Qdy)+E<h (Pdr + Qdy) 
ALB ALB 1 Cr 


k 
= F(x, y) + We 
if these limits w, exist and AL’BLA is counter-clockwise. 


m,=0 
m=-| 
m= 1 
my=-1 
Me= 1 
Me= 2 


FIG. 37 


Therefore the function ( P dz + Qdy when the path from A to 
Xo» Vo 


B is not specified has many values; and its general value (for a simple 
path) is of the form F(z, y) + Dons where A, is 1, — 1, or 0 according 
1 


as the closed path AL’BLA encircles D, counter-clockwise, encircles D, 
clockwise or does not encircle D, (if the direction from OX to OY be 
regarded as counter-clockwise). 

More generally, if we allow the path AL’B to cross itself, it may be 
deformed into ALB by taking m, circuits (m, being positive, negative 
or zero) round D.,,. 


B n 
Thus | (P dx + Q dy) = F(z, y) + Xm,w, where m, is an integer, 
A 1 
positive, negative or zero. (Fig. 37.) 
9.4. Triple and Multiple Integrals. The definition of the double 
integral and its method of evaluation suggests the corresponding defini- 
tions and methods for integrals involving three or more variables. 


Thus, if f(x, y, 2) is a given function, bounded in a region V enclosed 
by an elementary closed surface S, we can form, as in the case of double 
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integrals, the sums YM,v,, Xm,v,, where v,, V2, . . . are sub-regions into 
which V is divided and M,, m, are the upper and lower bounds of f(x, y, z) 
in v, (or its boundary). When these sums tend.to a common limit as 
the circumscribing cubes of the sub-regions all tend to zero, this common 
limit is called the triple integral of f(x, y, z) through V and is written 


{J fe, y, z)da dy dz. 


The integral may be proved to exist when f(z, y, z) is continuous 
throughout V and S; it also exists when f(z, y, z) is continuous except 
over a finite number of surfaces, if f(x, y, z) is bounded there and the 
surfaces cover zero volume. 

When the triple integral exists, its value is the limit of the sum 


Zf(x,s Yrs Zp Where (x,, y,, Z,) is any point of v, or its boundary. 
Again MV >If f(z, y, 2)dadydz>mV where M, m are the 
V 
upper and lower bounds of f(z, y, z) throughout V (and S) and 


“all fle, y, z)da dy dz. 


which lies between M and m is called the Mean Value of f(x, y, 2) through- 
out V. 


9.41. Evaluation of a Triple Integral. The method used to evaluate 
directly a double integral may be ex- 
tended to the case of a triple integral. 
Let the boundary S be quadratic. 
Then a line parallel to OZ through 
(x, y) that crosses the boundary does 
so in two points (x, y, 2,(%, y)), 
(2, y, %(, y), (% > 2) where 2%, 2, 
are continuous functions of (z, y). 
Let the upper and lower bounds on S 
(i) of a (all y, z) be A, a, (ii) of y 
(all z, x) be B, b, (iii) of z (all x, y) be 
C, ¢ respectively. The set of points 
(x, y) for which z,, z, exist belong to Fig. 38 
an area 2 in x—y plane whose 
boundary (an elementary quadratic curve) is determined by the relation 
= 2%. (Fig. 38.) 


Thus Jf re y, z)da dy dz is equal to ii4f Se, ¥, 2)de\de dy, 


where 22 is the projection of the volume on z = 0. Similarly, we may 
obtain formulae by integrating first with respect to y or 2. 

If a line parallel to OY in z = 0 meets the boundary of Qin {x, y:(x) }, 
{x, yx(x)}, (y: > Ys), We may write the triple integral as 


JLITASs #4) = 
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A 1 1 
A convenient notation for this is j de" dy f. fad. 
a Ya 2 


In particular, if V is a rectangular parallelopiped given bya <a <A, 
b <y <B, c <z <C, the integral may be written 


[ff fe aide dy de 


a=ad y=bJz=c 


Example. Evaluate fffxy*dxdydz throughout the tetrahedron bounded by 
z=0,z2=2, y=2, y=c. (Fig. 39.) Integration with respect to z gives 
I = ffx*y? dx dy, where Q is the triangular area determined by x = 0, y = a, 


y=a 
a 

i.e. I= | 4(a?a _ a5)dx = ys. 
0 


Fia. 39 


The siz equivalent repeated integrals corresponding to the six ways of effecting 
the integration are in this example 


a a r a ae a y y 

w | ax { ay | ary? de ; anf ay {ae | sy?de ; ai f iy | de [ay ae 
0 x 0 0 0 0 0 0 Zz 
a a Yy a 7 a a 7 7 

ce) | a: | in| xy? dx ; | az{ ax | xy? dy ; wi | aef a: | ay? dy. 
0 z z 0 z x 0 0 x 


9.42. Multiple Integrals. A multiple integral is denoted by 
i) Biss [fe Le, va) ayl Lyd ys) Uy 2. dat, 


and refers to a closed n-dimensional region. The definition is analogous 
to that of the triple integral, although there is not a correspondingly 
simple way of illustrating it geometrically. When the region of varia- 
tion is of a sufficiently simple character, the method of evaluation by 
repeated integration will not present any difficulty. 


Example. Evaluate Sfffext2u+se+4u dx dy dzdu over all positive and zero 
values of x, y, z, u for which OC a+y+z2+uca, 


I =H ff(ete-82-29-2 — ex +2u+8e)da dy dz for ON e+yt+zca 
= ff Geta—-82—-2y — feSa-22-y + Jiet+2u}dady forO<e+y<sa 
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= [ (feta—82 — fe8a—2x 4 fota—z — Ae*)da 
0 
spelt — 4o00 4 feta — ot bidke = shot — 1) 


9.43. Change of Variable in a Multiple Integral. The formula for 
change of variable in a multiple integral 


\] » ys [fe a a 
= \) [pul ae anh 1 =n) dy, dety oy onfltte 


Oltlse Uay <= +5 Un) 


where x, = %,(u, Us, . - -; Up) (rf = 1 to n) and B,, is the region in the 
u,-space corresponding to A,, in the «,-space, may be proved by induction. 
We shall assume that there is a 1 — 1 correspondence between A, 
with its boundary and B, with its boundary, and that the Jacobian 
pa Wy Bays + ag Dal 
A(t, Ug,» 25 Un 
The region A,, can be divided up into a finite number of sub-regions 


is continuous and never vanishes in the region. 


within each of which one at least of the derivatives 2% never zero. 


Otherwise by the process of subdivision and selection it would be possible 
to find a point in A, near which all the derivatives es (assumed con- 
tinuous) vanished. This would make J zero, thus contradicting the 
hypothesis. 

Without loss of generality therefore we can assume that oe wath 

1 

If we assume that the boundary is an elementary (n — 1)-dimensional 
region (defined in an obvious way), we may integrate first with respect 


to the variables z,, 23, ... %, and obtain J = y F(x,)dx,, where 


r= || aes. | fidez diy . . . dtm, Cy; is the set of points of A, 
Cy-1 


for which z, has a fixed value between a,, «, (the lower and upper bounds 
om 2, in A,, all %, /.. OG): 


From the relation 2, = 2,(w#, Ue, - - -, Up), since be =~ 0 we can at 
¢ 1 


least, in the neighbourhood of a particular set of values, determine wu, 
uniquely as a function of x,, u:, ... U,- By substituting this value of 
u, in the functions x2, . . ., ,, we obtain a transformation from 2,, 22, 
. +) Gp tO Gy, Uy, . . -, Uy, transforming A, to A,,; and the transforma- 
tion must be 1 — 1 since the given transformation is 1 — 1. 

Now F is an integral of multiplicity (n — 1) and 2, is fixed during 
the integration. If we assume that the formula for change of variable 
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is true for (n — 1) variables, we have 


r={{ is shy J" diy dit, ..... dy 
Ch_1 


Oley). vege) 


where ie Ree, (x, constant). 
Ola, Tes» » oy By)s Oy, thgy» aay thy) Ox ; 
B t J= 1 2 a n h 1 29 » *n oo Py. tad , 
i O(@y, Ua,» » +5 Un) O(ty, Ua, . » «5 Un) i Ou,’ mm et se 


zero (or infinite) and has the value J ot 


1 


Thus t= ("|| ess Le (1.7/5 )dns -. « dity [dary 
={j ee J (-7/ Fede as dy ary | We 


Let us assume, for simplicity, that the line for which tw, us, . . . Up 
are all constant meets the boundary in two points at most, these points 
being given by 

{Kilts i Mg)y Wey 6 sy Un}, | Ro OS 

(X, > X,). 


Then J = {J eon it j Gu, .. . U,)du, . . . du,, where 
D,_1 


i x,’ Ox, 
Gai = (f47. Fu) a 
Now change the variables from 21, Us, . . . Up, tO UW, Ug,» » - Un by 


taking 2, = 2,(u;, WU, ... Up), the transformation being 1—1 as 
before. Since uw, ..., U%, are fixed in G, the latter becomes 


U, 
f.J.du, 


U; 
where U;, U, are the values of u, that correspond to X,, X, of 2. 


Thus r= ff ded I: {fo fe dus}du vite dal, 


= fj hake [, fFdi du > deg 


Example. Sfjf(z +-y +2 + u)" xyzu dx dy dz du over all zero and positive 
values of x, y, z, u for which O< + y+2-+u< 1 (n being a positive integer 
or zero). 

Take X=ae+y+z2+4u, XY=y+2+u, XYZ=z2+u, XYZ =u. 
If we denote X, XY, XYZ; XYZU by &, 7, ¢, o respectively, we have 


A(x, yr % u) _ Hn, So)» _ A mf 2) 
a(x, Y, Z, UV) a a(x, Y, Z, U) : a(x, Y, 2, %) 


= X*Y8Z, 
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The transformed region is determined by the boundaries wu = XYZU =0, 

z= XYZ1 — VU) =0, y= XYV(1 — Z) = 0,. 2 = X(1 — Y) = 0, and 
at+y+z+u-—-1=X-1=0 

ie. consists of the unit ‘cube’ 0< X<10< Y¥<1d0<Z<1L0<T70<1. 

The Jacobian vanishes when u = 0 but not otherwise. The given integral 
obviously exists and is therefore the limit when e —> 0 over the region obtained by 
omitting all values u, for which 0 <u <e. This is equivalent to the integral over 
the transformed region from which the points given by 0 < X Y ZU < «are omitted. 
This restricted region obviously tends uniformly to the unit ‘cube’ when ¢ —> 0. 
The transformed integral over the unit ‘cube’ gives the required value. 

Thus 


1 1 1 1 1 
I= j. Xnt+7 dX j, Yel - yay{ za — Z)dZ j. U(l — U)dU = (n + 8)7r 


9.5. Surface Integrals. An integral of the form d(x, y, z)dS 


s 
over a portion S of the surface given by z = x(u, v), y = y(u, v), 2 = 2(u, v) 
is. called a Surface Integral. Here dS is written for »/(HG — F*)du dv 
and the integral is evaluated over the region 2 in the wu — v plane that 
corresponds to S. 

The vector surface element is dS N where N is unit normal in a pre- 
scribed direction, 
i.e. dS N = (IdS)i + (mdS)j + (ndS)k 


where /, m, are the direction cosines of the prescribed normal. 

The components ldS, mdS, ndS may be positive or negative, and their 
absolute values are the areas of the projections of the surface element 
on the co-ordinate planes. If the element dx dy that occurs in a double 
integral over a region in the x — y plane is regarded as positive, ndS 
may be replaced by dz dy if n > 0 ee may be replaced by — dz dy if 
n<0. 


However, the integral if ze F(a, y, z)dz dy is sometimes used as a 
s 


surface integral and must be taken to mean \] F(x, y, z)ndS, so that 
Ss 


when dx dy occurs in a surface integral, it must be regarded as having 
sign as well as magnitude. 


We shall therefore define \] (P dy dz + Qdzdx + Rdz dy) to be 
s 


{] (IP + mQ + nR)dS and for definiteness we shall choose the direction 
Ss 


of the normal in such a way that N, a, b form a positive system (i.e. 
[Nab] = + 1), where a, b are unit vectors along the tangents to the 
curves v = constant, uw = constant in the directions in which these 
variables increase. Also in the w— v plane, an area will be regarded 
as positive if it is described in the same sense as the change in direction 
from the w-axis to the v-axis. 

Let S be an elementary closed surface of quadratic type, so that 
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its projection on z=0 is a quadratic 
curve y enclosing an area 92. (Fig. 40.) 
Let the line through (2, y, 0) of 2 meet S 
in (x, y, 21), (©, Y, 22), (21 > 2%). The points 
for which z > z, (on the line) are outside 
the surface and therefore the normal that 


> 
makes an acute angle with OZ at (x, y, 2;) 
is the outward normal. Similarly the 
normal that makes an obtuse angle with 


<n 
OZ at (x, y, 2) is also the outward normal. 
Thus 


[J fle » aay — \j ‘aa ff. (fl, ys %1) — fle, y, %) }de dy 


where (dx dy) in the last integral is positive. 
Similar results may be obtained for 


{Jo y, 2)dy dz and || y, ade de. 


More generally, if a line through (x, y, 0) meets an elementary surface 
(not necessarily closed) in points (z, y, z,), (r = 1 to m) where 


Zy > 2 > 23 rar > ey 
\) fle, y, 2)dx dy may be expressed as 
s 


j j oJ YinKong= \\,/ (x, y, — dy+... 
a eff Se Ys Zp )dex dy 


4 —> 
if the normal at (x, y, z,;) makes an acute angle with OZ, where 2, is the 
region for which z, exists. 
9.51. Green’s Formula in Three Dimensions. If an elementary surface 
S encloses a volume V, then 


je: +Q, + R,)dx dy dz = jj + mQ + nR)dS 


where 1, m, n are the direction cosines of the outward-drawn normal and 
P, Q, R are continuous functions of x, y, z possessing continuous deriva- 
tives. 

Let the surface be quadratic. (Fig. 40.) 
Then ; 


J } R,dz dy d = ff {Re. y, %) — Rta, y, %)de dy = j | _ Fd (§95) 
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Similarly 


fffowaeayae— ff mas ana [ff Pate ay de ~ ff Pus 


Thus \ j | (Pa + Qy + Rade dy de = i). (IP + mQ + nR)dS. 


The theorem may be immediately extended to any elementary closed 
surface by dividing the region enclosed into a finite number of sub- 
regions bounded by quadratic surfaces. 

Corollary. (i) If P, Q, R are the components of a vector function F, 
then F.N = /1P + mQ-+ mR and the theorem takes the form 


\\) V.F da dy dz = \) F.dS (where dS = NdS). 
v s 
(ii) Let F = VE, then 


{\|,o™ di dy de’ = j j ak as. 


9.52. Harmonic Functions. A three-dimensional harmonic function 
E(a, y, z) may be defined as one that is finite and continuous and possesses 
first and second derivatives in a given domain and satisfies Laplace’s 
equation viE( = alg Mae =) =0. Thus if 

OF oy* 02% 


r= {(x — a)? + (y — b)? + (@ —c)*}# 
: is harmonic except at (a, }, c). 


Example. Let E be harmonic in Cor. (ii), § 9.51, where it is proved that 


ify omsoe = [fa 


Then \) oe, ds = 0 if Z is harmonic throughout S§ and its interior. 
s 


For example, J) dea) = 0 where r = {(x — a)® + (y — 6)? + (z — c)?} 
and (a, b, c) is outside 8S. 


9.53. Discontinuities. Let there be m points D, (r = 1 to m) within 
V at which there are discontinuities. By surrounding each of these 
points with small closed surfaces S,, we can, by the method used in the 
case of Green’s formula for two dimensions, deduce that 


\ Fas = 5 || ras + {{{ V.F da dy de 
s 1 Ss | 


where V’ is the volume between the outer boundary S and the inner 
boundaries S,. 


In particular if V.F = 0, we have || F.as = 2 {| F.dS. Choos- 
8 wJs 


r 
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ing S, to be a small sphere of radius p and centre D, we deduce that 


{{ ¥-4s= =F tim ff F.dS if these limits exist. 


Example. Let HE = : where r = {(x — a)? + (y — 6)? + (z — c)?}4 and let 
(a, b, c) be within 8. 


a/l : j 1 ‘ 
Then =z \- JdS = lim —-;)dS where S, is the sphere, centre 
\J,avG) p—>0 a *) 4 
(a, 6, c) and radius p. 
d/l : ee ; i ; 
hus ff i (=)as = — 4n if (a, 6, c) is within S§ (its value being zero if 


(a, b, c) is outside S, § 9.52, Example). This is sometimes called Gauss’s Integral. 
(See also Examples IX, No. 122.) 


9.54. Green’s Theorems. Let F = GVE where E, G are invariants. 
Then {] GVE.dS = j | j (G.V°E + VG.VE)de dy dz (§ 9.51). 
s Vv 


Similarly {J EVG.4S = ff (E.9°G + VE.VG@)dz dy de 

when there fo no Cacoutinuities in V or on S. 

Therefore fj (GVE — EV@).4S = fj j (4. V39E — B.V°G)de dy de. 
But if shies are m discontinuities within V at D, we have 

j | (GVE — BV@).d8 


‘i S|{_ ave — EYG).4S + Vf. (G.V*E — B.Y*G)de dy dz 


(in the notation of § 9.53). 
The above result may be called Green’s Theorem (General). 


Examples. (i) If H, @ are Pre throughout V and on S we have 


{| <eve- osha lee was = {{ 255 


(ii) Let G = + where r = {(z — a)* + (y — 6)? + (z — c)? }4 and Z any invariant 
ey poet i bounded second derivatives throughout V and on 8). 


in 19 220) ~[f, Go 22 O}aes [ff WE cccra 


and we may take the limit of the right hand side, if it exists, when p —> 0, where 
8, is the surface of the sphere r = 


ff, - L(G, 


S| < 4xpM, where M is max oF nS, 
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14a 
Therefore NI). Ce dS —> 0 when p—> 0. 
z2(1)as = nal 1 tihast ohiplidd cikeen 4 te bousded on & 
& an r p* ? ? 7 1° 
d/l 

Therefore j, £E an ~)as —> — 4nK(a, b, c) when p—>0. 

lame : saad < Silnp', where M, is max V2H in V — V’. 

v-v" 


Therefore {\\_.F ve dy dz —> (i, rary it dy dz (which is convergent) 


ie. \\. {198 _ p29 (*)las = 4am, », o+{{f 2 VO ae dy de. 


This may be called Green’s Theorem (Special). 
(iii) In example (ii) let H be harmonic in V and on 8, then 


10H d/l 
4nB(a, b,c) = ff. (poy — Ban(-)h ae 
thus expressing a harmonic function H at a point inside S in terms of the values of 
o£ 
B, xy 08 8. 


This may be called Green’s Theorem (for Harmonic Functions). 


, ‘ ‘ 1 oH a/l , J e 
Note. If (a, b, c) is outside S, \). { ay ~ E 4(2)}as is0. (Hxample (i).) 


(iv) Let G = : — U, where U is harmonic and let E be harmonic. 
a 
Then ff L¢ [? 1a) Sey fi q )} Jas 0. (Example (i).) 


ie ij. nae, as =| \. Go 


E 
or 4nH(a, b, c) = \\. (@ a E = if (a, b, c) is inside S. 
If it is given that G@ = 0 on S, we have 


4nE(a, b, =~ ff 2 
s 


Thus if E(x, y, z) is a solution of 72H = 0 with given values Z on the boundary, 
a knowledge of G (which depends on S and (a, 6, c) but not on the given values of Z) 
enables us to find the value of # at any point (a, b,c). The function G has been 
called Green’s Function for the surface S, but the term is now used for a class of 
functions of which the above is a particular case. For example, if it is given that 


= 0 on S, instead of G = 0, then 


4nH(a, b, c) = f) qt as 
Ss 


iG 
on 
oN 


thus giving H(a, b, c) in terms of the values of aad on 8. 
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9.55. Stokes’s Theorem. Let C be an elementary closed curve (in 
three dimensions) and S an elementary surface bounded by C. (Fig. 41.) 
Let the equations of the surface be 
z= 2(u, v), y= y(u, v), 2 = 2(U, ¥). 
Let 2 be the area in the uw — v plane corresponding to S and y (the 
boundary of 2) the curve corresponding to C. 
Let a, b be unit vectors along the tangents 
to v = constant, uw = constant in the directions 
S$ in which these variables increase; and let y 
be described in the direction of ax b. At 
any point (u, v) of S choose the unit-normal 
CN which is such that [Nab] = + 1. 
Stokes’s Theorem states if P, Q, R are 
functions of x, y, z possessing continuous de- 
Tivatives on C and on S, then 


[ (Pde + Ody + Ras) 
= My — Q,) + mB, — R,) + (Qe — P,)}48 


where /, m, n are the direction cosines of N, the direction of description é 
of C having been made definite by the specified description of y. 


[Pat Q dy + Raz) 


= (Py + Qyy + Rey)du + (Paty + Qyy + Re,)dv 
¢ 


Fig. 41 


ee J) Par — Pita + Quite — Qui + Rate — Byy)du dv 


by Green’s formula in two dimensions. 

But Py = Pyty + Pyyy + Pow P, = Pa, + Py et Pens with 
similar expressions for Q,,, Q,, R,, R,. 

Therefore 

(Pit es Pu) =r J3P, + J.P, ; (QuYv on QYu) aes JQ, + JQ, 
and (R,2, oe R,zZ,) ea J,R, +f J,R,, 


ie. j (P de + Qdy + Raz) 
c 
= || i, — Q) + JP, — Re) + IQs — P,) du do. 
2 
But dS N = (J,i + J.j + Jsk)du dv = (IdSi + mdSj + ndSk) 
ie. J, dudv, J,dudv, J,dudv may be replaced respectively by /dS, 
md8S, ndS, ' 


or [ (Par + Ody + Rae 


a | \. UR, — Q,) + m(P, — R,) + n(Q, — P,) dS. 
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If F = (P, Q, R) and r = (z, y, z), we may write this result : 


| Far = i) % F).dS = [)eX-can F)dS. 


‘ Notes. (i) Green’s formyla in two dimensions is a particular case of Stokes’s 

(ii) We deduce that if the normal surface integral of E over such a surface S is 
equal to the line integral if F round every curve C, then E = curl F. 

9.6. The Simpler Applications of Integration. An account of 
the commoner applications of integration will naturally involve some 
recapitulation of work that has already been done. For simplicity in 
statement we shall assume that closed domains are bounded by elemen- 
tary quadratic domains, and that the conditions for the existence of the 
integrals mentioned are satisfied. A line specified by the variation of z 
(the other variables being fixed) will meet the boundary of a domain in 
two points which will be denoted by 2, 2, (a, > 22). 

9.601. The Arc. (i) If the curve is given by 7=(t), y= y(t), 
z = 2(t), the arc s measured from t = ¢, to the variable point ¢ is given by 


s= [cert gt tanta 
to 


so that §* = é? + gy? + 2. 
(ii) If the curve is given by y = f(x), and y is single-valued in the 
interval between x, and 2, the arc s between 2 and z is given by 


$= {. {1 + (f'(@))*}* de. 


Notes. (i) f’(x) may be discontinuous at a finite number of points if it is bounded. 
(ii) In the determination of the absolute magnitude of an arc, care must be 
exercised in cases where ds/d¢ vanishes at a point of the curve. 
Examples. (i) Find the whole length of the curve given by x = acos*t, 
y = asin®t, (0< t< 2z). 
&* + 92 = 9a? cos*tsin?t and é = 3acostsint when O0<t< 2/2 and 
na<t< 3n/2; but § = — 3acostsiné in the second and fourth quadrants. 
Tt 
By symmetry, however, s = af? 3a cos ¢t sin t dt = 6a. 
t) 
(ii) Show that the length of the intersection of the paraboloid x? — y* = az 
with the cylinder z* + y? = a* is the perimeter of the ellipse a? + By? = 5a*, 
Take « = acost, y= asint, z = a cos 2t for the intersection. Then 


ar Qn 
s=a\| (1+ 4sin? 2e)tdt=av/5) (1 — $sin*é)t dt. 
0 0 
For the ellipse, take « = »/5a cos u, y = asinw and find its perimeter 
2r 
v= asl (1 — $sin? u)t du =s. 
0 


9.602. Line Elements. (i) For the curve given by x = 2(t), y = y(), 
2 = 2(t) 


ds? = (é?.+ y? + 4%)dt?. 
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(ii) For the surface given by x = 2(u, v), y= y(u, v), z= 2(u, v), 
ds* = E du* + 2G dudv + F dv?, where F = 22 3,4 = 22 2,,F = 22,3 
and the arc of the curve u = u(t), v = v(t) on the surface is given by 


(Bit + 2Giub + 6%) dt, 
ty 


If the co-ordinates are orthogonal, G = 0. 

(iii) For the change of variables given by x = 2(u, v, w), y = y(u, v, w), 
z= 2(u, v, w), 
ds* = gi; du® + go. dv® + gz, dw? + 2923 dv dw + 295, dw du + 29. du dv 
where Ju = 2,3, Ja. = 22,2, Is3 = L2iy*, Ins = ZU Lip, Is. = Zoi Tus 
912 = 22,2, and the co-ordinates are orthogonal if 9,2 = 923 = gs: = 0. 

Example. Find the total length of the plane curve given by r = a(1 + cos @) 
in polar co-ordinates 

ds* = r* dO? + dr® = 2a%1 + cos 6)d0*; s = 2) 2a cos 40 d0 = 8a. 
0 


9.603. Plane Areas. (i) The area Q bounded by a curve y = F(z) 
(single-valued, > 0), the z-axis y = 0, and the ordinates z = a, 2 = b 
is given by 


° 
Q= f f(x) dx, (b > a). 
(ii) The area 2 bounded by a closed curve in the « — y plane is 
—{{ 
ee | oc eal 


when the variables are changed by means of the equations x = 2(u, v), 
y = y(u, v); and Q, is the area in the u — v plane that corresponds to Q. 
If the curves u = constant, v = constant are orthogonal, the line 


element ds is given by ds* = Adu + h2do® and Q = Jats dis dv. 
In particular, Q = fj rdrd0 in polar co-ordinates. 
a, 


(iii) For a closed curve the area 2 may also be expressed as a line 
integral in various ways: 


d dex 
O= Sh vdy=— <b yd ef BYE OE y 2g 
C c Crop Pon bE 


ee ash a dy — ydz) = ref rao. 


(iv) For a closed curve in which y may be given as a function of 2; 
or x a function of y, or r a function of 6. 


Q= f “yi — fide. (Big. 42 (6), quadratic in direction OY.) 


Biwi ” (@:— idy.. Figs 42.(60), quadratic in direction O20 
6 
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B 
Q= + (r? —12)d0. (Fig. 42 (iti), quadratic for a given 0, 0 outside.) 


2r 
Q= 2 r2d0. (Fig. 42 (iv), quadratic for a given 0, 0 inside.) 
0 ‘ 
Examples. (i) Find the area of the three parts into which the circle 
x? + y? = 8ax is divided by the parabola y* = 4az. 
In the first quadrant, the curves meet at (4a, 4a) and therefore the area of each 
a 
of the equal parts in| (a, — %)dy where x, = 4a — +/(16a* — y?), and x, = y*/4a. 
0 
This is easily shown to be 4za* — 47a*. The third part is 82a? + %a*. 


y 
B 


. 
b 
x 


a - A 
W aD (up (IV) 
Fig. 42 


(ii) Find the area of a loop of r? = a? cos 26. 
Here the origin is on the curve and a loop is determined by the interval 
—jr< Och. 


tr 
Thus the area = \ a* cos 20 d0 = 4a’. 
0 
9.604. Areas of Curved Surfaces. (i) For the surface given by 
x= 2(u, v), y= y(u, ), 2 = 2(u, v) where 
ds? = E du* + 2F du dv + G dv? 
the area S determined by a region 2 in the u — v plane is given by 
gu | j V(EG — F*)du dv. 
a 
2 2 ay, z)\* 
Here FE = S2?, F = 22,2,, G = Xa}, EG — F*=2Z ol 
For orthogonal co-ordinates F = 0, ds? is of the form hi? du® + h2 dv? 
and S = \) hyh du do. 
a 


(ii) For the surface given by z = 2(z, y), the area S determined by 
a region {2 in the « — y plane is given by 


gu {j,¢ + p? + 9g) de dy 


where p = z,, ¢ = 2,, and z is single-valued. 
(iii) For a branch of the surface given by F(a, y, z) =0 


2 2 2\} 
s=|| (Fe + Fy + Fe) ay dy (Fy <0) 
Q 


[| 
since F, + pF, = 0 = F, + 9F,. 
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(iv) For the surface obtained by rotating an arc PQ of the curve 
- @ 
y =f(x) about OX, S = an{ f(z)ds; and for the surface obtained 


P 
Q 
by rotation about OY, S = an( xds where ds may be replaced by 
P 
Vv (1 + (f’2)*}dz. 
Examples. (i) The area obtained by rotating about OY the are of the catenary 


y = c cosh ~ from (0, c) to (x, y) is 
z z 
2a a ds — 2x 2 cosh = dx = ane(c + # sinh = — ¢ cosh =) 
0 0 ¢c c 


= 2n(c? + xs — cy). - 

(ii) Find the portion of the surface az = xy intercepted by the cylinder 
z* + y? = Bb, 

Here ap = y, ag=2, S= * fiviat + 2% + y*)dxdy over the area of the 
circle z* + y* = b*. Changing to polar co-ordinates, x = rcos@, y = rsin@, we 
find § = a S§V (a? + r?)r dr d8 = aE (a? + 6?)3 — a}. 

9.605. Volumes. (i) The volume V cut from the cylinder of cross- 


section 2(x, y) whose generators are parallel to OZ between z = 0 and 
z=f(x, y) (single-valued, > 0) is given by 


V= {Jf y)da dy. 
(ii) The volume V determined by a closed surface is given by 


v= [Heat = II, aaa ee 


when the variables are changed by means of the equations x = a(u, v, w), 
¥ = y(U, v, w), 2 = 2(u, v, w), and V, is the volume in the wu, v, w space 
that corresponds to V in the 2, y, z space. 

When the wu, v, w co-ordinates are orthogonal, the value of ds* is of 


the form h? du? + h2do® + h2 dw? and V = fj J _ Tl, du do dw. In 


particular, for spherical polar co-ordinates V = {J r® sin 6 dr d6 d¢ 
ua 


and for cylindrical co-ordinates V = i} } p dp dd de. 
Vy 


(iii) Let 2 be an area in the z, y plane for which y > 0, and let this 
area be rotated about OX through an angle 2m forming a volume of 
revolution. 

The element of length is given by ds? = dx? + dy? + y? dd? where 
¢@ measures the angle of rotation. M 

Therefore V,, the volume of revolution is 


[uae dy dp = 2m) fy de dy 
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This may be expressed as any of the line integrals 
¥,=—2¢h y de = In€h xy dy = 2x pay dy + gy? de. 99) 
0 C c p— 24q 
2a 20 ; : 
axe 3 y(a dy — y dx) = 3? r? sin6d@. (C being the boundary.) 
c o 


Similarly if z > 0 in 2, the volume V, obtained by a revolution round 
OY is given by 


V,= 2n|| vd dy = x<h a*dy = — nth ay dx 
2 c c 


pu* dy + gay dx 
o 2p—q p 4) 


= v(e dy — y de) = <h r? cos 6 dé. 
c 3 Jo 


(iv) From (iii) we deduce when the boundary is quadratic in the 
appropriate direction that 


A B B 
Vi=al (yt ybde= 20] (a — ay dy = gf (rf —r9) sin oa 


B A B 
a al. (a3 — 2})dy = 2a{ iyanden cal (r} — 13) cos 6 d6 


in the notation of Fig. 42 (2), (ii), (vit). 
In particular, take the are of the curve y = f(x) (for which x > 0, 
y > 0) from P to Q, and suppose for simplicity that f(x) is of constant 
sign from P to Q. The volume traced out when this arc makes one 
revolution 
Q 
(a) about OX is-x| {f(ax)}* dx 
; where tg > Zp 
(b) about OY is x ax? | f’(x)|da, 
P J 


and if the arc is given in polar co-ordinates by the equation r = f(@) 
(single-valued and > 0), the values of these volumes are respectively 
(a) $f” {f0)}° sin 0. dd, (6) $f * {(f10)}% cos 6 db. 

(v) If the boundary of the shen surface is quadratic in the direction 
OZ and 2 is the projection of the volume on z = 0, V =|) (2 — 22)da dy 


; a 

in the usual notation, and the boundary of 2 is the curve z, — 2, = 0. 
(vi) If the area formed by the section of a volume for which z is 

fixed is Q(z), the volume V is given by 


v= [ee 


where c, C are the lower and upper bounds of z in V. 
ll 
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Examples. (i) Find the volume determined by 0 < z< — clog (a?/a® + y/b*) 
where c > 0. 
The cross-section for a given z is an ellipse of axes ae~*/¢, be-2/c, 


@o 
The volume is therefore | mabe—2z/¢ dz = 4nabe. 
ty) 


(ii) Find the volume obtained by a revolution of the curve r = a + 6 cos6 
(a> 6) about OX. 


ee b 6)* sing do = ¢ 24 H2 
dl 8 Mis cos 6)? sin = g7a(a* + 5%). 


(iii) A hole is bored through the solid 2* + y* = az parallel to OY, and the cross- 
section of the solid is bounded by z = b, x? = az cos* « (a, b>0). Find the 
volume removed. The projection on z = 0 of the volume removed is bounded 
by x = + +/ab cos «, and part of the circle x? + y? = ab between 9 = 4,0 =2—a 
and between 0 = 2 + a, 0 = 2x — a (r, 6 being polar co-ordinates of the z, y plane). 


Thus iia: {I (b — 2)da dy + aff (b — 2,)da dy 


2 
ais} A, is the area determined by r= 0 to 


r = Vab,0 =a to2/2; A, is the triangle bounded by x = »/ab cosa, y = x tana, 
y=0. 


On evaluation V will be found to be ab*(= —a+ sin « 008 a). 


(iv) Determine the volume in the octant (x +, y +, z +) bounded by zyz = c?, 
wy = az, xy = azz, xy* = byz, xy* = byz, where a, > dy, b, > by. 
Take wu = xyz, v = x*y/z, w = xy?/z, then 
1 Gu, v, w) 5. 1 Ue, ¥,,2) J. 


uvw Ax, y, Zz) xyz’ ie (u,v, w) 


Bow" 
F ; 4 vs % dy (% dw a, b, 
The required volume is } lim : du a? ew = 13 log () log (2). 

9.61. Line, Surface and Volume Integrals. If n points (x,, ¥,,2,) 


where z, = “(@ +), %= 


are given and a function ¢(z, y, z) we can call T4(c, Yr %,) the sum- 
. 1 
function of ¢ for these n points. The mean value of ¢ for the n points 
is “34. If we suppose that m, points coincide at (z,, y,, z,) the corre- 
1 


sponding sum-function is Im,d(2,, Y,, 2) Where the number of points n 
1 ’ 


is Em, and the mean value is (3m,d(2,, Yr %) y/3m,. A real extension 
1 


1 1 
may then be made of the meaning of the sum-function by supposing that 
the numbers m, may be any real numbers positive or negative. The 
number m, may then be appropriately called the weight associated with 
the point (x,, y,, 2,). A further extension may now be made to con- 
tinuous distributions of points by using the properties of integrals. For 
example, let a volume V be divided up into a number of smaller regions 
of volumes v, and let the circumscribing cube of v, be denoted by 2, 
If we make the natural assumption that the mean value of ¢ for the set 
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of points v, is (x,, y,, z,) where (x,, y,, 2,) is some point of A,, then 
the sum-function for V is X¢(z,, y\, z,)v,; and since this sum tends 


to the limit Sf d(x, y, z)de dy dz (when this exists) when the edge of 
A 


every A, tends to zero and when (z,, y|, z,) is any point of A,, the triple 
integral provides a natural definition of the sum-function for a continuous 
distribution V. The mean value of ¢ throughout V is then 


(FINI, d(x, y, z)dx dy dz. 


Similarly the sum-function for a surface distribution of area S is given 
¢(x, y, z)dS and its mean value is the quotient of this integral 

by S = Gaatky, the sum-function for a linear distribution of length s is 
given by | $(z, y, z)ds and its mean value is the quotient of the integral 


by s. 

9.62. Mass and Density. For a mass M occupying a volume V, the 
mean density is defined to be M/V. If a small cube of side ¢ and centre 
P(x, y, 2) is taken, the mean density of the mass m occupying this cube 
is m/c*, and if this tends to a limit p(x, y, z) when c tends to zero, p(&; y, 2) 
is called the density at P. We deduce therefore that if p(x, y, z) is the 
density at P of a given mass occupying a volume V, then 


M = Ifo y, z)dx dy dz. 


Example. The density at P,a point of a solid sphere of radius a and centre O, 
is given to be 
Po{l + ecos6 + $e7(3 cos? 6 — 1)} 
where 6 is the angle OP makes with a fixed radius OC, and po, e are constants. Find 
the mean density. 
Use spherical polar co-ordinates r, 0, ¢. 
Then total mass = fffp,{l + ecos@ + $6%(3 cos? 6 — 1)}r2 sin 0 dr dud¢ 
= — $2a*p, {cos 0 + fe cos*@ + $e%(cos* @ — cos 6) }5 
= §7a*pp. 
Therefore p, is the mean density. 
9.63. The nth Powers of Distances. A problem of frequent occurrence 
is the determination of the sum of the nth powers of the distances of a 
set of points from (i) a given point, (ii) a given line, (iii) a given plane. 
For these three cases, the related functions ¢ are respectively 
(i) {(w — a)* + (y — B)* + @ — y)*}”2, where («, B, y) is the given 


point. 
(ii) [{M(e — vy) — Ny — )}* + {Nw — a) — Le — y)}* 
+ {L(y — B) — M(z — «)}*}"? 
if the given line has direction cosines L, M, N and passes through («, B, y), 
ie. when the line has the equation (1 — «)/Z = (y — f)/M = (z — y)/N, 
(ZL? + M? + N? = 1). 
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(iii) (La + My + Nz — P)* if the normal to the given plane has 
direction cosines L, M, N and the perpendicular from the origin to the 
plane is of absolute magnitude P(>0). When x is odd, the expression 
has opposite signs on opposite sides of the plane. The positive side of 
the plane is the one that contains (Lr, Mr, Nr) where r is large and 
positive. 

Examples. (i) Find the mean fourth powers of the distances of the points of a 
solid sphere (radius a) from a point P distant c from the centre of the sphere. 

Take the equation of the spherical surface as x? + y? + z? = a? and P to be 
the point (c, 0, 0). 

Then the sum of the fourth powers is J = SiS, —c)? + y? + 29}? dz dy dz. 
By symmetry, the contribution of odd terms is zero, and therefore 

I= fff, (e+y? + z2)® + 4c%? + ct + 2c%(x? + y? + z*) }dax dy dz. 
Also fff,a? da dy dz = SSS (e* + y? + 2z*)da dy dz, by symmetry. 
Changing to spherical polar co-ordinates, we find 

I = fff,(rt + fot? + ct)r? sin 0 dr do. dd = $na%(ct + 2a%e* + fat), 

The mean fourth power is therefore ct + 2a%c* + at. 

(ii) Find the mean squared distance of the points of the whole surface of a closed 
cylinder (height h, radius a) from the centre of one of its ends EZ. 

a 


For the end #, the sum is | 2ur3 dr = 4na*. For the other end, the sum is 
0 
a 
j Qur(r? + h*)dr = n(ha* + a*h*). For the curved surface, the sum is 
0 


h 
ana (a® + a*)dz = 2nah(a* + $h*). 

0 
The total surface is 2xa(a + h) and therefore the mean squared distance is 

ga(a + h) + $h8/(a + h). 

9.631. Mean Distance from a Plane. Mean Centres. Take n points 

at (x4, Ys, Z,) (s = 1 to n), with weights m,. The mean distance of these 
points from the plane Le + My + Nz= P is 


1.2 
ye les + My, + Nz, — P)} 


where M = Em, ie. is the distance of the point @, 7, Z from the plane, 
1 


where 
ah SMe j am Ys, a 2M,2,5 
am, am, dm, 


The co-ordinates of this point G are independent of ZL, M, N, P and 
therefore G depends only on the relative positions of (7, ¥,, 2.) and not 
on the framework of reference. The point @ is called the mean centre 
(or centroid). 

For a continuous distribution V in three dimensions 


Vex All paayed VY ill y ide dy de; ve= (Ij side dy de 
Vv 4 Vv 


and there are similar formulae for areal and linear distributions. 
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Examples. (i) Find the mean centre of the arch of the cycloid x = a(@ — sin 6), 
y = a(1 — cos @), specified by the interval 0< 6 < 2m: For the cycloid 
ds = 2a sin 36 d0. 


2r 2 
Therefore i 2a sin 49 d0 = | a(1 — cos 6)2a sin 36 dd, 
0 0 


/2 /2 
i.e. tag” sin ¢ dé = 10a] sin® ¢ dd, (6 = 40); or 7 = 4a. 
0 0 


By symmetry # = az. 
(ii) Find the mean centre of the area bounded by a loop of the curve 
a + yt = 4az*y (a > 0). 
Take u = x*/4ay, v = y*/4ax*. Then the area A, in the u-»v plane is the 
limit of that determined by 0 < ¢,< u, 0 <e,< v, u+v< 1, when &, &,—>0. | 
Thus if A denotes the given area (when ¢,, €,—>0) we have 


az ~ {{ eddy ~ 160*| | udu dv = §a* 
A, A, 
1 


Aj = {J y dx dy = 16a| | u3/4yl/4 du dv = al u3/4(1 — u)5/4 du. 
A A é 


1 
In Chapter XII, it is shown that) uP-1(1 — u)j@-1 du = Ter! @. q> 90), 


0 
where J'(x) is the Gamma Function, and by using the properties of the Gamma 


Function, we easily find that Aj = wa. Also 


16a? I'(5/4) (7/4) a2 
= 4q? 1/4y—1/4 spot Al al ie) Mee Ay Bi Beal ls 
A torl air /4 du dv 3 TG) 9 
1 a, OV 24 reg 
ie. = —3— and 9 =a. 


(iii) The part of the catenary y = c cosh = between x = 0 and x = x, (> 0) is 


rotated about OY through 2 right angles. Find the mean centre of the surface 
generated. 
z oo Ls 
Here ds = cosh = da ; if 27a a2 zy ds; & = 0; on evaluation, it will 
0 0 
be found that 4(7,s, — cy, + ¢*)j = cx? + 2a,y,8, — cs?, where s, = csinh x/c. 
(iv) A solid half-ring is formed by rotating through 180° a circle of radius a 
about a line in its plane distant c from the centre (c > a). Find the distance of 
its mean centre from the plane passing through the circular ends. Take the line — 
as OZ and the initial position of the circle as (2 — c)® + z* = a?, the direction of 
rotation being from OX to OY. Using cylindrical co-ordinates, we have 
WS Sfp dp dp dz = Sffp* sin $ dp d¢ dz 
the surface being (p — c)? + 27 =a? (0< $< 2). 
2ff(e + R cos 6)?R dR dé 
Thus 9 = vie + Reos6)RdR do 
I al na 
Er Tee 


where p=c+ Reos0, z= Rsin 6, and 
0<60< 22,0< R<a. Thusg 


9.632. Pappus’s (or Guldin’s) Theorems. These theorems determine 
the relationship of a plane area (or arc) and its mean centre with the 
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volume (or surface) obtained by rotating that area (or arc) about a line 
in its plane which does not cross it. 

Thus let y be the distance of a point on a plane arc s from a line in 
its plane (not crossing the arc). The surface S obtained by rotating the 


arc about the line through an angle @ is given by S= | Oyds=s 09 


s 
where # is the distance of the mean centre from the line. 6% is the path 
of the mean centre. Again, if y is the distance of a point of a plane 
area A from a line in its plane (not crossing the area), then V, the volume 
generated by rotating the area about the line through an angle @ is given 


by V= || Syd dy = 409. 


Thus: If a plane area (arc), of measure A (s), is rotated through 
an angle @ about a line in its plane not crossing the area (arc), then 
V (S), the volume (surface) generated is the product of A (s) and the 
length of the path of the mean centre. 

These theorems are sometimes useful for calculating (a) the position 
of the mean centre, (b) surfaces and volumes of revolution. 

Examples. (i) On three sides of a square of side a, equilateral triangles are 
constructed. Find the volume and the surface generated when the figure is rotated 


about the fourth side of the square. In this case the mean centres of the various 
parts of the area and perimeter are obvious. 

3 2% a?/3 a a/3 
Thus V = 2n{ate + 2° a+ i (a+ 


=v) h = 4005 + 44/3) 


and S= 2.2n{a% + an + a(a 4 evs } = na*(8 + 4/3). 


(ii) BCEF is a rectangle in which BC = b, CH =a. CB is produced to A and 
BC to D, so that AB = CD =a. The points A, F are connected by the quadrant 
of a circle of centre B, and the points D, £ by the quadrant of a circle of centre C. 
Find the distance of the mean centre of the whole area ABCDEFA from ABCD 
and also the mean centre of the whole perimeter of this area. 

Rotate the figure about ABCD through 27. In this case, the volume and the 
surface have obvious values, 


{ u a(4a + 36 
V = $na® + nab = 2nj,(hna* + ab); fe ae 
‘ 2a +b 
S = 4na? + 2nab = 2ngj,(2a + 2b + xa); b-oneee 


9.633. Squared Distances from a Line. Moments of Inertia. The 
moment of inertia I of a system of masses m, (s = 1 to n) about a given 


line is defined to be Em,D? where D, is the distance of m, from the line. 

We therefore is the moment of inertia of a continuous mass M 
occupying a volume V by the triple integral J =I] pD? da dy dz where 
p is the density of the mass at (a, y, z), and D the datos of (x, y, 2) 
from the line; and M is given by the integral {fe dx dy dz. 
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If J/M is denoted by k*, then k is called the radius of gyration 
about the line. 
If, as is often the case, p is constant, then M = pV and 


Vie = {ff D? dex dy de 
yo. 
so that k* is the mean squared distance from the line of the points of V. 
If we take p =1, then J = Mk? = Vi? = (Sf D? de dy dz. 


Vv 
Let the origin be taken at a point of the line and let the direction 
cosines of the line be 1, m, n; then D is the modulus of 
(xi + yj + 2k) x (li + mj + nk) 
in the usual notation or D? = (ny — mz)* + (lz — ma)? + (ma — ly)?, 
ie. I = Al? + Bm? + Cn? — 2Hlm — 2F'mn — 2Gnl, where 


A= {Ile * 2)\dadydz; B= {ff + «*)da dy dz ; 


C= j {jo + y\de dy de; 


P= [| wards G =|{{ = dedydz; H =|[f oy de dy de 


Thus A, B, C are the moments of inertia about OX, OY, OZ respectively. 
The quantities F, G, H are called the products of inertia about OX, OY, 
OZ. 


9.634. The Theorem of Parallel Axes. Principal Axes. The moment 
of inertia about a line parallel to OZ through (zo, yo, 0) is 


Or= [ff ea) + y= yo de dy de 


=C— 2ye| || y du dy dz — 20| || « da dy dz + M(x + y}) 
. V V 


= C + M(aj + y2) if the origin is the mean centre G. 

Since any given line may be chosen as the z-axis, we deduce that if 
T is the moment of inertia about any line and Ig is the moment of inertia 
about a parallel line through G (the mean centre), then I = Ig + Mh?, 
where h is the perpendicular distance between the lines. This result * 
called the Theorem of Parallel Aves. 

Similarly if A, B, C, F, G, H are the moments and products of inertia 
for rectangular axes through G@, the corresponding quantities for parallel 
axes through any point (a, Yo, 2) are given by 
A, =A + M(yi +2); By = B+ Mj +23); Ci =C + Mai +47); 

Fi, =F + My; G,=G@ + M22; H, =H + Mayo. 
It is sufficient therefore to find the values of A, B, C, F, G, H for axes 
through the mean centre. 

A further simplification can be made by choosing the axes of refer- 
ence in such a way that F = G = H = 0 and in such a case, the axes 
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are called principal axes and A, B, C the principal moments of inertia. 
For a discussion of this question, reference may be made to works on 
Rigid Dynamics, but it is worth while noting that if «, 8 are two planes 
of symmetry at right angles intersecting in /, the principal axes at any 
point P (i.e. such that at P, F = G = H =0)in 1 are | and the two lines 
drawn from P perpendicular to J, one in each plane. In this case | 
obviously contains G. 


Example. Find I for a rectangular parallelopiped of edges a, b, c about the 
line through the centre of a face whose edges are a, b and a corner of the opposite face. 

Take the centre of the face as O and the axes OX, OY, OZ parallel to the edges 
a, b, ¢ respectively. These are obviously principal axes (by symmetry). The 
values of A, B, C for these axes are 


b2 2 2 2 2 b2 
A= fifty? + ade dy de = M(% +S); B= MS + 5); C= ME + 55). 
The direction cosines of the line are (a, b, 2c)/+/(a* + 6? + 4c). 
ah? + 4a%c2 + 4b2c2 
Thus l= Ma ee 
9.635. Moments of Inertia for a Plane Lamina. If the solid is a plane 
lamina of area A, small thickness h and density p, the problem of deter- 
mining moments of inertia reduces to that of finding the sum of the 
squares of the distances of the points of an areal distribution A, of uniform 
surface density o = ph. If o is taken to be unity, the mass and the 
area are represented by the same number 4. 
Take O in the plane of A and the z-axis perpendicular to A. Then 
I, the moment of inertia about an axis through O with direction cosines 
(l, m, n), is given by 


1 = [{ vty? + nto + (ma — ly)? We dy 
= oP Bm? + yn? — 2klm 


where 
a=({{ ydedy, p= ([ 2*dndy, ya +8, k= [[ oy dedy. 
A A A 
If the axes OX, OY are chosen so that k = 0, they are principal axes. 


A For example if OX or OY is a line of 
symmetry, k is obviously zero and the axes 
y are principal. In such a case 


I = ol? + Bm® + (a + B)n?. 
Examples. (i) Let ABC be an_ isosceles 
triangle, in which AB = AC and BC =2a. Find 
in terms of a and h (the altitude) 
(i) the moments of inertia about BC and 
the bisector of angle A ; 


B éa cx (ii) the principal axes at B. (Fig. 43.) 
Fic. 43 ; (i) The moment of inertia about BC is 
equal to 


h h 
| PQ.y? dy = | 2ath — yy? dy/h = yah® = Mh*/6. 
0° 9 
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The moment of inertia about AD, the bisector, is 
h he 
PQ\3 2a . a? 
2| () dy = aa, — y)*dy = Me. 
(ii) For the axis through B parallel to AD 


B = 4Ma? + Ma* = 5 Ma’; 


also « = Ma®/6; and k = ffaxy dx dy. 
In the integral for k, put §=2-—a. Then 


ah 
k = [f(g + ade dy = ag = MZ. 


If xsin@ — ycos@ = 0 is a principal axis through B 
SJ(a sin 0 — y cos 0)(x cos 6 + y sin 6) dx dy = 0 


4ah 
i.e. sin 6 cos O(fa* — th?) = (cos? @ — sin* oe or tan 26 = Ta 


(ii) Find the moment of inertia about OZ of the solid ellipsoid determined by 
a2 yy? 23 
| ap a 
IT = Sff(a® + y?) dx dy dz = SiS (are? + b*y*)abe dé dn df where x = ag, 
y = by, z = cf and V, is the sphere given by ¢? + 7? + ¢? = 1. Using symmetry, 
we find J = fabc(a* + 6*) fff, r+ sin @ dr d? dé where the variables are changed 
to spherical polars from é, n, ¢ and V, is the unit sphere r = 1; i.e. 


a? + 6? 
8) oe 
5 (8? + 8) = M— 


(iii) Find in terms of the moments and products of inertia for the mean centre 
(1) the sum of the squares of the distances of the points of a volume V from the 
point (2p, Yo» Zo) 3. (2) the sum of the squares of the distances of the points from the 
plane lax +my + nz = p(l? + m? + n*? = 1). 


(1) Sum = fff, {x — xa)® + (y — yo)® + (@ — 20)" Hd dy de 

=HA+B+O0)+ Viai+yt 2), since O is the mean centre. 

(2) Sum = SSf (le + my + nz — p)* dx dy dz 

=B+C— A)? +}(C +A — Bm’? + A+ B— Cn? 
+ 2Fmn + 2Gnl + 2Hlm + p®V. 

(iv) Find the moment of inertia of a uniform thin hollow sphere of mass M and 
radius a about a tangent. The moment of inertia 
about a diameter is ff(x?+y*)dS if we take the 
equation of the sphere as 2*+y?+2?=a*% By 
symmetry this is 

BSf(x® + y® + 2*)dS = ¢Ma*. 

About a tangent, the moment of inertia is therefore 
§Ma*. 

(v) Find the moment of inertia of a uniform 
solid circular cone of base-radius a and height h, 
about a line that meets the axis of the cone at 
distance 6 from the vertex inclined to the axis at an 
angle 0. (Fig. 44.) 

Let OZ be the axis of the cone and O the vertex. 
Take the equation of the line to be 


x cos @ — (z — b)sin@d = 0. 


I= 
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Then | I = Sff, {x 00s 6 — (z — b) sin 6)? + y? }dx dy dz. 
Now Sffac? dx dy dz = ff fy? dx dy dz 

= df ff(x* + y*)dx dy da 

= BS fJp* dp dd dz 


in cylindrical co-ordinates. 
h 
This gives ) z* tan‘ « dz, (where « is the semi-vertical-angle of cone) 
0 
= Fh tanta = Sat, 
h 
SJf2* da dy dz = al z tan* o dz = 3Mh?. 
0 . 
Sffaz da dy dz = 0 = fffudxdydz; [ffzdadydz = Mz = 3Mh. 
I. 3a 3h? 3bh 
ft _ 3a’ 3h? 89 _ wm. 
Therefore UM = B00 + 008" 8) + 5 sin? 6 + 6? sin? 6 3 sin? 6 


3a? 3a2 3h? 3bh\ 
or T= ML conto + (4 +02 — 5) aint a} 


In particular, the moment of inertia about 
(i) an axis perpendicular to axis of cone passing through the vertex 


2 Sh? 
(6 = 90°, 6 = 0) is u(= +>) 
2 2 
(ii) a diameter of the base (0 = 90°, b = h) is u(= in 7 
(iii) an axis perpendicular to axis of cone passing through the mean centre 
0 = 90°, b= 3) is M(x + Me) 
OF: OE sem A AB aii 
2 
(iv) the axis of the cone (0 = 0) is us 
2/2 2 
(v) a generator (0 = a, 6 =0) is a Nara 
9.64. Fluid Pressure. Centre of Pressure. It is shown in the theory 
of hydrostatics that the normal thrust on one side of a plane area A 
immersed in a fluid is given by p(x’, y’, z’)A where p (an invariant) is 
a function of 2, y, z, and (2’, y’, 2’) is some point of A. We deduce 
that the thrust F on one side of a surface S is given by the surface 


integral ff pdS N where N is unit normal drawn to that side of S. 
Ss 
The components of the total thrust on S are therefore {J pldSs, 
Ss 


fj pmd§s, J {pnas, where J, m, n are the direction-cosines of the normal. 
‘ 


A simple case arises when the only external force acting on the fluid 
is gravity, the pressure in that case being proportional to the distance 
of the point from the free surface. Thus, if we neglect atmospheric 
pressure, the pressure of a liquid at a depth y ts wy, where w is the weight 
of unit volume of the liquid. 
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9.641. The Total Thrust of a Liquid under Gravity on a Plane Lamina. 
Let a plane lamina be wholly or partly immersed in a given liquid. Take 
axes OX in the free surface and OY in the lamina at right angles to OX 


and downwards. (Fig. 45.) The total thrust = wy dx dy cos 0 


where A, is the area immersed and the lamina is snstiied $8 the vertical 
at an angle 0 (90°), ie. the total thrust is 
equal to A,wh where h is the depth of the 
mean centre of A, If 6=90°, the total 
thrust is obviously A,wh where h is the depth 
of the lamina (which is horizontal). In all 
cases, therefore, the total thrust is the product 
of the area immersed and the pressure at the 
mean centre of that area. 


9.642. The Centre of Pressure of a Plane 
Lamina. The centre of pressure is the point 
of the lamina through which the resultant 
thrust acts. It is obviously independent of 
the inclination of the lamina to the vertical provided this is not 90°. In 
finding centres of pressure it is sufficient to assume that the lamina is 
vertical. 

(i) A simple case occurs when there is a vertical line of symmetry 
since the centre of pressure must obviously lie on this line. Also if yg 
is the depth of the centre of pressure, we have 


LI 
ULZAZZZZZZ ZL 


Fia. 45 


{f{ wy dx dy yo = {J wy? da dy in the notation of last paragraph, 
A c 


i.e. Yo = k?/g, where k is radius of gyration of the part of lamina im- 
mersed about the line in the surface and in the plane of the lamina. 
Example. A semi-circular lamina, radius a, is completely. immersed in a liquid 
with its bounding diameter horizontal, uppermost and at adepthc. Find its centre 
of pressure. The radius perpendicular to the bounding dianieter is a line of sym- 
metry. The value of k* for this diameter is a*/4 and therefore k* for the line in 


‘4a\* 4a a 
the surface is 4a? — (= + (= +c). The depth of the centre of pressure 


is therefore 
32a? + 32ac + 120? 
4(4a + 3c) 

(ii) More generally, take OX, OY in the 
immersed part of the lamina. (Fig. 46.) 
Then the line in the surface has an equa- 
tion of the form x cos 9 + ysin# + q = 0. 
(Take q > 0.) 


Tze =|| (x cos 8 + y sin @ + q)x dx dy 
A, 


Tyc =|] (z cos 6 + ysin @ + g)y dz dy, 
A, 
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where T =|] (~ cos 6 + y sin @ + qg)dax dy 
A, 

i.e. htg = qt + ki cos + Asin 0 

and hyo = Wj +2 cos 6 + kj sin 0 


where h is the depth of the mean centre of A,, k,, k, are the radii of gyra- 
tion for OY, OX respectively, and A,A is \) xy dx dy, the product of 
A, 


inertia for these axes. 

If A = 0, i.e. if principal axes are taken at O (for example when OX 

or OY is a line of symmetry) 

hag = qi + ki cos0; hyo = qj + kj sin 0. 
If, in addition, O is the mean centre (at depth h), then hag = k? cos 6 
and hy, = kj sin 0. 

Example. A vertical semi-circular lamina (radius a) is immersed completely 
in a liquid with the upper end of its bounding diameter in the surface. This diameter 
is inclined to the surface af an angle«. Taking OX downwards along the bounding 
diameter and OY along the radius perpendicular to OX, find the co-ordinates of 
the centre of pressure. 

Here B= kg =4a* and 4=0 (by symmetry); h =asinae + A 008 a 


, = os, 40 : 4 a2 
q=asina; €=—0; I-33 a(sin a + 5-608 a t= Zaina; 


a(sin« + = cos «)y et itce'n 
3a C 32 4 

P 3xa sin a(3z cos « + 16 sin «) 

= "c= 4(3a8ina + 4 cosa)’ Yo = 4(32 sin a + 4 cosa)" 


In particular « = 0, to = 0, Yo= ei a= 5 tomy Yo = se 

9.65. Potential and Attractions. The theory of potential and attrac- 
tions provides other illustrations of the use of line, surface, and volume 
integrals ; and whilst some of the problems provide useful exercises in 
the direct evaluation of these integrals, results may often be obtained 
more simply by the use of general theorems. 

The attraction between two particles of masses m,, m, may be mea- 
sured by m,m,/r? where r is the distance between the masses. The 
intensity at a point P due to a mass m, at Q, is defined to be the attrac- 
tion on unit particle at P of the mass m, at Q, and is therefore given 


— 
by — m,/r7 in the direction Q,P, i.e. the intensity is given by the vector 
V(m,/r;). The scalar function m,/7, is called the potential at P&due to 
the mass m, at Q,. 

Note. It is easily shown that m,/r, is the work done by the attraction on unit 
particle in bringing it from o to P along any path that does not pass through Q,. 


For a system of particles m, at Q,, the potential V = zm and clearly 
the attraction at P is given by VV. ! 
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For a continuous distribution for which the density is given by 
p(x’, y’, 2’), the potential is naturally defined to be if Pat Bid 
D 
where D is the domain for which p exists (p being zero elsewhere) and 
= (w—2'?+y—y)P+e—z)}. 

It is, of course, not immediately obvious that this triple integral exists 
even for a finite domain (or distribution) D, and when p is continuous 
in D. , 
The attraction (if it is properly defined by such an integral) is given 


by (Vz, Vy, Vz) where V, = | | (= aS 


r 
sions for V,, V,. 

Two cases must be distinguished, (i) when P(z, y, z) does not belong 
to D, and (ii) when P belongs to D. 

(i) If P is not a point of D, 1/r’ may be expanded as an infinite 
power series in «, y, z, uniformly convergent if p is bounded and D finite ; 
so that if in particular p is continuous in D, V is finite and continuous 
and possesses derivatives of all orders; it is not difficult to show also 
that as (a, y, x) tends to infinity, V becomes infinite like M/R where 
M is the total mass of the distribution and R is the distance of (z, y, 2) 
from the mean point of D. 


Also since v(5) = 0, we deduce that V*V = 0 for all points not 


with similar expres- 


belonging to D. 
(ii) Let P belong to D and let a small sphere S of radius e be taken 
whose centre is P. The contribution to V due to S is (in absolute value) 
|p| da’ dy’ dz’ . 
| ek nad ial <p4ne*, where w = max p in S 
s 
i.e. this contribution tends to zero as e—> 0; we therefore define V for 
an interior point to be lim \\j sd since this limit exists. 
e—>0. D-S r 
Again, consider J, = iV) ee ie 
Ss ba 
Here (I,| <n| j \ a da! dy! de’ <4une which tends to 0 with e. 


Thus the integral that defines V, is given by 


lim p(x’ — x) da’ dy’ dz’ 
lim ff j D-s a 


although we have not proved that this limit is actually the derivative 
of the limit that defines V. Assuming this to be true, we see that not 
only is’ V finite and continuous throughout D, but it possesses first 
derivatives that are finite and continuous. The integrals that define the 
second derivatives may also be proved to exist, although the contribu- 
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tions due to the small sphere no longer tend to zero in general, and the 
nature of these second derivatives (so far as continuity and differentia- 
bility are concerned) is directly related to the nature of the function p. 

Notes. (1) For a formal justification of these results, see Goursat, Cours 
d@’ Analyse, III, § 535 et foll., where it is shown that in the interior of D, V and its 
first derivatives are differentiable at all points, and V possesses continuous second 
derivatives. The proof given there of the continuity of the second derivatives 
within D assumes that the derivatives of p are bounded and integrable, although 
these conditions are not necessary. 

(ii) The proof that V and its first derivatives are continuous applies also to a 
point on the boundary of D. The second derivatives are, however, discontinuous, 
in general, on the boundary, since p is, in general, discontinuous there. 


9.651. Poisson’s Theorem. We have seen that? V = Oat an exterior 
point P. Poisson’s Theorem gives the value of V?V at an interior point. 
In §§ 9.52, 9.53, we proved that ¢) fj an;) = 0 if 8 isa closed 
surface, r* = (x — a)* + (y — b)* + (ze —c)?; (a, y, z) a point on S; 
ax(;) the rate of change along the (outward) normal, and (a, b, c) 
exterior to S; and (ii) f LLfd Ning sis lenkrpettelenob, ie). dn nei 

gON r 


Since V = m/r for a single particle, we infer that 


(Las 


where M is the total mass within S, i.e. the normal surface integral of 
intensity over S is equal to — 4 times the total mass enclosed by the 
surface. (Gauss’s Theorem.) 


By Green’s formula {J on iS = } j V?V dv where v is the volume 
S' v ' 
enclosed by S, 


ie. | J j. (V2V + 4mp)dv = 0. 


If therefore V?V and p are continuous within D, we have 
(V?V - 4op) 2, Us, 8 FF 0, 
where (%»', Yo’, 2) is some point of v. 
By taking v to be a small sphere of centre (x», yo, 2») and radius e, 
and letting e —> 0, we deduce that V2V = — 4p (at any interior point). 
This result is known as Poisson’s Theorem and is sometimes written in 


ths toon v= (ff rail WtY do, 
D T 4 D r 


Examples. (i) Let S be a surface containing within it or on it no points of the 
distribution; then V is régular on and within 8. 
Take F = VVV in Green’s Formula ff gFdS = fff, V-F dv (§ 9.51). 


Then {f,Von ds = Sff( VV)? dv. 
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If therefore V is constant on S,(V V)* = 0, since 94 =0,ie.V,=Vy=V,= 


or V is constant everywhere ir the region for which it is regular, if it is constant 
over a surface drawn in that region. Similarly V is constant in the region if its 
normal derivative vanishes over S. ‘ 

(ii) The potential cannot have a maximum or minimum at a point of free space. 

4 1aV 0/1 

From § 9.54 (iii) we have 42V(a, 6, c) = ffg{2 aN ~ VA ans bas where 3S 
is a surface drawn in free space, (a, b, c) a point within S and r the distance of 
(a, 6, c) from a point of S. 


Take S to be the sphere centre (a, 6, c) and radius R; then since ign as = 0 


and ays) =— m we obtain V(a, 6, c) = alles. Thus the mean value of 
V over the sphere is the value at the centre. The function V cannot, therefore, 
have a maximum or minimum at (a, 5, c). 

(iii) Find, by direct integration, the potential and attraction at a distance c 
from the centre of a uniform solid sphere of unit density and radius a; and verify 
the results by using Gauss’s theorem. 

r? sin 0 dr dO d¢ ‘ 4 ¥ 

(l)ec>a; V= SSS Tea — der cos 0 + 7) (taking spherical polar co-ordinates 
referred to the centre of the sphere as origin, and the point of distance c on 6 = 0). 

a 4 na® 


a . 
Integrating, we find V -( r{J/(ce + 7)? — V(e — 1)? }dr = =| 2r* dr = ork 
0 0 
(2)c<a; for0<cr<cc—e, Vy = gale — @)* by (1) and forc-+e<r<ca 


a 
we have r= ((- {/(c + 7r)? — V(r —c)* }dr = anf 2Qr dr = 2n {a® — (c + &)*}. 
e+e ‘ 
Thus ‘ Vy + Vo—> $ac® + 2n(a® — c*) = 2n(a? — 4c?) when e-—>0, ice. 


= oe > a), 2n(a* — 4c*)(c< a). The functions V, Be are continuous at 
c =a, but V"(a — 0) — V’(a + 0) = — 4a. 
Otherwise, take S to be the sphere centre O and radius c; then V, 7 are constant 


over this sphere, by symmetry. Applying Gauss’s Theorem 
ov 4 Re) 4 na* 
(l) ce >a; 5o tn =— dn.gma? ; ie 5 = — 3a" 


(2) c< a; oF act =— dan re? ie. a = — fre, giving the attraction. 


Integrating with respect to c, and using the facts that (a) V —> 0 when c—> «© 
(b) V is continuous at ¢ = a, we find the same values of V as above. 

(iv) The cross-section of a right solid circular cylinder of unit density and of 
height h is a semi-circle of radius a. Find the attraction at the mid point of the 
bounding diameter of a semi-circular end in the direction perpendicular to the 
rectangular face of the solid. Use cylindrical co-ordinates, taking the equation 
of the cylindrical surface to be p = a, and measuring ¢ from the rectangular face. 
The solid is given by OK 6 2, 0<z<h, OK pa. The attraction is 


p* sin ¢ dp dd dz p* dp dz 
(rte 7) \ps ape 
2 hdp a+ V(a? + h¥) 
Pe af ort ia pool fiver}. 
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9.66. Other Illustrations of the Use of Integrals. (i) Mean Value. Three points 
are taken at random on a straight line of length a. Find the mean (numerical) 
distance of the intermediate point from the mid-point of the line. 

Let the segments measured from one end of the line be 


a (> 0), y (> 0), z (> 0), a—a2@—y —2z (> 0) 


We therefore require the mean value c of for the tetrahedron given 


by OC e+y+z<a4. 
The set of points forwhich x +- y< a/2 has the same measure as the set for which 
x +y2> a/2. Also the mean value for the one set is the same as that for the other. 
gi def ffdx dy dz = fi(ja — a — ya — x — ydxdy forO0< e+y <a/2, 


i.e. a sien y) +$($-2-y)}deay -%; c=. 


(ii) Probability. A straight line is divided into three parts. Find the chance 
that these parts form (a) a triangle, (b) an acute-angled triangle. 

(a) Let x, y, z be the lengths of the three parts where z, y, z are three positive 
(or zero) numbers for which OC 2+y< a,%2+y+2z=a. The set of values 
x, y is measured by ffdzdy = 4a = A. The favourable cases are those for which 
zt+y>a—-x-—y,a—-x>%,a—y>y, ie. the interior of the triangle A, 
determined by z+ y = a/2, x = a/2, y = a/2. The chance is A,/A = 1/4. 

(6) For an acute-angled triangle z? < 2 + y?, 2* < y? + 2%, y? <2? + 2? (if 
these are satisfied the triangle exists since then +y>2z,y+z>2%,z+2%>¥y). 

One set of unfavourable cases is bounded by the curve of intersection of the 
cylinder (x? + y?) = (a —x—y)* with the plane x+y+2z=a. This set is 


a 
Sats 


a 
measured by |? {a — gaa aah = 4a? — 4a? log2. By symmetry, there are 


two other sets measured by the same number (the curves on the planez + y+z=a 
intersecting only on the co-ordinate planes). 
2 

The number of favourable cases is 7 log 2 — a? and therefore the chance of 
an acute-angled triangle is 3 log 2 — 2 (= 0-08 
approx.). 

(iii) Planimeters. Let A, B be two points 
fixed on a rod which moves in the x — y plane 
so that A, B describe certain closed curves 
respectively and return to their initial positions. 
(Fig. 47.) 

Let the co-ordinates of A, B be (2, 4), 
(%a, Ye) respectively, referred to fixed axes 
through 0. 

Then T= Tit yj; Te = ti + yoi 
r, x dr, = (x, dy, — y, dx,)k and 
Tr, X Or, = (x, dy, — y, dx,)k. 
(0) Thus fr, x dr, = 24,k, So,% x dr, = 2A,k, 
where A,, As are the areas enclosed by the paths 
C,, C, of the points A, B respectively. 


B 


Fig. 47 


my a be unit vector in the direction AB and r,; = OH where £ is the midpoint 
of AB. 
Thenr, =r, — }la; r, =r, + Ha, where AB =/1. 
Therefore r, x dr, — r, x dr, = l(a x dr, + 13 X da). 
But a x r; = pk, where p is the perpendicular from O to AB, i.e. 
a x dr, + da x r; = dpk. 
Also a x dr, = duk, where du is the displacement of H perpendicular to the 
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rod; and therefore da x r,; = (dp — du)k. Thus 

r, X dr, —r, X dr, = l(2du — dp)k 
or A, — A, = lu, where u, is the total displacement at H of the rod perpendicular 
to itself, since the description of the closed curves restores the value of p. 

The above equation gives the theory of such a planimeter as Amsler’s, which 
may be used to determine the area A, described by B. 

The displacement perpendicular to the rod is measured at some point C by a 
small wheel whose axis is along the rod. If this displacement is w, then u = w + cO 
where HC = c and @ is the angle through which AB has turned from its initial 
direction. 

Thus A, = A, + U(w + c6). 

In Amsler’s planimeter, the point A is connected by an arm to a fixed point 
(which may be taken as O) and two motions are possible. 

(i) When A describes an are of a circle and returns to its original position in 
such a way that the rod does not make a revolution. 

Then 6 = 0, A, = 0, A, = lw, which is measured by the instrument. 

(ii) When A describes a complete circle, and the rod makes one revolution. 

Then A, = 2a?, where OA = a,0 = 2a and A, = lw + n(a® + 2lc). Theinstru- 
ment measures /w, but to this must be added x(a? + 2/c), a constant of the instrument. 


Examples IX 


1. Find the length of the arc of the circle x? + y* = 2by intercepted by the 

anes x? + y? = Qa,x, x? + y? = 2aQz. 
. Show that the length of the are of intersection of the surfaces y = 41/2 — 2, 

Psy hiag measured from the origin is x + y — z. 

3. For the curve given by x=acosht, y=bsinht, z = alt, prove that 
bs = y»/(a® + 6?) where s is measured from ¢ = 0. 

4. Show that the are of the plane curve given by x = 3asin0 — asin*6, 
y = cos? 0, is of length 3a0 + 3a sin 0 cos 6 if measured from (0, a). 

5. Evaluate [fx°y dx dy over the rectangle 0 < x < 2a,b< y< 2b. 


6. Evaluate ffsin (= + Y ae dy, (a,b> 0), over O< a2< na, 0< y< 4ab. 


7. Show that ff[F,,dxdy over the rectangle r<2%< 4, yo y< yy is 
F(x, y;) — F(%q: 41) — Fl%p Yo) + F(Zo» Yo) 
8. Evaluate ffsin (2% + 3y)dx dy over the trapezium whose corners are (0, 0), 
i. 0), (2, 47), (42, $2). 
9. Find ff(z? + y*)dx dy over the interior of the ellipse x?/a* + y?/b? = 1. 
10. Show that f/F,, dx dy over the triangle given by 0 < x/a + y/b< 1, is a 


[ Feat, b— toe — Fle, 0) + FO, 0) 
0 


11. Prove that ff(20? + y? + 3x — 2y + 4)dx dy over the interior of the 
57. 

ellipse x? + 4y? — 2a + 8y + 1=0 is “5 

Evaluate the integrals given in Hxamples 12-14 over the triangle determined 
by O< a+y< 1. 

12, ffe%+3y dx dy. 13. [fert+y da dy. 14, ffcos x(x + y)dx dy. 

15. Evaluate ffx*dxdy over the interior of the octagon whose vertices, in 
polar co-ordinates, are given as (a, rz/4), (r = 0 to 7). 

16. Find {fe*+y dx dy for the interior of the square of corners (0, + a), (+ a, 0). 

17. Evaluate ff log (x? + y*)dady over the area between the circles 
a? + y? = a*, 2? + y? = b*, (b <a) and find its limit when 6 — 0. 

2—Vy 

18. Determine the region over which the integral j. iy | xy dx is to be 
) 


vy 
evaluated and find its value. 


se 
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1 p2+(1—y)* 
19. Evaluate | iy { x? dx and state the area in the z — y plane to 


0 y+1 
which the integral refers. 


20. Evaluate ffz*y?dady over the area bounded by y= + 3(x — 2), 
y = + 3(z — 4). 
21. Evaluate {f(x? + y*)dx dy over the circular area bounded by 
(z — 2)? + (y — 3)? = 9. 
22. Calculate the value of ffx? dx dy over that area bounded by x* — y? = 1, 
x? + y* = 4 which contains (0, 0). 
23. Prove that the area of the parallelogram determined by a,x + by = hk, 


K,-—K —k, 
az + by =k, a,x + by = Ky, a,x + by = K, is (= a ay 2) 


yb, — yb, 

24. Prove that for the change of variable given by 

a%(a? — b*) = (a® + u)(a® + v), y%(a* — b*) = — (b* + ul(b* + v), (a> b) 
the curves w = ¢,(> — b*) and v = c, (— a®*< v < — b®) are ellipses and hyper- 
bolas respectively. Show also that u, v are orthogonal co-ordinates and that 

dS = (wu — v)dudv/4./D where D = — (a* + u)(a® + v)(b? + u)(b? + v). 

25. If u = x* — y?, » = 2ay, show that any straight line in the x — y plane 
not passing through O is transformed into a simple curve. 

26. If u = 2t — 6r%y? + 4, v = 4xy(x* — y*), show that the straight line 
y =c (0) is transformed into a curve with a loop. 

27. Ifu=ax+y,v=y 3 — 3ay — 3y? + 6x + by, the region for which J <0 
and its transform is 1 — 1, but not the region for which J > 0 and its transform. 
Show that the region on the left of any tangent to J = 0 is 1 — 1 with its transform. 

28. Find the area in the first quadrant determined by y™ = a,2", y™ = a,x”, 
y” = b,x, y? = b,x (a4, dy, b,, bg > 0, gm — np ~0). i 

29. Find the area bounded by the curve r = a + bcos (b< a). 

30. Show that the area in the first quadrant determined by zy* = 1, zy* = 4, 
y? = 4x, y® = On is 4(24 — 6/2 + 4/3 — 81/6). 

31. Prove that the area of the loop of the curve (x* + ay)? = ay is txa*. 

32. Show that the area of one of the crescents across the z-axis bounded by 
x? + y? = c?, x2/a® + y?2/b? = 1 (b << c <a), is 


a* — ¢? b/(a? — ny 
ab are tan a/ (5 —S) — c® arc tan (eo “ 
33. If x = u™4(v), y = u"y(v), prove that the area bounded by u = uw, u = Ug, 


(m¢y’ — ny¢’)dv if 


= =v, i i MEN __ aym-+ 
v = 0,, v =v, is the numerical value of (u] uptn) ate 


m ~~ —n and of m(d,y, — $a) log (“) if m= —n. 
2 
34. Show that the area in the first quadrant determined by a,y? = 2°, ay? = 2°, 
2 = ba, y® = ber is 4 |(by5/4 — b,5/4)(a,3/4 — a,8/4)|, (ay, Og, By, bg > 9). 
35. Prove that the area bounded by a simple closed curve C is the line integral 


B 1 yr ‘ 
ef Se whore a +0, =P + A= 1 ah. 
c 


36. Show that 
ty 
| e2z+8y {(3 cos 32 + 2 sin 3x)(sin 2y dx + cos 2y dy) 
0 


+ (2 cos 3a — 3 sin 32)(cos 2y dx — sin 2y dy)} 
is independent of the path of integration and find its value. 
37. Calculate directly f(x* + y*)dx + (a + y%)dy along the boundary of the 
pentagon whose vertices are (0, 0), (1, 0), (2, 1), (1, 2), 40, 1) and verify the result 
by Green’s formula. 
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nal , 
38. Show that wee £ a a for any closed curve C not passing through 
the origin (0, 0) is zero. 
39. Prove that for a simple closed curve not passing through (+ 1, 0) the value 


2 y?—] da 
of the integral pe a no, 4a or 2. 


Discuss the line integrals given in Hxamples 40-1. 
aPy%(a dy — y dx) (x* — y* — x)dx — y(2x — 1)dx ; 
om >, oop A Pl tee ty — mee) WC Bone 
closed). 


(2° dy — y® da) 
42, Sear eee Ee 
Evaluate o @+yy 
x= +a, y= +a; (ii) the circle 2? + y? = a?. 
43. Show that the line integral + p dv over the boundary specified by pv = R6,, 
pv = RO, po’ = C,, pry = C, (R, 0,,62, Cy, Ca, i 1) being constants and all the 


7 l og = 
a, 
44. Ifa rod ABC moves in a plane and returns 4 its initial position after having 
rotated through one complete revolution, show that 
BC.Q, + AB.Q, — AC.Q, = xBC.AC.AB 
where 92,, 2,, 2, are the areas enclosed by the curves described by Ane 
respectively. 

45. Bis a fixed point on a rod AC dividing AC into two segments ¢,, ¢,. Prove 
that if the ends A, C move on the same closed curve y and the rod returns to its 
initial position after describing one revolution, the area between y and the curve 
described by B is 2,0. 

: 46. A square hole of side 24/2 in. is cut symmetrically through a sphere of 
radius 2 in. Show that the area of the surface removed is 162(4/2 — 1) sq. in. 

47. A square hole of side 26 is cut symmetrically through a cylinder of radius 
a(> b), the axis of the hole being perpendicular and two of the sides of the section 
being parallel to the axis of the cylinder. Find the area of the surface removed. 

48. Find the portion of the surface of the sphere x? + y? + z? = a* within the 
cylinder x* + y? = az. 

49. Find the area of the surface obtained by a complete revolution of one arch 
of a cycloid about the line joining its extremities. 

50. Find the area of the surface 2az = x* — y? intercepted by p* = a* cos ¢. 

51. The ellipse of axes a, b (a > b) forms a prolate spheroid when it makes a 
revolution about its major axis. Show that the surface of this ellipsoid is 
2b? + (2nab arc sin.e)/e where 6? = a*(1 — e?). 

52. The ellipse of axes a, b (a > b) forms an oblate spheroid when it makes a 
revolution about its minor axis. Show that the surface of this ellipsoid is 

2na* + [mb log {(1 + e)/(1 — e)}]/e. 
53. Evaluate tf SSay2z3 da dy dz through the interior of the tetrahedron bounded 
by z=0,-z2 = 2, y= 2a, y 
. 54. Show that Y ffe/aty/Bte/y dz dy dz taken over all positive and zero values 
of x, y, z that satisfy 0 < w/a + y/b + 2z/e< 1 (a, b, c> 0) is 
, ie ins 4/492 
iid (aB — ba)(ay — ca) 


when C is (i) the boundary of the square 


symbols representing positive numbers) is equal to RA 


if a/a ~~ b/B ~c/ 

55. Evaluate IffeMe/aty/b)+4/y de dy dz over all positive and zero values of- 
2, y, z that satisfy 0< 2/a + y/b + 2z/c< 1, when y c/k. 

56. Evaluate fffet(%/at+y/b+2/c dz dy dz over all positive and zero values of 
x, y, z that satisfy 0O< z/a + y/b +2/e< 1. 
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57. Evaluate f{fz(x? + y?)dxdydz through the volume of the cylinder 
x* + y? = a’, intercepted by the planes z = 0, z = h. 

58. Evaluate fff(zy + yz + zx)dxdydz through the interior of the cube 
determined by O< ec a, 0<y<a,0<z<a. 

59. Evaluate fffayz* dx dy dz for 0 < 4(x — 2)? + (y — 1)? + 922 < 36. 


a a a-z 
60. Find the value of | ax | dy | xyz dz and state the region to which the 
0 0 0 
triple integral refers. 


1 22x 1 

61. Evaluate | dz | ay | 28 dz and obtain the corresponding forms of 
0 0 a+hy 

the five equivalent repeated integrals. 

62. Find the volume of the sphere x® + y? + 2% = a? intercepted by the 
cylinder 2? + y? = az. 

63. Find the volume enclosed by the surface r = a(1 + ¢cos@) where r,@ are 
spherical polar co-ordinates and € is constant. 

64. Find the volumes bounded by (i) r= asin®@cos@sin ¢ cos ¢; 
(ii) r? = 27a% sin® 0 cos 6 sin ¢ cos ¢ in the octant for which 2, y, z> 0 (r, 0, ¢ 
being spherical polar co-ordinates). 

65. A square hole of side 2b is cut symmetrically through a sphere of radius 
a (> 61/2). Find the volume removed. 

66. A square hole of side 26 is cut symmetrically through a cylinder of radius 
a (> b), two of the sides of the square section being parallel to the axis of the cylinder 
and the axis of the hole being perpendicular to the axis of the cylinder. Find the 
volume removed. 

67. Show that the volume obtained by one revolution of the loop of the curve 
x + y° = 3axy about OX is 4n%a3/34/3. 

68. Show that the volume of the surface z* + y* = 4az cut off by the plane 
x+y + 2z ='4a is 25na3/2. 

69. Show that the volume obtained by a revolution of the circle 

a® + (y — c)? = a (c> a) 
about the z-axis is 27*%a?c. 

70. An arch of a cycloid makes one revolution about the line joining its extrem- 
ities. Prove that the volume generated is 57*a°. 

71. Find the volume of the paraboloid x* + y* = 4az cut off between the 
planes x + 2y +z2=<a, 2x4 +y+2= 16a. 

72. Calculate the volume determined by 0< z+ Vy + Vz< 1. 

73. Calculate ffffe* da dy dzdu for all positive and zero values of 2, y, z, u, 
that satisfy the inequality 0< x+y+z+4u< 1. 

74. Evaluate JfJff(e+y+2+ u)™ ay? z3u4 dxdydzdu(m> 0) over ail 
positive and zero values of x, y, z, wu for which O< t+ y+2+u< 1. 

75. Find the value of ff... feuttt.--+%ndx, da, ... dx, over all 
positive and zero values of 2, x, . . ., %, for which 0 << 2, + aw, +. byes ty, < 1. 

76. Evaluate fff cos (x + 2y + 3z + 4u)dx dydzdu over all ‘positive and 
zero values of a, y, z, u for which OC a+ y+z+u< 2/2. 

77. Prove that [{ffex+Puty-+u dx dy dz du over all positive and zero values 
of x, y, z, u for which OC e+ y+2z2+u< lis 

1 ne ex 
aByd § “ala — B)(a — yx — 4) 
if oByd(x — B(x — ya — 6B — y\(B — dy — 8) 0. 
78. Verify Green’s formula by calculating directly the surface integral 
. Sfz*(a® + y*)dS over the sphere z* + y? + 2% = a’. 
79. Use Green’s formula to prove that when ds? = he du® + ne dv? + he dw*, 


hyhghg 7 ?V 3m Vu) + x fala Ve) ta ates Ve): 
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80. Calculate directly [f(a° dy dz + y dz dx + z'dxdy) over the spherical 
surface x? + y? + 2% = a®, and verify the result by Green’s formula. 
81. If vy x F=—G; V x G=—F, prove that, if S is a simple surface 


Cl) 
enclosing V, ff (Ff x G).dS = — ass ACE? + G*)da dy dz. 
82.-Show that, in the usual notation, if 7*U = 0, then 


{05 (U2 + Uz + U2yde dy de = sf 090 8. 

83. Find the value of f(y? + 23)da + u(z* + x5)dy + v(x° + y5)dz along the 
skew hexagon obtained by joining the following points in order: O (the origin), 
A(1, 0, 0), B(1, 1, 0), C(1, 1, 1), D(O, 1, 1), E(0, 0, 1), 0. Verify the result by Stokes’s 
Theorem by taking a surface integral over the three faces of the unit cube OAFE, 
ABCF, FCDE (F being the point 1, 0, 1). 

84. Show that if P, Q, R and their derivatives are continuous, the function given 


ZY, z 
ty | (P dx + Q dy + R dz) is independent of the path of integrationifQ, = R,, 
Lo, Vor Zo 
R, = Py Pz = Q: 
z, u z 


85. Prove that (a — yz)da + (y* — zx)dy + (2? — xy)dz is independent 


0 
of the path of integration and find its value. 
86. The boundary of an area in polar co-ordinates is given by r = f(6). Show 
that for the sector determined by 0, < 0 < 4., r being single-valued, 
2 2 A, 
3Az = f r cos 6 d0, 3Ay = r? sin 6 d0, where A = if vr? do. 
64 6 6 
87. Find the distance from the y-axis of the mean centre of the area bounded 
by r = a(3 + 2 cos 6). 
88. Show that the mean centre of the area bounded r? = a? cos 20, y = 0, in 
the first quadrant, is given by 8% = na/2, 129 = 34/2 log (1 + +/2) — 2. 
89. Find the x-co-ordinate of the mean centre of the area determined by 
2 = ume, y = uM’, w= Uy, U = Ug, V = VY, V = Ve (Uy, Ug, Vy, Vo > O, ms HTN). 
90. Show that the mean centre of the area in the first quadrant determined by 
ay = c2, xy = C3, Cy = 27, QYy = x* (cy, Cy > 0) is given by 
42(cf— =) log (c4/¢y) = 9(c41/8 — cg1/3)(c,8/8 — c,8/%) ; 
Byjes'/8e4l/S(ez — 03) log (¢4/eg) = 9(c,10/! — 6410/8)(c41/3 — 51/3). 


91. Prove that the distance from the centre of a circle of the mean centre of 
a quadrantal area is 4\/2a/3z, where a is the radius of the circle. 

92. Prove that the distance from the centre of a circle of radius a of the mean 
of a quadrantal arc is 2./2a/z, where a is the radius of the circle. 

93. Prove that the distance from the centre of a circle of radius a of the mean 
centre of the complete perimeter of a quadrant is 3a1/2/(x + 4). 

94. A circular cone (height h, radius of base a) is divided into two by a plane 
through the vertex V and a diameter of the base. Find the distance from V of 
the mean centre G, of one of the halves of the cone and the angle VG makes with 
the axis. 

95. Show that the distance from z = 0 of the mean centre of the volume of the 
sphere x* + y? + z? = a? intercepted between the planes z = h,, z = he (hy > he) 
is $0, + hy)(2a* — hy — 2)/(3a* — ht — hyhg — 23). 

96. Deduce from Hxample 95 that the distance from the plane face of the mean 
centre of a spherical cap of height bis b(4a — 6)/(3a — 6) where a is the radius of 
the sphere. 

97. A surface is formed by rotating the arch of a cycloid through 180° about 
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the line joining its extremities. Find the distance of the mean centre from the 
plane of its boundary. 

Find the co-ordinates of the mean centres of the solids given in Examples 98-100. 

98. The tetrahedron bounded by 2, y, z = 0, 2% + 3y + 42 = 9a. 

99. The wedge cut from the cylinder x? + y? = a? by the planesz = + ~ tana 
(x > 0). 

100. The solid determined by O< \/(x/a) + V(y/b) + V(z/c)< 1 
(a, b, c> 0). 

101. A plane lamina consists of a rectangle ABCD in which AB = 2b, BC = 2a, 
on the sides BC, DA of which equilateral triangles BCH, ADF are constructed. 
Show that if k is the radius of gyration about an axis in the plane of the lamina 
perpendicular to ZF at a distance c from the mean centre of the lamina, then 

ys _ 13a" + D8 + 30%) + Say3(a* + 268 + 2et) 
6(2b + a+/3) 
102. Show that the moment of inertia of a uniform solid cylinder (mass M, 


radius a, height 4) about an axis that meets OA, the axis of the cylinder, at a distance 
c from O and is inclined at an angle 6 to OA is 


M {4a%(1 + cos? 0) + (4h? — ch + c*) sin? 0}. 
Hence show that k* for (i) a diameter of one end is }a* + $h?, (ii) its axis is 4a, 
(iii) an axis through the mean centre perpendicular to the axis of the cylinder is 
qa? + 5h, sal an axis joining the centre of one end to a point on the perimeter 


of the other is a (30" + 10h?)/(a? + h?). 


103. Prove that the radius of gyration about its axis of an open hollow circular 
cone made of thin uniform material is unaltered by closing the cone with a thin lid. 

104. A framework of thin uniform rods consists of a square ABCD of four rods 
joined by two others along the diagonals AC, BD and by two others EF, GH where 
E, F are the midpoints of AB, CD and G, H the midpoints of AD, BC. Show that 
k*® for an axis through the centre of the figure perpendicular to the framework is 
3a7(23 — 34/2), where 4a is the length of AB. 

105. Show that for a uniform elliptic lamina of semi-axes a, b, the moment of 
inertia about an axis in its plane through the centre of the ellipse making an angle 
« with the axis of length a, is }M(a* sin? « + 6% cos? «) where M is the mass of the 
lamina. 

106. Show that the moment of inertia of a uniform ellipsoid (mass M, and 
semi-axes a, b, c) about a diagonal of the rectangular parallelopiped that circum- 
scribes the ellipsoid and whose edges are parallel to the principal axes is 


a*b* + b%c? + c®a? 
§ a? + We ey ere + a ip 
107. Show that the moment of inertia of the plane sector determined by r = f(6) 


0,< 0< 6, (i) about OY, is i r* cos? 6 dO, (ii) about OX, is i r4 sin? 6 dé, 
O, 6, 


65 
(iii) about the perpendicular to XOY at O, is i| rt db 
9; 

108. Find the radii of gyration about 6 = 0 and 6 = 2/2 for the area of aloop 
of the curve r? = a? cos 20. ; 

109. The radii of gyration of a body about two parallel axes distant H apart 
are k,, k, respectively. If the mean centre of the body i *s in the plane of these axes 
show that its distance from the first axis is + (i — — H*)/2H. 

110. AB is the diameter that bounds a semi- pe area of radius a and C 
is the midpoint of the semi-circular boundary. Prove that k*? about BC for the 


area is a(3 - =): 
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111. Prove that k? for the normal to the plane XOY through O of the area in 
the first quadrant determined by zy = 1, zy = 2, y = 2a, y = 42 is 9/4 log 2. 

112. Show that the radii of gyration of a loop of the curve r = a cos? 6 about 
the axes OX, OY are respectively a1/7/8+/3, a/21/8. 

113. Show that the moment of-inertia of a frustum of a circular cone is 

ul 2 at + a* + a? + ab? + b¢ 1 c%(a* + 3ab + 6b?) 
20 a? + ab + 6? 10 (a? + ab + 6°) 
where a, b are the radii of the ends, c the distance between them, MV the mass of the 
frustum and the axis of gyration is the diameter of the end of radius a. 

114, Show that a uniform triangular lamina of mass M has the same radius 
of gyration for any axis as three masses 4M at the midpoints of the sides. Deduce 
that the depth of centre of pressure of a triangle immersed in a liquid is 

a@+b%?+4+ c?+ab+bce+ ca 
(a+6+¢) 

115. ABCD is a parallelogram with the vertex A in the surface of a liquid. 
The diagonal BD is horizontal. Show that the centre of pressure is on AC at a 
depth which is seven-twelfths that of C. 

116. An area is bounded by two concentric semi-circles on the same side of a 
common diametral line, which is in the surface of a liquid. Prove that the depth 

24. B23 
of the centre of pressure is eee = a where a, 6 are the radii. 

117. A solid sphere rests on a horizontal plane and is just totally immersed in 
a liquid. If it is divided by two planes through a vertical diameter perpendicular 
to each other, show that the four parts will not separate if 4a > p, where p, o are the 
densities of the solid and fluid respectively. 

118. The boundary of a vessel full of water consists of s = 0, y = 0, z = 0 and 
that part of the ellipsoid a? /a* + y?/b? + 2*/c? = 1 for which x, y > Oandz < 0. 
Prove that if the z-axis is vertically upwards, the total pressure on the’ curved 
surface is }we(b*c? + c®a? + 4*a*b?)!/2 where w is the weight of unit volume of 
the liquid. 

119. A circular area of radius a is partly submerged in a liquid so that an are 
subtending an angle 2« at the centre is under the surface. Prove that the depth 
of the centre of pressure from the centre of the circle is 


t 


120. Prove that the potential of a circular disc of mass m per unit area and of 
radius a ata point distant h from the centre on the normal to the disc through 


the centre is 
2am {/(a? + h)? — h}. 
121. Show that for a shell of density p bounded by two noo-intersecting spheres 


where a, 6, ¢ are the depths of the vertices. 


3a — 3sina« cosa — 2 cosa sin? « 
3sina — sin?a —3acosa ~ ‘ 
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(one inside the other), the potential at a point P is (i) sol = - -), if P is outside 
Te 

both spheres; (ii) $xp(3a2 — 3b? — r? + 73), if P is sists Weel spheres ; 


(iii) §asp(3a* — 7} mits =) if P is between the spheres, where r,, r, are the dis- 


tances of P from the pene of the spheres whose radii are a, b respectively (a > 6). 

122. Show that the integral of the normal component of the attraction at O 
by a portion of a simple surface S over its area is equal to mw, where m is the surface 
density and w is the solid angle subtended at O by S (i.e. w is the area intercepted 
on a unit sphere, centre O, by rays joining O to the periphery of 8). 

123. Find the attraction at the vertex of a solid right circular cone of mass M, 
height 4 and radius of base a. 

124. A uniform solid circular cylinder of density p is of height a and of radius a. 
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Show that at a point outside the cylinder on its axis at a distance a from the nearer 
end, the attraction is 2mpa (1 + +»/2 — +/5). 
125. Show that the attraction due to a uniform thin rod AB at an external 


point P is * sin 4a, where m is the mass per unit length, p the perpendicular dis- 


tance of P from the rod and « the angle subtended by the rod at P. 

126. Asolid uniform circular cylinder has a given volume. Show that the attrac- 
tion at the centre of one of the circular ends is a maximum when the ratio of the 
height of the cylinder to the radius of its end is (9 — +/17)/8. 

127. The vertical angle of a solid uniform circular cone is 90°. Prove that the 
ratio of the attraction at the centre of the base to that at the vertex is approxi- 
mately 1-29. 

128. Two numbers are chosen at random between 0 and 4; show that the 
chance that their product shall be less than 4 is } + }$ log 2. 

129. A positive number a is divided at random into three positive parts. Find 
the chance that none of the parts shall be greater than (i) a, (ii) ;°,a. 

130. Show that the mean distance of the points of a circular area (radius a) 
from the end of a diameter is 32a/9z. 

131. A positive number a is divided into three positive parts. What is the 
mean value of the least ? 

132. Show that the mean distance of the points of the surface of a sphere of 
radius a from a point on the surface is 4a/3. 

133. Prove that the mean of the nth powers of the distances of the points of a 
solid sphere (radius a) from a point distant c from the centre is 

gf +a(n + 8)}(c — aPt8 — (0 — a(n + 8)Me + ant 
3 a%c(n + 2)\(m + 3Xm + 4) »(c> a). 

134. Show that the mean distance of the points of a circular area (radius a) 

from a point at distance c along the normal to the area through the centre is 
2 
Far {(c* + a?) — c°}. 

135. Prove that the mean distance of the points of a square area (side a) from 
one corner is ta( v2 + log tan =) 

136. Show that the mean distance of the points of a solid sphere (radius a) 
from a point on the surface is 6a/5. 

137. Prove that the mean squared distances of the points of a solid sphere 
(radius a) from (i) the centre is 3a?/5, (ii) a point on the circumference is 8a?/5. 

138. Show that the mean distance between two points within a unit circle is 
approximately 0-9. 

139, The density at P of a square lamina (side 4a) is proportional to the 
square of the distance of P from a point on a diagonal distant a/2 from the 
centre. Find the mean density. 

140. Find the mean density of a sphere (radius a) if its density at any point P 
is k times the distance of P from a fixed point on the surface. 

141. Find the mean value of one of n positive numbers whose sum > 1. 

142. Find the mean value of the product of the three segments into which a 
line of length a may be divided. 


143. A line of unit length is divided into four parts. Find the mean square of 
one of the parts. 


Solutions 
1. 2b are tan (3) — are tan (%2) 2. Take 2 = ¢ 5. 6atb? 


6. 2ab 8. 3 9. maa? + b%) 12. He — 1)%(2e + 1) 
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13. 1 14, + < 15. tat(1 + 2V2) 16. 2a sinh a 
17. 2n(a* log a — b? log b — $a* + $b*) > 2na*(log a — 4) 
18. Region bounded by y = 9, y = x, y = (w — 2)*; value }. 
19. 347/60, area bounded by y = 0, y=a—l1,y=1-— (x —2)° 
20. Take x = X + 3, and use symmetry ; result 2483. 
10 
21. 1179/4, use symmetry. 22. 8 are sin 4 + $log (452°) J 3s 
25. A parabola. 
26. A quartic with a double point at v = 0, u = — 4c4, (wu = +0). 
27. u = 1, v = 6, for example at beh Doin (1 + V3, = /3); to prove l —1 


correspondence, use the theorem on 57 ay Oy aa? § 9.16 (iv). 


28 Ee — agP+9)/4)(b,—mtn)/> — by—(m-+n)/4) A 
; (m + np + 9) 


(0,5 — 49) toe (34) 
(m + n) 


29. x(a? + $0?) 
31. By the transformation u = x, 0 = /(ay) (y > 0), the loop becomes the 


{As mans (m + np + 9g) #9); 
(axi — am) tog (52) 


pt+dq 


»(p +9) =93 » (m+n) =0. 


circle u? + v? = av and area of loop is qu? du dv = 3x0’, 


36. e2%+8y cos (3a — 2y) — 1 S720 38. Take x = rcos0, y = rsind. 
40. %nx where n is the number of circuits round 0. 
41, 2n(m, — m,) where m,, m, are the number of circuits round (0, 0) and 
(1, 0) respectively. 
42. (i) a + 2, (ii) 3x 
44. See §9.66 (iti); 2, = 2, + uAB, Q, = Q, + (w+ $BC.22).AC from 
which the result follows. 


45. Use Example 44. 47. 8ab arc sin (+) 
48. 2a*(x — 2); use cylindrical co-ordinates. 
49. %$na? 50. 4a*(20 — 32) 53. sa" 
gg, Cevtel”_, abovek yk? — yk + ol ~- HS _ aby 
‘G-mit meme 
56. we —k + $k?) — 1} 57. tnath® 58. ja° 59, 3840 


60. 70°. Prism bounded by y = 0, y =4,%=a,z2=0,2=a—@. 
2 1—ly 1 1 2z 2— hy 

ots av) as | ade; | i | ay | 2 dx; 
0 0 0 


0 zthy v0 
t4 


2 1 z— ty 1 22— 2x 1 1 2z—2n 
| iy | ix | | a | is { say; | ae { | 2 dy; 
0 hy 0 0 0 0 0 z 0 
tetrahedron bounded by z = 1, 7+ fy =z, 7=0,y = 0. 
62. %a°(3x — 4); use cylindrical co-ordinates. 63. 4na*(1 + 6%) 
64. (i) a3/1440; (ii) 90/8 


, i) 
65. $b? /(a? — 2b*) + §b(3a? — 6?) arc sin (Gam) 
— §a* arc tan 8 


on. = a) 
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66. 4b*,/(a* — 5?) + 4a% are sin (2) 


67. Take u = a*/y, v = y?/xz 
69. Use Pappus’s Theorem. 71. 8102a*® _ 72, 1/90 


288 
73.e— 8/3 74, (13)(m ++ 14) 


75. (— up[ a fh _ x se Od las tt] 


76. — 1/6 78. P.na5 80. 127° 83. 2v — 24 
85. F(x + y3 + 23) — ayz 87. 20a/11 


2nm+n _ ,2n+n pert? _ (or+s 
-_ (m+ n\r +) (2 1 v2 
a. a= (2m + n)(2r + 8)\ ymtn _ ere) (ers — yt ) 
if (2m + n)(2r + 8)(m + n\(r + 8) 40 


_ mr +8) flog (w/t) }(v9# — oor te) 
and = DOr + ag? — ayn Aurre — ogra) Hf + 2m — 0, and 


A? (2r + s)(r + 8) 40 
29 

o4. a/ - +55) are tan (4a/Shz) 

97. 16a/5z, the cycloid being given by x = a(6 — sin 6), y = a(1 — cos 6). 
98. 2a, ja, 30 99. 37a, 0, 0 100. fa, 355, sc 


h 
108. a*(x/16 — 1/6), a*(x/16 + 1/6) 123. Fit ™ sar} 


128. Total number of cases is measured by [fda dy for0<2<4,0< y< 4, 
Number for which zy <4 is given by [fdzdy for 0<2< 4,0<y<4 


O< ay <4,ie4 4 Kew 


129. Take x to be the greatest part, and y one of the others; the third is 
a4—x-—y<z2. Total number is measured by the quadrilateral A(}a, 0), B(a, 0), 
(4a, $2), D(fa, $a). If c lies between $a and a, the line x = c divides the quad- 
rilateral into two parts, one for which x > c and one for which x <c. Results 
(i) 2/3, (ii) 1/16 

131. ja, the mean value of (a—a%—y) over the triangle 2x7 + v= a, 
2y+e=a,er+y=a. 

139. 14ka*, where k is the constant of proportionality. 140. 6ak/5 

141. 1/(n+ 1), the mean value of z, for the region 0 < Mt tet.. wt a4,< 1. 

142. a°/60, the mean value of zy(a — x — y) forO< a+y<a. 

143. 1/10, the mean value of x? for the volume 0 <a+yt+2c1. 


CHAPTER X 


FUNCTIONS OF A COMPLEX VARIABLE. CONTOUR 
INTEGRALS. 


10. Introduction of Complex Numbers. The inadequacy of the 
real domain of numbers for all the purposes of analysis is most simply 
shown by considering the general quadratic equation ax? + 2bz +¢=0; 
for this equation has no real solution when b? < ac. In solving such 
an equation as z? + 4% + 13 =0, for example, we are led to the formal 
result + +2 = + +/(— 9), which is meaningless, if complex numbers 
have not been defined. If, however, we assume for the moment that 
there exists a number é obeying the laws of algebra and also the law of 
multiplication 1 x 7 = — 1, we can write the above solution in the form 
z= —2-+3i. This suggests that the notion of number may be extended 
in such a way that it will be consistent to use for its representation the 
symbol « + iy, where «, y are real and where 7 x 4 may be replaced by 
—1. It is easy then to deduce that the numbers must obey the follow- 
ing rules for addition and multiplication : 

(@ + 141) + (%2 + ty2) = (%1 + a) + Uy + Ys) 
(x1 + iys)(@2 + tye) = (Liv. — YxY2) + arya + Ley:). 

10.01. Definition of Complex Numbers. A complex number is defined 
to be a number-pair (x, y) (where x, y are real), obeying the laws of 
algebra and the following laws of addition and multiplication : 

Addition : (xi, Yi) + (2, Ys) = (% +22, Yr + Y2)- 

Multiplication: (a1, ys) X (®2 Yo) = {(G%2 — YrY2)s (ZiY2 + Lays) }- 
Thus only the notion of real number is used in this definition. 

The number (z, 0) is called a real number and corresponds to (but 
is not logically identical with) the real number a of the unextended 
domain. No ambiguity arises by using the same symbol z for its repre- 
sentation. In particular (from the definition), : 

(a, 0) + (%2, 0) = (%1 + %2, 0); (a1, 0) X (@2, 0) = (422, 0) 
and these equations are consistent with the operations in the original 
domain of real numbers. Again, k x (a, y) = (k,0) x (a, y) = (Ae, ky). 

In particular (— 1)(, y) = (— 2, — y), and it is consistent to write 
— (x, y) for (— 1)(2, y). 

The idea of subtraction may be included in that of addition by defining 
(@1, Ys) — (22; Y2) to mean 

(1, Ys) + {— (Ga, Yo)} = {(@1 — 22), (Ys — Yo) }- 

Let the number (0, 1) be denoted by +; then yi = y(0, 1) = (0, y), 
and such a number is said to be purely imaginary. 

Now (a, y) = (z, 0) + (0, y) pe 0 yi (or = + ty). 
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Again, (x, y) X (z, y) = (* — y?, 2vy) and this number may be 
written (x, y)?. 

It follows therefore that 1? = (0, 1)? =(— 1,0) =—J1. The use of 
the symbol x +- iy, where 1? = — 1 is therefore justified. 

Notes. (i) If z =a + ty, =z is called the real part of z and written 
R(z), whilst y is called the imaginary part of z and written I(z). 

(ii) If 2, + ty, = x, + tye, then 2, = 2%, ¥: = Y2- This is implied in 
the definition and may be verified by squaring each side of the relation 
, — %, = (y, — y2)t. In particular if x + 1 = 0, then ce = y = 0. 

(iii) The number Z = a — ty is called the conjugate of z (= x + iy). 
If z= 0, then Z = 0 (and conversely). 

(iv) The number (x, + ty,)/(x_ + ty2) is defined to be the number 
3 + tys, if it exists, that satisfies the relation 

(@s + %s)(@2 + te) = (#1 + ty). 
But if x, + iy, ~0, then 2, — iy, +0 and therefore 
(ws + tys)(ay + Y4) = (ti + tys)(@2 — tys) 
LL, + YiYo Bi aay) az TY) whilat 
Ly + Yo 
2; + ty; does not exist if z,+%iy,=—0. In this way, division by a 
non-zero number is defined. 


ie. %; + ty, exists and has the value 


3 — Qi 
Example. YExpress es in the form A + iB where A, B are real. 


[as (8 — #)(7 — 4%) Beye 

The above number is —44——g; = — 27 + 4iy7 — 4a) — — Bt io" 
10.02. Geometrical Representation of Complex Numbers. A complex 
number z (= x + iy) obeys the vector law of addition, when z, y are 
regarded as components. It may therefore 
be represented by the displacement-vector 


—> 
OP where (zx, y) are the co-ordinates of P 
referred to (rectangular) axes through 0. 
(Fig. 1.) 

10.03. Modulus and Amplitude. The 
length (absolute) of OP is called the 
modulus of z and is usually written 
|z| or mod z. Thus 

lz| = V(@* + y*) (=7). 
> — 
The angle that OP makes with OX is called the amplitude (or argument 
or phase) of z and is written amp z (or am z or arg 2). 

If the number (x +- iy) is given, the amplitude is many valued, but 
that value 6 that satisfies the inequality — 2 < @ <z is often called the 
principal value ; and therefore amp z is, in general, equal to 0 + 2kzx (k 
being integral (-L) or zero), 

. The principal value is one of the values of arc tan (y/z) but is pre- 
cisely given by the equations cos @ = a/r, sin@ = y/r. (-x <6 <z.) 
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Notes. (i) Fig. 1 is called the Argand Diagram. The phrase ‘the point z’ is 


used for ‘the point P when OP represents z.’ 


(ii) If the point z moves in a prescribed path in the plane from A to B, and 
amp z is prescribed at A (say the principal value), then the value of amp z at B is 
obviously determinate. Thus if P describes a closed curve surrounding Q, its 
amplitude increases by 22, whilst if it describes a simple curve not containing O 


within it, its amplitude is unchanged. 


(iii) It is sometimes more convenient to take the principal value 8 to be the 


angle that satisfies the inequality 0 < 0 < 22. 


10.04. Addition and Subtraction. If 
P,, P, are the points z,, ,, then Q the 
fourth vertex of the parallelogram 
determined by OP,, OP, as adjacent 
sides is the point 2, +2. (Fig. 2.) 

> —> 
Thus OQ =z, +2, and P,P, = 2, — 2s 
so that the sum and difference are 
represented by the diagonals of the 
parallelogram. 

From the figure we obtain respec- 
tively from the inequalities : 

0Q <OP,+P,Q; P,P: < OP, + OP, 
0Q > OP, ~ P,Q; P,P, > OP, ~ OP; 
the corresponding inequalities : 
|21 -- Z| < |z,| + |z2| 3 |Z, e Z| < |z1| “F |2,| 
21 + %=| > | Jes] — leal |s | 2 — zal > | Leal — [eal 
(these of course being variations of the same inequality 
|u| + |B] > | + B)). 

10.05. Multiplication and Division. If 2, = 1,(cos 0, 

Z, = 7,(cos 0, + 7%sin.6,), then 
Z12_ = Ty"2(cos (0, + 8.) + sin (6; + 42)) 


a a sin 6,), 


le. |eza| = rire = |z,|-|22] and amp (2,22) = 0, + 6. + Qk. 
Thus one of the values of amp (z,2,) is amp Zz, + amp 2. 


Again, (2;/22) = (r1/r2)(cos (6, — 92) + 7 sin (8, — 92)), so 
|21/2| = |zs|/|zal 
and one of the values of amp (z,/z2) is amp 2, — amp 2,. 
By repeated applications of these results, we find that 
_ [el-leel -- - \Znl 
Je,|.|wa] . . - [Mm 


Lt Re 
WyWe . ++ Wm 


and that one of the values of amp {(2,22 . - - 2n)/(wit2 - - 


s amp 2, — s amp w,. 
1 1 


Example. Formulae for cos (6; + 9, + .. + + 6,),sin (0, + 0, + 
tan (0, + 0, + ..- + 9,) in terms of the circular functions of 6,, 43, 
be deduced from the above result. 


that 


+ Wm) } i 


oo + + 4,), 
» . + 0, may 
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For cos (0, +6,+.. - +0,) = RI (cos 8, + i sin) 
and SST ee eat It (cos 0, + 5 sin ). 


I ir + i tan 6,) 


—8 +8... 
Also tan(6,+6,+. . + 6,) = = er aes 
R IT (1 + 4 tan 6,) A a 

where 8, is the sum of the products of f eptenil . . », tan 6, taken r at a time. 


For example, 
cos 5A = R(cos A + isin A)5 = cos’ A — 10 cos? A sin* A + 5 cos A sin‘ A. 
fen te ooh tan A tan B tan C 

— tan B tan C — tan C tan A — tan A tan B 


10.06. Demoivre’s wie (Integral Exponent.) From the previous 
paragraph we deduce that (cos 6 +- 7 sin 0)" = cos nO + 7 sin 8, when n 
is a positive integer. This result is known as Demoivre’s Theorem (for 
a positive integer). 

When » is not a positive integer, we interpret (cos @ + %sin 6)" by 


tan(A+B+0)= 


means of the Laws of Indices. Thus if m = — m, where m is a positive 
integer, 
(eos 6 +-Fen ORO 0S 9 a 
(cos 6 + ¢sin6)™ cos m@ + ¢sin mb 
= cos m§ — 7 sin mO 
= cos nO + isin nO. 


The theorem is therefore true for a negative integer, and is obviously 
true for n = 0. 


(2 + #)(3 — 4) 


a easy Noone 


Examples. (i) Find the modulus and amplitude of 


/6.4/10 al Gr 
V1.5 
Amplitude is 2k + arc tan (4) — are tan ($) — are tan (}) — are tan 2 
= 2kn — 69° 20’ (approx.) or, simplifying the original number to (23 — 611)/85, 
we find that the amplitude is 2k — arc tan ($4) = 2km — 69° 20’ (approx.). 
(ii) Prove that 2 aro tan ($) + are tan (+) = 3a. 
The left-hand side is the principal value of amp (3 + 1)*(7 + i), i.e. of amp. 
50 (1 + 7) and is therefore ja. 
(iii) tr(cos 6 + i sin 8) = r {cos (8 + $7) + isin (0 + $7)}. 
Therefore, multiplication of a complex number by ¢ is aaa to rotation 


of the vector through 90° in the same direction as that from ox to oY. 

(iv) Ifz, (= % + ty), 2 (= %_ + iy,) are the opposite corners of a square, find 
the co-ordinates of the other corners. The centre of the square is }(z, + 2,) and the 
given diagonal is represented by (z, — z,). The other corners are therefore given 
by (2, + 2) + 4421 — 22): 

The other corner ure, werefore $(2, + % Fy: + Ya) Ut F + 1 + Y2)- 


(v) Show that cos n§ — cos na = 2-1"TT {cos 0 — 00s a+ =) 
cos n8 = R(cos @ + isin 0)" = cos" @ — "C, cos"~*26 sin? @ +. 
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This may be expressed as a polynomial in cos 6, of degree n, the coefficient of 
cos" @ being 1+ "C,+"C,+. 
ie. ${((L + 1)" + (1 — 1)"} = 2-1, 


But cos n@ = cosnx when Gime a) a) +(e +=), + («4 =), ote, 3 ee 


2 
therefore the different values of cos 6 are included in the set cos | « + =) (c.=0 
to n — 1), which are all different (except possibly when cos ra = + 1). 


n—1L 
Thus cos n8 — cos na = 2"-1 JT {cos 9 — eos a +) } 
0 


, _ % , Oe . (n—I1)x n 
(vi) Show that sin> sin... sin —>—— =9a=7- 


From Example (v) above, when «—> 6, we find 


=— i n—1 
on PT iT sin = sin (0 + ©). 
a—> 9 ©0860 — cosa sin 6 n n 


Let 6 —> 0, then n? = 22"-2 ‘ *sint(™ ), from which the result follows since 


sin > 0 (r= 1 to n—1), 
(vii) Express sin® 6 cos‘ @ and sin*@cos*@ as linear combinations of the sines 
and cosines of multiples of 6. 
Let z = cos@ + isin 6, then 2cos? =z+1/z, 2isin0=z-—1/z. Also 
2 cos nO = 2" + z—-" and 2i sin n8 = 2” — z-", 


ges (28 sin 0(2* cost @) = (z — +)'(e + +) 


= (z19 + 2-10) — 2(28 + 2-8) — 3(2® + 2-8) + B(z4 + 2-4) + 222 + 2-2) — 12 
i.e. 512 sin® 0 cost @ = 6 — 2 cos 20 — 8 cos 40 + 3 cos 60 + 2 cos 80 — cos 100. 
Similarly, 16 sin* @ cos* 6 = 2 sin @ + sin 30 — sin 50 


10.061. Demoivre’s Theorem. (Rational Exponent.) From the laws 
of indices, the function z!/” = w is interpreted as one that satisfies the 
relation w” = z (m is a positive integer). 

Let z = r(cos 6 +7sin 6) and w= p(cos$ +iésind). Then 

p™(cos mp + 4 sin mp) = r(cos 6 + ¢ sin 6). 
Since p is real and positive, p = r!/™; and we have also md = 2ka + 0. 

Thus one value of ¢ is 6/m and there are (m — 1) other values that 
lead to different values of w; these may be taken as (6 + 2kx)/m 
(k =1 to m—1). One value of z!/™ is therefore 

7/m(cos (8/m) + 4 sin (8/m)) 
and there are (m — 1) other values obtained by adding multiples (integer) 
of 2x/m to the amplitude. The function z!/” must therefore be regarded 
as m-valued, unless its amplitude is specified. It is convenient in prac- 
tice, however, to regard the symbol r!/™ (when r is real and positive) as 
one-valued and as meaning the real positive value. 

More generally, if p, q are integers, prime to each other, and g > 0, 
the function 2”/2 is r?/4(cos p@ + 7 sin p@)!/¢ and therefore one of its values 
is r?/¢ {cos (p6/q) + % sin (p0/q)}; it has (g — 1) other values obtained 
by adding multiples of 2/q to the amplitude of the above value. The 
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symbol 7?/2 is in this case used for the determinate number (real and 
positive) 1/(r-?/2) if p< 0. 

Taking r= 1, we can therefore say that one of the values of 
(cos 6 + sin 6)" is cosn# +7 sin nO (n rational). 

Note. When « is irrational, (cos @ + isin @)* may be defined as the limit, if 
it exists, of (cos 6 + isin 6) where «,, is any sequence of rational numbers that 
tends tow. This has an infinite number of values given by 
lim {cos «,,(9 + 2kz) + isina,(0 + 2kr}, ie. cosa(O + 2kx) + isin a(@ + 2kz) 
since cos ¢, sin ¢ are continuous functions of ¢. 

When such a function occurs, however, we are usually concerned with the par- 
ticular value cos a + isin «0, and in any case, it is more appropriate to use the 
exponential (and logarithmic) function in its expression. 

10.062. The n nth Roots of Unity. The roots of the equation 2” = 1 
are called the » nth roots of unity. By the previous paragraph, they are 


cos + i sin (r =0 to n—1) 


z"=I 
Fig. 3 
: Qo0 27 : 
ie. 1, aw, a, ..., «1! where « = cos— +isin—. They are given 
n n 


by the vertices of a regular polygon of m sides inscribed in the circle 
z+y%=1. (Fig. 3.) It is useful to note that 
ltatet+...+oa%1=0. 
This follows from the fact that the coefficient of z*~! in the equation 
z™— ] =0 is zero (or because («” — 1)/(a — 1) =0, « #1, or by the 
vector law of addition). 
The three cube roots of unity are often denoted by 1, w, w? where 
@ = cos aan w? Ba Rage Gone 
s° 3 3 
Le. @, w? = 4 ord 2 09 and 1+o+o?=0. 
Note. If y is any root of the equation 2” = f, then the other roots are ya, 


2 - ‘ 2a A 
yu*, . .%., ya"-1 where « = cos = + ¢sin =. 


Examples. (i) The three roots of z° + a3 = 0 are — a, — aw, — aw-. 
(ii) Solve the equation z4 + 1 = 0. 
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One root is cos 2/4 + isin 2/4, ie. (1 + %)/4/2, and so the four roots are 
given by + (1 + 1)//2. 

(iii) Solve the equation z® = 1 — iv/3. 

1 — ivV3 = 2(cosx/3 —isinz/3). The roots have modulus 2¢ and their 
amplitudes may be taken as — 2/18 + r7/3, (r =0'to 5). Thus, the six roots 
may be written 
+ 2i(cos 2/18 — isin 2/18), + 24(sin z/9 — i cos 7/9), + 24(sin 2n/9 + % cos 27/9) 

(iv) Solve the equation 2* + (z + 2)* = 0. 

He t+ 2 a3 * (see Example (ii) above). 

The roots are — 1 +(1 + /2)i. 


10.07. Sequences of Complex Numbers. If x, y, are convergent 
sequences of real numbers that tend respectively to a, b then the sequence 
of complex numbers z, (= % + ty») is said to tend to the limit a +.2. 

This is consistent with the definition of limit for real sequences, since 
it may be shown that the necessary and sufficient condition’ that z, 
should tend to a limit is that |z,, — z,| should be ultimately small. The 
condition is necessary because |2, — 2n| <|%m— nl + |Y%m — Yn| and 
itis sufficient because |a_, — &p| < |@m — %n| and |Ym — Yn] <|%m — 2nl- 
Thus if z, —> «, then, given e (> 0) we can find m, such that |z, —a| <« 
for all n >7n,; ice. all the points z, for m > mp are within the circle 
centre « and radius «. 


10.08. The Sequence 2. If z = r(cos 6 + 7sin 6), 
z” = r™(cos nO + 7 sin 8). 
Therefore 2" —> 0 when |z| <1 (since | cos |, | sinn6| are <1). If 
|z| > 1, 2” oscillates infinitely (except when 6 = 0 or 2kz, when z is real 
and positive and z"—> + 0). If |z| =1, 2” oscillates finitely on the 
unit circle |z| = 1 (except when 0 = 0 or 2kx, when 2"— 1). 

Notes. (i) If |z,| is bounded and z,, does not tend to a limit, the sequence z, 
is said to oscillate finitely. If |z,| is unbounded, then z,, in general, will oscillate 
infinitely. If, however, amp z,, tends to a definite value a, we may say that z, 
tends to oo in the direction «. For example if zn = ¢ + iy, where c, y, are real and 
y, tends to + 0, we may say that z, tends to oo in the direction of the y-axis and 
write z, —> ¢ + 10. 

(ii) If z,, —> &, Zp,’ —> B, 2,” —> y, - - »» then by proofs similar to those for real 
sequences, we deduce that R(zp; Zn’, %n" - - -)—> Rw, By, + - -) where RF denotes 
a finite number of fundamental operations on its arguments and where there is no 
division by zero. ‘ 


10.1. Functions of a Complex Variable. When z, y are con- 
tinuous real variables, we may regard z (= x + ty) as the continuous 
complex variable since z—> a + tb when g, y tend continuously to a, b 
respectively. A function w of the form u(x, y) + iv(z, y) is a function of z 
(in the general sense), since, when z is given, « and y are known and w is 
determined. Actually, however, as we shall see later, the function that 
is important in this theory is a particu’ar type of this general class. It 
should be noted that for the general class, w is a continuous function of 
z if u, v are continuous functions of x, y (continuity being defined in an 

12 
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obvious way). For if wu—>«, v—>f when z— a, y—> }, then 
w—>a+ ip 
when z—a + 2b. 

Thus (x + iy)?, 2 — ty, »/(x* + y?), +/|xy| are all continuous func- 
tions of z for all z, y. 

Also the fundamental theorems on limits of functions of a real variable 
may be extended to functions of a complex variable. More definitely, 
if w:— p, w,—>o when z— 2, then (by the method used for real 
variables), w, + w,—> p + 0, yw, — po, (w,/w2) — (p/a) (co #0), when 
Z—> 2. 

10.11. The Polynomial and Rational Function. A function of the 
form a2" + a"-1+...-+4@,, where » is a positive integer and 
Qo, Gy, . «5 Gy are complex is called a Polynomial of degree n in the 
complex variable z. It is obviously continuous for all values of z. 

A function R(z) of the form P(z)/Q(z) where P(z), Q(z) are polynomials 
is called a Rational Function of z and is continuous for all values of z 
except those that make Q(z) zero. 


Example. The polynomial 1 + nz + ae we +...+2" is equal to 


(1 +z)", the proof (by induction, for example), being the same as for the real variable. 
10.12. Series of Complex Numbers. If wy, = Un + Wp, where Un, Up 


n n n 
are real, then S, (= 2w,) = Xu, + i2v,, and therefore S, converges to 
1 1 1 


n n 
u +, if Xu,, Xv, converge respectively to u, v; and we may write 
7 1 


S= Su,=u+w. 
1 


It is necessary and sufficient for convergence that, given « (>> 0), we 
can find a suffix n, such that 


m+p 
w, <e for all m >, and all positive integers p. 
m+1 


10.13. Absolute Convergence of Complex Series. Since 
m+ 
De 
m+1 


the convergence of 2|w,| implies that of Xw,. In such a case Lw, is 
1 1 1 


mt 
< 


m+1 


W, > 


said to be absolutely convergent. The convergence of s |w,| implies 
1 
that of z |u,| and So, | where w, = u, + tv, (and conversely); and 
1 yi ' 


therefore the value of Sw, when the series is absolutely convergent, is 


1 
independent of the order of summation of the terms. 
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Example. 1 + Fe + ee . . . (Hypergeometric Series). 


Wy (n+1)(n+y)| 1 ‘ 1 
—*| = |—________—_| __. which —> —> o. 
aril \(ntaln+An ie” ele 
There is absolute convergence when |z| <1 (y not being a negative integer). 
If |z| > 1, the series cannot be convergent since the nth term does not tend to zero. 


oy. eect te 2 ee 
If jel =, caaait’ h oo -" » (ky, bounded) 


Bk 
+3 


A 
where p = R(1 + y — « — B). 

There is, therefore, absolute convergence when |z| = 1 if R(y — « — f) >0 
and the series cannot otherwise be absolutely convergent. It may be proved (Chapter 
XI, § 11.07) that the series converges (not absolutely) when 0 > R(y — « — B) > —1 
except when z = 1 and that the series does not converge when R(y — «a — 8) < —1. 


10.14, Power Series. (Complex Variable.) Let 
F(z) =a) + az +a z?+...+a,2%+... 


Suppose that lim Gn 

n—>n |On+1 

absolutely convergent if |z| < R and is not convergent when |z| > R. 

Thus F(z) is defined at all points within the circle |z| = R and possibly 

for points on this circle. The circle is called the Circle of Convergence 
and R the Radius of Convergence. 


Note. The series need not converge at any point of the circle. It may converge 
absolutely at all points of the circle (e.g. Xz"/n®); and series can be constructed 
‘that converge (not absolutely) at all points of the circle. (Pringsheim, Math. Ann., 
Bad. 26, (419).) 


In many cases @,,/a,,, can be expressed in the form 
(1 + p/n + k,/n2)p 
(p, windependent of and |p| = R), where k, is bounded, from which it 
follows that |a,/a,4,| is of the form (1 + o/n + A,/n*)R where A,, is 
bounded and o = R(u). There is therefore absolute convergence for 
\z] = R when R(x) > 1. 


Notes. (i) It may beshown (Chapter XI, § 11.19) that there is convergence (not 
absolute) when 0 < R(u) < 1 on |z| = R except when z = R and that the series 
is not convergent on |z| = R when R(u) < 0. 

(ii) In many cases a, is real and the problem of convergence is simplified. 
Suppose for simplicity that R = 1 (a case to which the general case is reduced 
(R 0 or o) by the substitution z = Rf). 

When |{z| = 1, z = cos@ + isin@, and the series becomes 

(Xa, cos nO) + i(La,, sin n). 

This converges when both the series 2a, cos 20, La, sinn@ converge. Thus 
there is absolute convergence when 2a, is absolutely convergent. More generally, 
there is convergence (not necessarily absolute) when a, —> 0 (6 +0 or a multiple 
of 2x); if 6 = 0, Za, cos nO converges or diverges with Za,, whilst Ya, sin n8 = 0. 
(Chapter XI, § 11.08.) 


Many of the properties of power series in the real variable can be 
extended to power series in the complex variable, appropriate modifica- 
tions being made in the meanings of the terms employed. The pro- 


exists and has the value R. The series is 
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perties involving integration will be given later in this chapter (§ 10.43 
et foll. ), but in the meantime we note the following : 


2; Saye” i is a continuous function of z within its region of convergence. 
0 


Il. (Sa,2") x (3b,2") al Tab, + ayb,-1 +... +a,b9)2” at least 
0 0 0 
when z is within the region of convergence of both the series Sa,,2", Xb,2”. 


II. Lim Sa,0" = Sana when the series on the right converges 


2—>z, 0 0 
where |z,| = R and z—> z, along a radius (Abel’s Theorem, simplified). 
The properties I, If may be proved by the same method as that used 
for the real variable ; and property III in this simple form is an imme- 
diate consequence of Abel’s Theorem for the real variable. 

For let z= t(cosa +isina) where z = R(cos«+isina); then 
on the radius through zp, 

Xa,2" = La, (cos na + 4 sin na)t”, (¢ real with O <t < R). 

But it is given that 2a, cosna R” and La, sin nx R” are convergent. 

Therefore by Abel’s Theorem for the real variable, it follows that 
20,2" —> La,Z% 

when t—> R. 

Notes.—{i) The result may be proved true when z—> 2, by any path in the 
circle that lies between two chords passing through 2», e.g. when the path cuts the 
circle at Zz) at a finite angle. (See Picard, Traité d’ Analyse, II, 73; Titchmarsh, 
Theory of Functions, 7.6.) 

(ii) The converse of Abel’s Theorem, viz. that if 2a,z" —> s as z—> 2 along 
a suitable path (where |z,| = R), then 2a, —> s is not true in general; but this 
converse is true if (i) a, = o(1/n) (Tauber). (ii jan = O (1/n) (Inttlewood). 


10.15. Derivatives. Tf lim es exists, the limit is called 


5z—>0 


the derivative of f(z) and is written f’(z) or - a Thus since 


(z + dz)" — 2” = nz"—! dz + O(|dz|*) 
the derivative of 2” is nz"~! when n is a positive integer. 


Note. We use the symbol 0 {|@(z)|} for F(z) when | F(z)/G(z)| is bounded in 
some neighbourhood. 


Now consider the continuous function f(z) = x* + iy. 
Fare fete) =f) 2a 3 3 A 3 HE 
da + 4 dy 
and this does not a to a unique limit when dz, dy tend independently 
to zero. , 
In particular, if 6c = h cosa, dy = h sina, then dz — 0 when h — 0 
along a fixed direction (« constant). The limit is 
lim 2h(x cos x + ty sina) + O(h*) _ 2(a + ry tan a) 
h—>0 A(cos « + 7 sin a) 1+itana 
which depends on the value of «. 
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It is therefore indicated by the above that the type of function that 
is important in this theory is one that possesses a derivative independent 
of the way in which é6z— 0. It is obvious that such a function as a 
polynomial has this property, since a polynomial consists of certain 
simple operations on the variables x, y when these variables occur only 
in the particular combination x + %y. The property itself is, however, 
independent of the way in which the function possessing it is expressed 
or determined and provides a suitable definition of the class of such 
functions. 

10.16. Analytic Functions. (Cauchy.) The previous paragraph 
suggests the definition of a class of functions and these are called analytic. 
If w is a function of z such that lim éw/éz exists at a given point when 
6z—> 0 in any way, the function w is said to be analytic at that point ; 
and if w is analytic at every point of a given domain D, it is said to be 
analytic throughout D. 

Let w = f(z) and let z, z) be two points of the domain in which f(z) 


is defined. If w is analytic at zo, f iba zit tends to a limit which may 
“— “0 


be denoted by f’(zo) as 2—> Zo; Le. given ¢ (> 0), we can find 6 (> 0) 
such that 

S@) =f(@0) + (@ — 20)f' (Zo) + MZ — %) and [A] <e 
for all points z within the circle | — 2o| = 0. 

10.17. Elementary Analytic Functions. The rules for the differentia- 
tion of w, + w,, WyW2, W,/w, Obviously apply to functions w,, w, of the 
complex variable; and in particular the derivative of z” is proved to 
be nz"~! (at least for integral) by the same method as that used for 
the real variable. Thus the rational function is analytic except for those 
values that make a denominator vanish ; and its derivative is obtained 
by the application of the above rules and by the use of the derivative 
of 2”. Again, a function defined by a power series is analytic for the 
interior of its circle of convergence, and its derivative is obtained by 
differentiating the series term-by-term. It has been shown in the proof 


for power series in the real variable that if F(x) = Xa,x”" then 
0 


Fie th = Fe) tae) bt nF (x) da 


where F’,(x,) is the series obtained by differentiating F(x) + times term- 
by-term with respect to x, and where |h| < R — |z|; and that by using 
the property of continuity, F',(z9) = F(x). The same proof is applic- 


able to the series F(z) = Xa,z" so that not only is F(z) analytic within 
0 


its circle of convergence but it possesses analytic derivatives of all orders 
and is capable of expansion in an infinite Taylor series at z = z) given by 


Fle) = F(z.) +(e —z)F'(es) +. $2 Pee, e... 


r! 
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this series being convergent at least within the circle determined by 
2— %| = R— |a,. 

| Thus the pn function and functions given by power series are 
not only analytic within a certain domain ; they possess analytic deriva- 
tives of all orders within that domain. This property is true of all. 
analytic functions, but to prove it generally we must introduce the notion 
of integration. 

10.2. Contours. The integral of a function of a complex variable 
is an integral along a curve on the z-y plane, but we shall deal here 
only with simple curves of an elementary type. 

It will be assumed, therefore, that (i) when the curve is given para- 
metrically by the equations x = 2(t), y = y(t) (ts <t < T) the functions 
x(t), y(t) are continuous and possess derivatives 2'(t), y(t) which are con- 
tinuous except possibly at a finite number of points where the discon- 
tinuities are finite ; (ii) two different values of ¢ do not lead to the same ~ 
point (x, y); (iii) the curve can be divided up into a finite number of 
parts in each of which y (or x) can be expressed as a continuous function 
y(x) (or x(y)) possessing a derivative y'(x) (x'(y)) continuous except at a 
finite number of points when the discontinuities are finite. 

If x(t,) = 2(T) and y(t.) = y(Z), the curve is closed, thus providing 
a single exception to assumption (ii) above. In this theory, it is usual 
to call a closed simple curve a closed Contour, but this must not be con- 
fused with the other use of the term as a level curve. We shall regard it 
as obvious that a closed contour divides the points of the z-y plane 
into three categories (i) those on the curve, (ii) a set forming the anterior, 
(iii) a set forming the ezterior; and if z, is interior to the curve, the 
change in amp (z — Zo) when z “describes the curve once in the counter- 
clockwise direction is 27, whilst if z, is exterior, the change is zero. 

The curve we consider here therefore does not cross itself, has a finite 
length, covers zero area and encloses a finite area, and may have a finite 
number of corners. 

We shall find, however, in subsequent applications that only arcs of 
circles or segments of straight lines are used to form the contours and 
therefore no difficulties relating to the general theory of curves need arise. 


10.21. The Process of Dissection for an Area. Suppose that f(x, y) 
possesses a property in the domain consisting of a contour C and its interior 
A: Let the domain be divided into any two parts and suppose that the 
property is of such a kind that it must be satisfied by f(x, y) for at least 
one of the parts. Then Ly a process of subdivision analogous to the 
process of bisection for an interval, it is possible to find one point of the 
domain in the neighbourhood of which f(z, y) possesses the property. 

A neighbourhood of an interior point P(x, Yo) may be defined as 
the domain specified by {2 — z,| <4, |y — yo| <6 (6 > 0), and 6 can 
be taken sufficiently small (but not zero) to ensure that all points of this 
neighbourhood belong to the domain. A neighbourhood of a point 
P(x, Yo) on the boundary C may be defined as the domain common to 
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the given domain and that specified by |x — x.| <6, |y — yo] <6(6 > 0); 
and (since a line parallel to an axis meets C in a finite number of points), 
6 can be taken sufficiently small to ensure that this neighbourhood is a 
single area (i.e. is bounded by a simple contour). 

Take a square whose sides are parallel to the axis and is such that 
C is interior to it (Fig. 4); the sides of the square being given by z = a, 
A,; y=), B, (41 —a,= B, —}; =c>0). Divide this square into 
4 quarter squares by the lines 22 =a, + A;, 2y=6,+3B,. Then, ¢ 
having been chosen sufficiently small, the lines of subdivision divide A 
into a finite number of parts, and f(x, y) must possess the property in 


5, 


one of these sub-regions (including its boundary). Let the quarter 
square in which such a sub-region lies be specified by x = a,, A.; y = by, 
B, (A; — a, = B, — 6, = ¢/2). Divide this quarter square in 4 quar- 
ters and let the process be continued. After (n — 1) steps in this con- 
tinued subdivision, we have a square specified by z= a,, A,; y = by, 
B, (An — Gn = B, — by, = ¢/2"-1) and this square contains a finite 
number of sub-regions (belonging to the original domain), within one of 
which at least f(x, y) possesses the property. The monotones a,, A, 
obviously tend to the same limit x), and the monotones b,, B,, to the 
same limit y>. The point (2, yo) is interior (in the broad sense) to every 
selected quarter-square, and ultimately every selected quarter-square is 
interior to C, if (%», yo) is interior to C (since a line parallel to an axis 
meets C in a finite number of points). Thus, when (%», ¥) is interior 
to C, a neighbourhood (complete) of (a, yo) exists in which the property 
is satisfied. Similarly, if (zo, yo) is on C, a neighbourhood (partial) if 
(Xo, Yo) exists for which the function possesses the property. 
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10.22. Uniform Differentiability. If a function f(z) is analytic in a 
domain D and z, is any point of D, then given e (> 0), we can find 6 (> 0) 


such that 

\f(@) — f@0) 

| aig -2e) 
The value of 6 that is suitable at z, will not, however, be suitable, in gen- 
eral, for all points of D. We can, however, show that a value of 6 (> 0) 
exists that is suitable for all points of D. An analytic function is there- 
fore said to be uniformly differentiable in D. Let D be divided into a 
finite number of parts D,, . . ., D,. If 6, is suitable for all the points 
of D, (r = 1 to m), then min (6,) is obviously suitable for all points of 
D. Suppose that 6 does not exist for D; then by the process of dissec- 
tion, there exists a point z, in the neighbourhood of which a 6 cannot 
be found. But the neighbourhood of z, can be chosen sufficiently small 
to lie entirely within any circle |z — z,| <6 and we thus arrive at a 
contradiction. 


10.23. Conjugate Functions. Let w= f(z) be analytic and let its 
derivative be f’(z). Then w may be expressed in the form u + ww, where 
u, v are functions of z, y. The functions wu, v are called Conjugate. Now 
dw = f’(z) dz + where |A| < ¢|éz| in the neighbourhood of a point z. 

Let f(z) =U -+iV where U, V are functions of 2, y 
Then du = U dx — Vdy+p; w=Vdr+Udy+ea 


— Fo) S Sha te we ee: 


where |p| = |R)| < ja] < e|dz| 
and lo| = |I(A)| < |A] < ede]. 

Thus wu, v are differentiable functions for which 

u, = U =», and u, = — V = — »,. 

The equations u,=v,; U,—=—v, are called the Riemann-Cauchy 
conditions. 

Conversely, if u, v are differentiable functions in a domain D, such 
that u, =v, and u, = — v, then u + w (= w) is an analytic function 


of z, For du =u,de + u, dy + 0(|62|); dv = v, dx + vy dy + o(|dz|) 
and therefore du + 76v = (u, + iv,)(dx + 7 dy) + 0(|da + 4 dy}) 


i.e. ae oe Puhr ee exists and has the value 


dz — se—-»0 Ox + 2 dy 
u, + Ww, = — K(u, + w,). 
It follows from Cauchy’s Theorem (proved later) that wu, v possess deriva- 


tives for all orders; and if we assume this result for the moment, we 
find that 


Ung + Uyy = 0 = Upp + Vyy- 
Thus u, v are solutions of Laplace’s equation \/*V = 0 and are therefore 
/ called Harmonic Functions (in two dimensions). 
If one of the functions is known, the other may be determined (except 
for an arbitrary constant); for 


ee fv dex + u, dy) = { (v, dr — v, dy). 
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For example, v = 2ey satisfies the equation V*v = 0, and therefore 
t= [cx dz — 2y dy) =a? —y* +c. 


The gradient m, of the curve u(x, y) = constant, at the point (z, y), 
is given by m, = — u,/u,; and the gradient m, of v(x, y) = constant, 
at (zx, y), is given by m, = — v,/v,. But mym, = UzV_/UyYy = — 1 and 
therefore the curves u(x, y) = constant, v(z, y) = constant, if they inter- 
sect in real points, do so at right angles. 

Conjugate functions are important in applications where it is required 
to determine solutions of Laplace’s equation V2V = 0, satisfying certain 
boundary conditions. For example, if wu is a harmonic function 
V (=u —c) is a solution that vanishes on the boundary u = c; and 
if u were a potential function, v = constant would represent a line of force. 


10.3. Complex Integration. Let the equations giving a simple 
curve of an elementary type connecting two points A(z,), B(Z) be 


z= a(t), y¥ = y(t). 
Suppose that (= 7) i= z) are continuous in t; <t <T' (except 
possibly at a finite number of corners), where 2% = HAto), Yo = (te), 


X=2xT), Y=y(L), 2% =%o + Yo, and Z= X++2Y. It can be 
assumed that the parameter ¢ is chosen so that 7’ — t, is finite. 


rig. 5 


B 
The line integral j (P da + Q dy) where P, Q are continuous functions 
A 


© 
of z, y is defined to be | (Pé + Qy)dt. If R, S are two other continuous 
to 


B 
functions of z, y, the expression | (P + iR)dx + (Q + iS)dy is defined 
A 
B B 
to be | (P dx + Q dy) + il (Rd« +-Sdy) and is called a complex 
A A 


. Z 
integral. The expression | f(2dz, hitherto undefined, is defined to be 
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B B 
[ + w)(dx +idy), ie. } (u da — v dy) + if (vdx + udy) where 
A A A 


f(@ is continuous and equal to u + iv. 
_ To justify this notation, let the interval (t,, T) be divided into n 
sub-intervals by the values t,, t,, . . ., tn—1 Where 

i<t<h<.. Re eat td 
and let P, correspond to the value ¢,, with P, = Ay Perak. «lugk 
% =, +, Also let ¢ be any point in the interval t& <t Sts 
and z, =, + ty, be the corresponding point P.. 

Suppose, for the moment, that ¢, 7 are continuous functions of ¢ in 
to <¢<T. They are therefore uniformly continuous, and given 
&; (> 0), the interval (¢,, 7) can be divided into » parts at t, such that 
in every sub-interval 

[a(t,) — a(t,)| < er 
where ¢,, ¢” are any two values in the sub-interval t, <t <t,4,. By 
the mean value theorem, 2,,; — x, = {@(t;) }(t,4.1 — t,) where t” is 
some value in the interval t, < ¢* <t,,, and therefore 


Tp — Ly = (H(t) +A HMte+1 — t,) 
where |),| < e, and ¢, is any point of the interval t, <i < t,41- Simi- 
larly Yrs — Ye = (9) +p Hler1 —&) where |y,| <e, (the number: 
of sub-intervals being finitely increased, if necessary, to ensure that 
ly(t,) — ¥(t,)| < e1). 
n—1 
Consider the sum S, = D> 1 — 2,) f(z). 
) 
Let wu, = u(a,, y,) and v. =v (x, y,); then 


n—1 
Sn = Dra) + ess — ye) Mu, + et) = By + F, 
0 
n—1 
where E, =)" €e(t,) + i9(l,) 0, + Nt p41 t,) 
0 
n—1 
and F, = DO, + imu, + oi t41 — t). 
_ 0 


If the number of sub-intervals (t,41 — t,) tends to infinity in such a 
way that max (t,;; — ¢,) tends to zero, then 


Y iy 
E,-> { (u + iv)(é + iyydt 


i.e. to [fo dz. | 


COMPLEX INTEGRATION 343 
Also |F,,| < 2Me,(T' —'t,) where M = max |f(z)| on the curve. The 
function f(z) is continuous and therefore M is finite and so F,, —> 0, 


n—1 Z 
ie. D> rts —2,)f(2',) > | f(e)dz 
0 si 


thus justifying the use of the symbol on the right. 
We infer also that in the continued subdivision, an integer ”» exists 
such that for a given e’(> 0), the inequality 


n—1 
fF fee — Sores — eft 
0 0 


<e is true for all n > no. 


Z 
Since | f(2dz has been defined in terms of ordinary integrals it follows 


z 


B y B 
that j f(adz = f f(@dz + \ f(@dz where C is any point of the curve 
ll A C : 


B A 
AB, and in particular | f(@dz = A fade. 
. Z e n—1 
Also (i) for any curve AB, {. dz = lim D, +1 — 2) = Z— 2. 
: 0 
(ii) for any curve AB, 


; | 
j ede = lin Ba; — ¥en = lim Beas — 2) 
Zo 


taking 2, successively at the ends of the interval, 
Z 

ice. j ede = flim Dep41 — %)(@r41 + %) = HZ? — 28). 
&e 


(iii) } : where C is the circle a? + y= R*. Take x = Roost, 
o 


y = Rsint where ¢ varies from 0 to 27; then 
& + iy = R(—sint +1 cost) = % 
2r 
and the integral is i dt =2ni. It is the same for every circle whose 
0 \ 
centre is O. 


Notes. (i) These results are unaffected when the curve AB has a finite number 
of corners at the points C,, (r = 1 to m), since we may define 


B OC, m—17Cy,44 B 
| f(z)dz as | S(e)de+ 4 f(a)dz +{ f(z)dz. 
A A 1 C, Cn 


(ii) When the curve is a closed contour (C), the integral round this contour is 
written f ol (z)dz. This, however, does not indicate the direction in which the contour 


is described, but we shall always assume, unless otherwise indicated, that the 
direction is counter-clockwise (i.e. in the same sense as the direction from OX 
to OY). When there is any likelihood of ambiguity, we can use the notation 
$f (2)dz for counter-clockwise description and +¢/(z)dz for clockwise. 
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10.31. An Upper Bound to the Modulus of a Complex Integral. The 
length J of the arc of the curve AB has been defined (Chap. [X) as the 
limit of the sum of the lengths of the chords AP,, P,P, ..., P,~,B 
when » tends to infinity in such a way that every (t,,, — t,) tends to 
zero: this limit has been shown to be equal to 


Tr 
[ @ + am. 
ty 


n—1 
Thus lim [241 — 2| = 4 
~ 


eZ F nod 
Then if S(@dz 2 | lim DG - 2p) f(z,) 


n—l 


<M lim 2, 1 — 2,|, where M is the upper bound of 
|f(z)| on AB, 
: \(%. 
ie. | fede, < ML. 


10.32. Cauchy's Theorem. This is the fundamental theorem of the 
subject and is usually stated in the following form : 
If f(z) is analytic and one-valued inside and on a contour CU then 


i f(2)dz = 0. 


Let a square be drawn, with its sides parallel to the axes, and con- 
taining C entirely within it. Let this square be divided into n® smaller 
equal squares by equidistant lines parallel to the axes. (Fig. 6.) If n 
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is large enough, these lines of subdivision divide the domain into m 
smaller squares S, (r = 1 to m) and p irregular areas 7’, (s = 1 to p), 
bounded by parts of the subdividing lines and by parts of C. Also, since 
the contour is elementary, no small square contains more than one 
irregular area, if n is taken large enough. Let S,, T, denote the boun- 


™m P 
daries of the sub-regions. Then z)dz = J z)dz +- | z)dz, 
gi fod a fed ps fe 


because in the total summation on the right the integrals along the parts 
of the subdividing lines that occur in S, and 7, appear twice and are 
described once in each direction. 
Now since f(z) is uniformly differentiable, a number 6 (> 0) exists, 
independent of (2’, y’), any point of the domain, such that 
f z% =~ fi (z’) fayt 
da SE) _ 78) 
for all z within the circle |z — z’| = 6. 
The greatest distance between any two points of S, or 7’, is < e/2/n, 
where c is the length of the side of the large square, and therefore n can 
be chosen sufficiently large to ensure that |z — z’| <6 for every two 
points z, 2’ of S, or T,. Thus if z’ is a point within S,, 


r f@dz = \. {f(’) + (@ —2)f'(@) +d3dz, where |A| < elz — 2'| 


<s¢ 


i.e. j f(2dz =| Adz, since | dz =0 =| z dz. 
S, 8, Ss, 8, 
Now |a| < e|z — z’| < ecs/2/n, and the length of S, is 4¢/n, 
i.e. j fe\da| < 4ec%/2/n2. 
S, 
Similarly : f(edz = | Adz 
r, s 


where |A| < ec/2/n and the length of T, is < (I, + 4¢/n), 1, being that 
part of C that belongs to T,, 


. . fle)del < evn. +2), 
Thus \. f(@dz| < tte +m) + ove 4 
i.e. < 4ec7/2 + ec,/2l/n, since s +m <n* 


where | is the length of the contour C. Since ¢ is any number (> 0), 


however small, the value of j f(2@dz must be zero. 
C 


Notes. (i) It is sufficient for the truth of Cauchy’s Theorem that f(z) should be 
analytic inside C and continuous merely on C.- For suppose that C is such that 
every line through some point O interior to C meets C in two points only (on opposite 
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sides of the point). Let 0 <k <1; then as z describes C, kz describes a contour 
C, entirely within C, if the origin is taken at O. 
Then Jofle)de — fo,flevdz = S-( fle) — f(ke)k)de. 

But & can be taken sufficiently near 1 to ensure that | f(z) — f(kz)| < for all 
z on OC, since f(z) is continuous on (and within) C. 
ie, [Sgflelde — J, fledde| = [kf (f(e) — fk) dz + (1 — BS fleyde| 

< kel + (1 — k)Mi 

where / is the length of C and M = max|f(z)| on C 


ive. jim U oflelde — Softee] = 0. 
But So, f(z)dz = 0, since f(z) is analytic inside and on ©, and therefore 
Sofle)dz = 0. 


The result may be extended to a contour, the interior of which can be divided 
up into a finite number of parts bounded by contours similar to that used in the 
proof. 


(ii) Cauchy’s Theorem may be proved by Green’s Theorem in two dimensions, 
if we assume that /’(z) is continuous, i.e. that’u,, uy, Vz, Vy are continuous. 


For the line integral 
fo(u + iv)(dx + é dy) 
is equal to the double integral 
SJ (tg + t0,) — (uy + ivy) }da dy = 0 
by the Cauchy-Riemann conditions. 

This proof (called Riemann’s) assumes more than is necessary, although we 
shall prove (by means of Cauchy’s Theorem) that the derivative f(z) actually is 
continuous (and analytic) in the domain. 

10.33. Multiple Contours. The integral round a contour that crosses 
itself (Fig. 7 (i), (tt), (wt), (tv)) or round the boundary of an area, that 


FIG. 7 


consists of more than one contour (Fig. 7 (v) (vi)), may be expressed as 
a linear combination of simple contour integrals. 
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In the examples illustrated, areas bounded by simple contours are 
marked with the numerals 1, 2, 3, . . . and the multiple closed curve 
is assumed to be described in a given direction (indicated by an arrow). 


If C, is the boundary of area 7, then we can express | f(z)dz round the 
curves shown in Fig. 7 (2), (di), (tii), (iv) in terms of simple contour integrals 
as follows : 


() fed =| Slee — |, fled: 

(i) [ ste =| foot +2) fede — |, flee 
(it) | fleode =| flewte + | fede + [fed — flere 
Gv) f fidde=2) fide +) fede +) flere + [fee 


and if f(z) is analytic inside or in any area 7, the corresponding integral 
is zero. 

Now consider an area bounded externally by a simple contour C, 
and internally by another contour C, (Fig. 7 (v)); and suppose f(z) is 
single-valued (but not necessarily analytic) in this domain (including 
C,, C,). Join a point A of C, to a point B of C, by a line lying within 
the domain. Let P, R be any two other points on C, and Q, S any two 

> — 
other points on C,, where PAR, QBS are counter-clockwise. Let z) be 
any point between C,, C,; then if z describes the single contour 
PABQSBARP in this order amp (z — 2») increases by 2x, and therefore 
this is the correct description for the corresponding contour integral. 
The integral round this contour may therefore be written 


|, fede 1 [fede 


B A 
since , f(e)dz + - f(2@dz = 0. 


If then f(z) is analytic on C,, C, and in the area between, we have 


[fede = | flee. 
This result is important for the evaluation of the contour integral 
f(2)dz, when f(z) is not analytic at all points within C,; for we can 
choose (, to be a simple curve (a circle for example) and evaluate the 
integral | f(@dz which is equivalent if f(z) is analytic in the area between 


CO; 
C,, C2. 
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Similarly, if there are » contours C,, . . ., C,, within a given contour 
C, and f(z) is analytic between these and ( then 


| fedz =z fede. (Fig. 7 (vi.) 
ce ido, 


B.z 10.34. The Indefinite Integral. Consider 
Z 

the integral | f(z)dz, where f(z) is analytic in 
a domain D and the path of integration is a 
Q curve APB lying in D. (Fig. 8.) This 
integral may be regarded as a function of its 
upper limit Z which may be denoted by F(Z). 
Let AQB be another path joining AB lying 
in D. Then APBQA is a simple contour and 

therefore by Cauchy’s Theorem, 


FIa. 8 =, (z)dz — | me fede =0 
APB AQB 


Z 
ie. F(Z) =| f(®dz along any path joining AB that lies in D. 


AZ 


0 


Z+6Z 
Now F(Z +62) — F(Z) = | Pee 


But since f(z) is continuous, |6Z| can be chosen sufficiently small to 
ensure that | f(z) — f(Z)| < for all values of z in the region |z — Z| <|6Z]. 
Thus F(Z + 6Z) — F(Z) =f(Z)6Z +4, where |A| < e|6Z], 
F(Z +6 i F(Z) 


i.e. 1a er ane "Gite Ze Pe 


exists when 6Z — 0 and its value is 7s Therefore, with a change of 
notation the integral F(z) = : f(#dt is an analytic function of z whose 


derivative is f(z), any path of "integration being drawn in the domain 
within which f(z) is analytic. Now the only analytic function w that 
satisfies the reMnnice dw/dz =0 is a constant since wu, =v, =U, =v, =0. 


Therefore * fede = G(z) — Gz.) since the integral vanishes when 


% = Sy, where G(z) is any function whose derivative is f(z). 
A point where f(z) ceases to be analytic is called a singularity. If 
_one path of integration can be deformed into another without crossing 
a singularity, the corresponding integrals are equal; but if there is a 
singularity in the domain bounded by the two paths, the integrals are, 


tn general, different. The value of the integral * f(e\dz is therefore in 


general many-valued, but ( f(z) being single-valued) its different values 
differ by constants (the periods of the integral). In evaluating an inte- 
gral, the relationship between the route and the disposition of the singu- 


CAUCHY’S THEOREM 349 


larities must be prescribed in order to give a definite result ; and although 
a particular functional value (or branch) may be chosen for G(z), it is 
the difference between the values of that branch that must be evaluated 
as z describes the prescribed path. i 


z 
Examples. (i) Find | 2" dz when n is an integer positive or negative but not 
1 


equal to — 1. 
n>0; 2” is analytic all finite z. 


Zz 
Therefore {= dz = (z"+1 — 1)/(n + 1) for all paths. 
1 

n< —2; 2” is analytic all finite z except z = 0. 


But Leni) = (nm + 1)z” (z 0) and z”+! is single-valued, 


Zz 
Thus | 2 dz = (z"+1 — 1)/(n + 1) provided the path does not pass through O. 

1 
Therefore if n is an integer, positive, negative or zero but not — 1, 2" dz = 0 


except that when 7 is negative, C must not pass through 0. 
(ii) Find | i where C does not pass through O. 
Cc ~ 


If O is exterior to C, | = = 0 by Cauchy’s Theorem. 
(6 bo 


If O is interior, | e = j e where C, is any circle centre O 
oF ©, * 
= 2ni (§ 10.3). 

Similarly |: Ss = 0 if the point @ is exterior to C and its value is 277 if a 
is interior. 

10.4. Functions expressed as Contour Integrals. Let C be a 
simple contour drawn in a domain D within which f(z) is analytic ; and 
let a be any point within C. 

Then | f Oe ea SeMe where C;, is a circle centre a and radius p 

cz--a@ o,% —@ ; 
lying in D, since C can be deformed into C,, without crossing the point a, 


the only singularity of the integrand. 
Since f(z) is continuous, p can be chosen sufficiently small to ensure 


that | f(z) —f(a)| <« at all points of C,, 
i.e. f@de _({ f@+% dz, where |A| < « on C,. 


oz —a c, 2-4 
But j dz _ anita) (§ 10.32) 
a, 2 —'a 
and | a << é( e | < Qne. 
a,%—@ Oo @ 
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Thus | — = 2nif(a) +- uw, where |u| < 27 
vere. 


F 1 f(adz > 
ie. fla) sail Bonz) (Cauchy's Integral. 

10.41. Derivatives of Analytic Functions. Let C be the contour of 
the previous paragraph and let a, a +h be two neighbouring points 
within C. Then 


1 1 
fla +) — fla) = = (2, — =~) flee 


z—a—h 


The identity (z — a)? — me —a—h)(z—a+h) =h? gives 
h 


fla+h)—fa@)_ 1 fede |, 
sale <1 Qni} (2 — a)? 
oe, F(a)dz 
ce t= oni) o@ —a)4e—a—hy 
The points a, a +h are within C and therefore |z — a| has a lower 
bound 6( > 0) and |z — a — h| alower bound 6 — ||. Thus if max |f(z)| 
on C is M 


and therefore 


Mijh| 
\I| < 275% — [hl)’ and therefore [—> 0 when h— 0. 
Yq) =< lim 12+) —fM _ 1 f@de_ 
he Oe 
Again, differentiating the identity 
1 1 h h? 


G-6-h @-a G— a? G~ ae 
with respect to z, we obtain 
1 1 2h “ 
Gxet Ca Ee 
where bape is vg Sd bounded on C, And therefore 


1 Bk S(@)dz 
Lode (reareer treed d cone = beers, 
e f'"q) =m Let) —f@ _ 1 (/(__ f® f(2) 
Me dil) 7 iy va We a zi ll (2—a—h)? ~ Gay) 
_ 2( f@dz 
Qa) ¢ (2 — a)" 
It may be noted therefore that f’(a), f(a) are obtained by differen- 
tiating the integrand with respect to a. 
Let us assume that’f™(a) is obtained in this way, i.e. that 
{™@ = n! f (2)da 


Qa) (2 — a)"*1" 
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Taking the nth derivative with respect to z of the identity given above, 
we obtain 


<hr Namhp Peace pve ee + Rg (2) 


where |£,,(z)| is obviously bounded on C, so that | SOR, (edz 
c 


Thus f +a) = lim f@ + Ma + : — f™(a) 
paw 


is finite. 


Laden A) f@ 
a in Bah f —a— hyp enon) 
ee! n+1 
= lim wf (gues at nf, (2) fede 
_ (n+ af f(@)dz 
Qt Cc (z = qn? 
That the formula is correct follows by induction. 
10.42. Taylor’s Expansion for an Analytic Function. Let f(z) be 
analytic inside and on a simple contour C and let a be a point within C 


whose distance from the nearest point of C is 6 (> 0). 
Taking z to be any point within the circle |z — a| = 8, we have 


fe) = {Li 


wW—z 
Now 
1 z2—a (2 — a)" me i [*-@ n+1 
gat waa tt eaant™ wat! “(=s) 
But \, i fle eas - ath enya) and a ie == 2xif(a), 
i.e. 
’ =a wt Poy a)" (n) 
f@ = f(a) + (z 7) a)f (2) 4. ~f (a) -\. —- -f (a) + R,, 
BS ioe ae f(w)dw 
(ol cai 1: y o (w = 2)(w — ayrr 
Let |z —a]| =p; then |w—z| >6 — p(> 0) onC and also |w — a| > 6 
If()| <M on C, 
ie jR,| <—— a which — 0 as n-> © since p <6. Thus 


On (6 — p) 6rti 
fie) =fla) +(e — afi) +... +=" poyay +. 


the series being convergent if |z — a| < 6. 

An analytic function is therefore always expansible in an infinite 
power series in (z — a), when a is a point within the domain of the func- 
tion. We deduce therefore (i) that the radius of convergence of this 
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series is the distance from a to the nearest singularity of the function, 
(ii) an analytic function given by a power series in (2 — a) with radius 
of convergence R must have a singularity on the circle |z — a| = R. 
This, of course, does not mean that the power series is not convergent 
there. 


A function of the real variable need not possess derivatives of all orders aud the 
corresponding expansion in powers of (z — a), considered in Chapter II, is finite, 
involving the values of f(a), f(a), . . -, f(a) and a remainder term involving the 
(n + 1)th derivative. A result corresponding to this for the complex variable has 
been given by Darboux in which the remainder term is that given by Lagrange 
(for the real variable) multiplied by 4 where |A| < 1; but the determination of the 
remainder R,, in this form has not the same importance here since it is sufficient to 
note that |R,,| = |z — a|"+1M/(n + 1)!, where M—>f(+1) (a) asz—>a. Thus 
for a fixed n |R,,| = O(|z — a|"+1), (which is true for the real variable when f +1) (a) 
exists) ; and also R,, —> 0 when n —> o (|z — a| <6), (a result that is not neces- 
sarily true for functions of a real variable x that possess all derivatives with regard 
to x at x =a). 


10.43. Integration of Power Series. Let 
f(2):-= ay + az + aye? +... +a" +... 
have a radius of convergence equal to R. 
Th I PF A 22 23 ae a,e** 1 b 
e series @) =ae tug tary t- odd gary vial tai Sy egnO 
tained by integrating term-by-term also defines an analytic function for 
at least |z| << R. But F’(z) = f(z) and therefore 


[ fled = Fe 


(since F(0) = 0), when the path of integration is any curve within 
jz] < R. 

10.44. Cauchy’s Inequality for a Power Series. If M(r) is the upper 
bound of |/(z)| on the circle |z| = r lying within the circle of convergence 
|z| = R of power series for 


f@) = %a,2" 
0 
then |a,| < go for all ». 
For a, = ai flea where C is the circle |z| = 1, 


= gntl’ 


i.e. la,| < ad ©). 


gnrl 


10.45. Tiouville’s Theorem. If |f(z)| is bounded for all finite z and 
also as z —> 00, then f(z), if analytic for all finite z, is constant. For f(z) 


Dn 
is expressible ‘as a power Series Xa,2" for all finite z; and |a,| <Mr-*, 
0 


all r and n, where M is the upper bound of |f(z)| (independent of 1). 
Let r— co; then a, —0 if n > 0 and therefore f(z) is constant. 
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Notes. (i) It is obviously sufficient that f(z) should be bounded on a sequence 
of contours that tend wholly to infinity. 

(ii) If |f(z)| is bounded for all finite z and f(z) = O(|2™|) as |2] —> », then f(z) 
is a polynomial of degree < m. 

m—1 : 

For [f(z) = Dae +2 =a, + dmpiz +... is obviously bounded for all z 

0 
and therefore @m41=@m+2=---+- = 0 
i.e. F(z) = Ay + yz +. - e+ Oye. 

(iii) Every equation az” + a,2"~1 +... +4, = 0 has a root (and therefore 
nm roots). 

For the polynomial f(z) = a2” + 42” 1 +... + ay is analytic for all finite z 
and if it never vanishes, | f(z)| must have a lower bound m > 0; therefore 1/f(2) is 
analytic for all finite z and is bounded (obviously) as z —> © ; i.e. f(z) reduces to a 
constant and we thus arrive at a contradiction. 

If «, is a root, then f(z)/(z — «) is a polynomial of degree ( -- 1) and by con- 
tinued application of the theorem we deduce that 

Se) = ale — %)(z — %) - « » (2 — Oy) 
where the numbers «, are not necessarily different. 

This theorem is sometimes called ‘ The Fundamental Theorem of Algebra.’ 

(iv) Liouville’s theorem is important in the theory of elliptic functions, which 
are defined to be analytic for all z (except for poles (§ 10.48), and to have two periods 
2w,, 2, (w,/m, not real); for all the possible values of an elliptic function must 
occur in the parallelogram (cell) whose corners are a, @ + 20,, @ + 2, 
a + 2a, +2. To prove that a given relation H(z) = is true, it is sufficient 
therefore to show that H(z) is elliptic and possesses no infinities in a cell. 


10.46. Singularities and Zeros. If f(a) = 0, f(a), #9, @ is called a 
simple zero of f(z) ; and if f(a) = 0 =f'(a) =... =f Mas f™(@ #9, 
a is called a zero (multiple) of order n. In the latter case, the expansion 
of f(z) near z = a takes the form 

fl) = (@ — a)" {Ay + Ail — a) + Az — a)? +. . «je 
If « is a singularity of f(z) and a circle |z — a| = p (p > 0) can be drawn 
so as to include no other singularity but a, the point a is called an isolated 
singularity. In the next paragraph we obtain the expansion of an 
analytic function in the neighbour- 
hood of an isolated singularity a. 


10.47. Laurent’s Series. Let C,, C, 
be two ccncentric circles centre a 
and radii R,, R, respectively where 
R,< R, and let C,, C, be both 
within the domain in which f(z) is 
analytic except ata. (Fig. 9.) Then 
f(@ is analytic within the ring-shaped 
region lying between these circles, and 
also on C,, C,. If y is a circle 
centre z, lying entirely within this 
region, and AB a line joining a point 
A of C, to a point B of C, not passing 
through z, the circle y can be deformed into the contour consisting 
of OC. described counter-clockwise, C, described clockwise, and AB 


apy 
By 


FIG. 9 
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described once in each direction : 10.33). Therefore, f(z) being single- 


valued. 
fle) — Lf Leoddo _ 1 ¢ fleoydw 1 flooyden 
yw 2 = 55 c,W —2 igi 0 — 2 
By a proof De ngs to that given for the Taylor expansion, the first inte- 
gral may be proved to be 
Gy + a,(z — a) + a,(z — a)? +... +4,(2—a)" + 
1 f(w)dw U: 
Gilg, Go — aFE =O 1-9): 
In the second integral use the identity 
Wim GV a 1 w—a (w — a)" 
since here |w — a] < |z — al]. 
The second integral therefore is 
aa <2'q)\n+l 
BO Nae {1 $24. 4 Rae eae ak mea 


—a (z—a)” ° (g—w)(z—a)" 


where a, = 


i ee a 


2—a (z—a)*® (z — a)" 
pieaye Ni get, ale (w — a)"-1f(Qo)dw (mw = 1, 2, 3, . . .) 
i foe —a)rrt dw 
= My Sale = a leh ca 
Let max |f(w)| on C, be M,; let, |e — 4 =p(> Ry). 
Then since |w — a| = R,, oe >p- 
M,R, (R,\" ‘ 
Thus |E#,| << ——> mk which —> 0 as n—> oo since R, <p. 
apes ON : 


Thus f@®= Dyn —a)y"™+ a,(z — a)” 


0 
1 2 1 f(w)dw 
r Pree: 8 — q)"-1 alae 

where A, inal, a)"“'f(w)dw; a, = = Sag tomar 

Notes. (i) If « is the singularity of f(z) nearest to a, C, or C, may be taken to 
be any circles of radii < |x —a| (and centre a). 

(ii) Any simple contour may be taken for C, or C, that can be deformed into one 
of these circles without crossing a singularity. 

(iii) By writing An = a—n, the formula fora, will be correct for all n positive, 
negative or zero. 


10.48. Poles and Essential Singularities. Residue. If 


Ani = An+2 =e eae ‘es 
are all zero, so that f(z) takes the form 
A, Boat * A, 
@—ay ' @— —ayr-1 gb + Sige a) +a,(z—a)+. 


the point a is called a pole of order n. If the part involving negative 
powers of (z — a) is infinite, a is called an essential singularity. 
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In the case of a pole, the part An Sr A: is called the 
(2 — a)" (z — a) 


principal part of f(z) at z = a, and in all cases, the coefficient A, is called 
the residue of f(z) at a since A, = | flw)deo. 
Cy 


10.49. The Residue Theorem. Let 
C be a simple contour within and on 
which f(z) is analytic except at a finite 
number of singularities (isolated) at 
@;, @,...a,. (If there is a finite 
number only, they must be isolated.) 

Draw small closed contours C,, 
O,,...C, enclosing a, a2, ... a, 
so that each contour is external to 
every other. (Fig. 10.) Then the 
contour C may be deformed into the 
s contours C,,...C, (§ 10.33) and 
therefore 


[ fou =] flz\de = told Ay +... +4) 
C 1J0, 


where A, is the residue at a, (r = 1 tos). Later in this chapter we shall 
apply this theorem to the calculation of different types of real integrals. 

10.5. Conformal Representation. If w= wu + iv, we may sup- 
pose that u, v are the co-ordinates of a point w which may for convenience 
be represented on a plane different from the z-plane. Sometimes it may 
be more useful to mark the point w on the z-plane itself. 

If w is a single-valued function, to each point (x, y) there corresponds 
a single point (u, v) (the converse not being usually true); and we may 
obtain some idea of the nature of the functional relationship (or trans- 
formation) by finding the paths described by (u, v) when (2, y) describes 
a given path such as a circle or a straight line. Conversely we may 
consider the path (not usually simple) in the z-plane corresponding to a 
circle or straight line in the w-plane. 

Let w, correspond to 2, (i.e. Wo =f(Zo)) and let z,, 2» be two points 
near 2, with the corresponding values w,, w. If P,, Q, denote the points 
2), W,, the triangle QoQ.Q2 corresponds to the triangle PyP,P,. (Fig. 11.) 


Now 21 ”¢ and “2 —° both tend to the same limit (wz) when 
%o 


% — 2 2, — 2 dz 
W, — We: Ws — Ww 
Zs, Z—> 2%. Thus, near z, — ° is nearly equal to -*—-—° and, 
Zy 7a Zo 22 Stee Zo 
.» dw jw, — w | 2,—z 
therefore, if — sa 0, te o) it and 
dz W,— Wo = |%2 — %o 


amp (w, — w») — amp (w, — >) = amp (2, — 2») — amp (22 — Zo) 
(ignoring terms of the order |z, — %9|*, [22 — Z|”). 
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In the figure, these results are equivalent to Q:Q0/Q:Q0 = PiPo/P2Po 
and / Q,0.Q2= / P,P,P2; ie. the small triangles PoP,P;, Q.Q,0: 


are similar. 


Fria. Ll 


Thus the relation w = f(z) transforms the z-plane into the w-plane in 
such a way that corresponding neighbourhoods are similar. A trans- 
formation of this kind is said to be conformal. 

Again let dw correspond to 6z; then 


_ dw 2 
dw = — du + O(|d2| ). 


Thus |6| is nearly Z| |dz| and amp (dw) — amp (6z) —> amp (z) 
Z 

The displacement dw is therefore obtained (approximately) from 
6z by a magnification of amount |dw/dz| and a rotation of amount 
amp (dw/dz). 

In particular, it follows that if two curves in the z-plane intersect 
at an angle «, the corresponding curves in the w-plane intersect at the 
same angle. For example, the curves |w| = constant in the z-plane are 
orthogonal to the curves amp w = constant since these curves are respec- 
tively circles, centre origin, and the radii of these circles in the w-plane. 
The curves |w| = constant are appropriately called level curves and the 
orthogonal system amp w are called Lines of Slope. We verify: also 
that the curves u{= R(w)} = constant are orthogonal to the curves 
v (= I(w)) = constant, since these are obviously orthogonal in the 
w-plane. 

Notes. (i) The conformal representation breaks down at a point where 
dw/dz = 0. 

(ii) For any transformation given by u = u(x, y), v = v(x, y) (where uw, v are 
differentiable functions and J = ae +0), if ds, is the element of length in the 
u-v plane corresponding to ds of the x-y plane 

ds? = (u), + v,)da® + 2(u,ty + v,vy)dx dy + ( uy, + vy )dy?. 

To secure conformal representation we must have w? ++ v= uz + 3 =d?; 
Uguy + vrvy = 0 since ds* = dx* + dy? and A(> 0) is the magnification, Assuming that 
none of these derivatives vanishes (and so ignoring a trivial solution), we find that 
if u, = Ov,, then u, = — Ov, and v5(0" —l)= v(02 —1). The only non-trivial 
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solutions are given by = +1. The solution 6 = + 1 gives uz = Vy, Uy = — Vy» 
ie. w = f(a + iy). The solution 6 = — 1 gives w = f(x — iy). In the former the 
direction of rotation is preserved and in the latter it is reversed. More generally, 
when a surface is transformed into another in such a way that corresponding surface 
elements are similar, the transformation is called conformal. 

10.51. The Polynomial. We have already seen that the polynomial 
w = f(z) =a" + az"-14+...-+4, can be’ expressed in the form 
A(z — %)(2 — %) . . . (2 — 2), where some of the numbers 2,, 22, . . - 
%», (zeros) may be equal. 

Consider the change in amp w when z describes a simple contour C 
not passing through any z,, but containing N zeros within it. 


n 
The increase in amp w is equal to the increase in XY amp (z —z,)._ If 
1 


z, is within C, the increase in amp (z ~- z,) is 2m, and if it is not within 
C, the increase is zero. 
Thus the increase in amp w when z describes C is 2xN. 


For a multiple contour (that can be deformed without passing over 
a zero into a finite number of simpler contours C,, C,, ... C,) the 
increase in amp w must be 2xN where N is an integer (+-) or 0. 

Example. w = 2(z — 1)*%(z? + 1). 

For definiteness, suppose that the initial value of z is z, and that z describes a 
path not passing through A(1), B(i), C( — i) (the zeros of w) and return to zp. (Fig. 12.) 
(Fig. 12.) 


Fig. 12 


The increase in amp w is 20, + 0, + 03 where 9, is the increase in amp (z — 1), 
0, the increase in amp (z — ¢) and 6, the increase in amp (z + 4). If the circuit is 
simple (and counter-clockwise), there are eight possibilities since A, B, C may or 
may not be enclosed. 

Thus in Fig. 12 (i), for I (none enclosed), the increase is zero ; for II (B enclosed), 
it is 2x; for III (A, C enclosed), 67; and for IV (all enclosed), 82. For a circuit 
that is not simple but equivalent to a finite number of simple circuits (++), the 
increase is 2k where kis an integer positive or negative, or zero. Thus in Fig. 12 (it), 
the circuit shown is equivalent to a double circuit (+) round B, a single circuit (—) 
round the double zero at A, and a double (+) circuit round C. The total increase is 
4n — 4x + 40 = 42. 
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10.52. The Disposition of the Zeros of a Polynomial. We have seen 
that the increase in amp w for a simple counter-clockwise circuit C is 
2Nx where N is the number of zeros within C. The following pro- 
positions give a rough idea of the disposition of the zeros. 

I. If 4, is the positive root of the equation 

F(0) = |a,|0" — |a,|0"-1 — |a,lo"-? —. . . — Ja,| = 0 
all the roots of w = 0 lie within or on the circle Iz| = oe (i.e. the modulus 
of every root is <6,). 

By Descartes’ Rule of Signs, the equation in 6 has only one positive 
root. That there is at least one, is obvious since F(0o) is + and F(0) 
is —. Now w=a,z"(1'+ p) where 

paelg a, Fn 
Age a Az? mT ag 
The change in amp w is the increase in amp 2” + the increase in amp 
(1 +p). Let z describe the circle |z| = R where R > 6,. 
The change in amp 2” is 2nz. 
The change in amp (1 + p) is zero if |p| <1. 


But PAM jee ilk |a,| || the |a,,| aa 1 
lel |aoz| ¥ lave] age" ah |aoz”| 
if ak” > |a,|R"-1 +... + |a,|. 


This is true since R > 6,. 

The number of roots inside is therefore n. 

I (a). If ¢, is the positive root of the equation 

Gb) = |aold” + auld"? +... + [dy ald — lag] = 0 

then all the roots of w = 0 lie outside (or on) the circle |z| = do. 

This follows from I by writing z = 1/¢ and considering the equation 
onf(1/t) = 0. 

II. The change in amp w when z describes an arc @ of the circle 
|z| = R tends to n§ as R—> oo. In the notation of I, w = ayz"(1 + p), 
where p —> 0 as |z| —> oo. Therefore the change in amp (1 + p) must 
tend to zero, i.e. the change in amp w tends to n@ (the change in amp 2”). 

III. If a, is real (all r) and p + gq is a root of w= 0, then p — ig 
is a root (p, q being real). For if f(p + ig) = A + 4B (A, B real), then 
S(p — tq) =A —iB and if f(p +%7q)=0, A=O=B and therefore 
S(p —%q) =0. Thus the imaginary roots of an equation f(z) = 0 with 
real coefficients occur in conjugate pairs. 


Note. A complex number p + ig is often called imaginary when g 0. It is 
called purely imaginary if p = 0, q 0. 

Examples. (i) The equation z* + 625 = 3000. 

(a) The positive real root of R® = 6R5 + 3000 is easily found to be 6-302 
approx., by taking R = 6 +h and using Newton’s approximation. 

(6) The real roots of z* + 625 = 3000 are similarly shown to be 3-183 and 
— 6-302 approx. 

Therefore the 6 roots all lie between the circles |z| = 3-18 and |z| = 6-31, two 
only being real. 

(c) Let z = iy (the imaginary axis + © > y> — ©). 

The corresponding curve in the (u—v) plane is — v® = 68(u + 3000)° described 
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from (— 0, ©) to(— co, — oo), and a rough sketch of the curve shows that change 
in amp w is zero. ; 

(d) When z describes the semicircle of |z| = R, R(z) > 0, the change in amp w 
as R—» oo is 6x. There are therefore 3 roots on the right of the y-axis. Thus, 
since imaginary roots occur in conjugate pairs, there is an imaginary root in each 
quadrant. 

(ii) The equation w=2z8 + 2i2°+71+4+1=0. 

There are no real roots and no roots purely imaginary. The x-axis is 
transformed into the curve u=2'+1, 
v = 275 +1 (ie. 28(u — 1)§ = (v — 1)8), and 
the y-axis into the line 

u=y® — 2h +1, ¥7=1. 

As y varies from — o to 0, u decreases 
from +- co to 1 and as y varies from 0 to + «, 
u decreases from 1 to — 0-09 (approx.) and 
then increases to + © (Fig. 13). The change 
in amp w when z describes Y;.0X40 is 
zero and so the change in amp w when z 
describes the first (infinite) quadrant is 47. 
There are two roots in the first quadrant. 
Similarly there are two roots in each of the 
other quadrants. 

Solving the equations R® = 2Rh° + V2; 
R® +. 2R5 = 4/2 for the positive roots, we 
find that the eight roots lie between the circles Fig. 13 
|z| = 0-8 and |2| = 1-4. 

(iii) Discuss the change in amp w where w = z* — 42 +5 and z describes 
(a) the square 0, 1, 1+ 7%, i; (b) the square 0, 3, 3 + 3i, 3¢; (c) the rectangle 
— 2i, 3 — 2i, 3 + 37, 32; (d) the circle |z] = 3. Also obtain the curves in the 
w-plane corresponding to these contours. 

Since w = (z — 2+ i)(z —2— i), the changes in amp w for the counter- 
clockwise circuits are 

(a) 0; (b) 2x; (c) 4; (d) 4x. 

These results are verified when we determine the corresponding circuits in the 
w-plane. (Fig. 14.) 

Since u = 2? — y? — 4x + 5, v = 2y(x — 2), any straight line parallel to an 
axis in the (ay) plane is transformed into a parabola in the (u-v) plane. The 
ares of the parabolas that correspond to the sides of the squares and rectangle are 
shown in Figs. 14 (i), (ii), (iit). : 

With regard to the circle |z| = 3, take z = 3( cos ¢ + isin ¢) and its trans- 
formation is 


u = 9 cos 2¢ — 12 cos ¢ + 5, v = 9sin 2¢ — 12 sin ¢. 
Take a new origin at w= —4, v= 0 and the initial line as v= 0. Then 
the equation in polar co-ordinates will be found to be r = 18 cos 0 — 12. 
(Fig. 14 (iv).) 


10.53. The Rational Function. A rational function w can be written 
in the form 
ied: A@ —)(2— a)... (2 — a,) 


~~ (@— be — 8)... @ — bn) 

where A, a,,6, are constant. A simple closed contour described counter- 
clockwise produces an increase in amp w of amount 2(k, — k,)a where 
k, is the number of points a, enclosed and k, is the number of points 6, 
enclosed. 
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Example. Let w = (z + i)/(z — i); and let z describe the perimeter of the 
Square whose corners are (1, 0), (1, 2), (— 1, 2), (— 1, 0). Find the corresponding 
boundary in the w-plane and verify that the change in amp w is — 2z. 


FIG. 14 


The point 7 is within the square but not the point — i, and therefore there is a 
decrease of 2 when z describes the boundary of the square counter-clockwise. 


If og ED 2 eee lb aoe a Qu a alte cia 
NM SesbeR on toh ~ (uw = 18 +o Y~ (w= 1)? + o® 


The side DOA becomes the are of the circle u? + v? = 1 from (0, —~ 1) to (0, 1) 


passing through (— 1, 0). Similarly the other three sides become semi-circles as 
shown in Fig. 15. 
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Fic. 15 


10.54. The Point at Infinity. Let w =1/z, then |w|—> © as z—>0 
(in every direction); also as z— oo in every direction w—> 0 (for 
|w| —> 0). We may therefore regard oo as a single point of the Argand 
Diagram. With this assumption we can give, for descriptive purposes, 
a convenient representation of the z-plane by means of the surface of a 
sphere. There are various ways of doing this, but the one chosen here 
is known as the Stereographic Projection of a spherical surface. 


Fic. 16 


Take a sphere centre O and radius R referred to rectangular axes 
Ox, Oy, OC, the co-ordinates being 2, y, ¢. (Fig. 16.) Using an obvious 
analogy, we may refer to the points N(0, 0, R), S(0,0, — R) as the north 
and south poles and ¢=0 as the equator. Let the co-latitude of a 
point Q on the sphere be « and let the longitude of Q be 6 measured west 
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of the meridian that passes through (R,0,0). Take Oy in the meridian 
plane x = 0 where 9=2/2. Let NQ meet €=O0in P. Then 
OP = ON tan / ONQ = R cot 4a. 
The polar co-ordinates of P in 2Oy are therefore 
p (= Root 4a), 0. 

If z= x + ty, then z = R cot }a(cos 6 + 7 sin @) and the points Q on the 
sphere are in 1 — 1 correspondence with the points of the plane. In. 
particular, N corresponds to oo and S to the origin. Circles of latitude, 
« = constant, are transformed into concentric circles |z| = R cot $a and 
meridians of longitude @ = constant into the radii of these circles 
(amp z = constant). 

If ds, is the element of length on the sphere 

ds? = R®(da? +- sin? « d0?) 
whilst the corresponding element of length ds in the z-plane is given by 
ds* = dp? + p?d62 
= FR cosect (4a) {da.? + sin? « d6?2).. 

Thus |ds/ds,| = 4 cosec? (x) and since this does not depend on the 
direction of ds, at («, 6), the transformation is conformal with magnifica- 
tion 4 cosec? ($a). 

Note. Let NQ meet the tangent plane at S in P, and let SQ meet the tangent 
plane at Nin P,. Also take R = }. Regard the tangent plane at S as a z,-plane 
in which a is parallel to Ox and ri parallel to Oy ; and regard the tangent plane 

a> > => > o> 
at WN as a z,-plane in which Oz, is parallel to Ox and Oy, parallel to yO (not Oy). 
pis 4 = cg $a(cos 6 + isin@); z, = 2R tan 4a(cos 6 — tsin@) so that if 
=4, 22 = 1. 

a is Neumann’s method of representing the points of a spherical surface on 

@ 2,-plane and illustrates the transformation z,z, = 1. ‘ 


10.55. Bilinear Transformations (also called Iinear). If w is the 
rational function (az + b)/(cz + d) (where ad — be + 0), there isa 1 — 1 
correspondence between the z-plane and the w-plane, and the trans- 
formation is therefore called bilinear (or linear). Since there are 3 
independent constants, the transformation is made definite if we know 
three sets of corresponding points. Thus if z=0, 1, o corresponds 
tow = — 1,0, 1, the relation is w = (z — 1)/(z -{- 1), and, more generally, 
2, 22, Z; are transformed into w,, w,, w; if 

oes = Ch  — ta Re 
W— Wy, Ws— Ww, (2 — %)(23 — %) 

This transformation has the special property of transforming circles 
(or straight lines) into circles (or straight lines). 

Consider the locus determined by PA = kPB where A, B are fixed 
points and & is a constant. The locus of P is a circle (if k + 1) for which 
A, B are inverse (the circle of Apollonius), and a diameter of this circle 
is the line joining the points that divide 4B internally and externally 
in the ratio &:1. Any circle, therefore, can be expressed in the form 
\(2 — 2)/(z — 2)| =k (k ~1). If k=1, the locus of z is the right 
bisector of the line joining z,, z,. If w,, w, are the points in the w-plane, 


BILINEAR TRANSFORMATIONS 363 


corresponding to 2,, 2, in the z-plane, for a bilinear transformation, this 
Oa _ 1% —*! (when w,, w, are in the 
W—-W, 2— 2s 


relation must be of the form 


finite part of the plane). 


Z2—2 ; F — 
1! — k transforms into the circle 2M 
W— Ws 


The circle = kja| 


2 
so that a circle and every pair of inverse points is, in general, transformed 
into a circle and a pair of inverse points. If one of the points, w, say, 


t eT 


is at oo, the transformation must be of the form w — w, =’ so 


Z— 2s 
yo | 


that the circle =k with its inverse points z,, z, becomes the 
i ’ 


circle of centre w, and radius k|A|. 
If in the first case |A|k = 1, the circle becomes a straight line. 


2z 
Hxamples. (i) Ifw = ~t* , find the transforms of the circles (a) x? + y? = 4y, 


(b) 2? + y? = 4a. 

(a) The circle is |z — 2i| = 2 and this becomes (fer? — 2 
i.e. |4u + 2v + 3 + i(2u — 4v — 4)| = 2[u — 2 + wv| 
or 16u2 + 16v? + 24u + 440 +9=0. 

(b) The circle is |z — 2| = 2 and this gives |2w + 7| = 2|w — 2| 
i.e. (2u + 7)® + 4v? = 4(u — 2)? + 402 
or the straight line 4u + 3 = 0. 

(ii) Find a relation that transforms the upper half of the z-plane into the interior 
of the circle |w| = 1. 

As the two corresponding boundaries are described, the rotation from the tangent 
(in the direction of motion) to the inward-drawn normal to corresponding areas 
must be the same for each plane. 

Thus it is sufficient to make the points z = 0, 1, oo in this order correspond to 
1, t, — 1 for w. 


=2 


(iii) Find the general transformation that will make the circle |w| = B corre- 
2 
spond to |z| = A. Any two inverse points for |z| = A are «, — and the corre- 


sponding transformation may be taken as w = Saree ye or Mea (thus allowing 
fora =a%=0). 
z= 0 gives w = ya/A*, and z = oo gives w = w/a. 

If these are inverse for |w| = B, Tal = BA, i.e. we may take 


w = AB“ ,(008 # + isin 4). 


(iv) Consider the simple transformations (a) w = z + 6, (b) w = 22, (c) w = 1/2. 

(a) w=z-+b. Here w is obtained from z by a simple translation determined 
by the vector 6. Straight lines and circles are unaltered except in position. 

(b) w = az. In this case |w| = || |2| and amp w = ampz + amp 4; ie. w 
is obtained from z by a magnification of amount |A| and a rotation of amount amp A. 
A straight line is transformed into another straight line and a circle into another 
circle. 
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(c) w= 1/z. Here |w| .|2| = 1 and amp w = — amp z, so that w is obtained 
from z by inverting z with respect to the unit-circle |z| = 1 and taking the image 
in the z-axis. A straight line or a circle becomes a circle (or a straight line). . 

A straight line y becomes a circle C (or a straight line if y passes through O). A 
circle C becomes a circle C (or a straight line if C passes through O). The general 

3 az + 
transformation w = esd 
3 d 
w=2,+a/c, if z= (bc —adjz/c*, z2=1/y, 4 =2+ = (¢ 0) and 

w = 2 +- b/d, where z, = az/d when c = 0. 

10.56. Examples of other Transformations. 

(i) w = 2” = r"(cos nO + isin nO). 

The conjugate systems w = constant, » = constant are given by r™ = usec nO 
rm” = vcosecn§. If n= 2, we obtain the systems of rectangular hyperbolas 
w—y% =u: Wy=v. (Fig. 17.) 


is a combination of these three transformations for 


|z?-I|-const amp(z?-\)=const 


Fig. 19 


(ii) w = a2/z = a*(cos 6 — isin 6)/r. ; 
The conjugate systems are the two systems of circles 
ru = a* cos6, rv = — a*sin# 
x 2) = a®x, v(x? + y?) = — a¥y. 

* We ald ee seen that circles and straight lines are in general transformed 
into circles. yer : 

(iii) w = 2 — a®/z = (r + a®/r)cos 6 + i(r + a*/r) sin 6. ; 

’..@ systems u = constant, v = constant can be expressed in the form 


y= — ofa — ue — at), at = — Yt — ey +a), (Fig. 18.) 
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The circles r = p are transformed into the confocal ellipses 
“u®  =ogt 
Att R=} 
where A=p-—a*/p, B=p + a*/p: 

Since the circles r = p, r = a*/p are transformed into the same ellipse, the whole 
w-plane is represented by the circle |z| = a and its interior (or exterior). 

(iv) w =z? — 1. 

Consider the orthogonal systems given by |w| = constant (the level curves), 
and amp w = constant (lines of slope). 

Let A, B be the points (1, 0) and (— 1, 0) respectively. (Fig. 19.) The curves 
|w| = constant are given by AP.BP = constant, where P is a variable point. These 
are Cassinian Ovals and are given in Cartesian co-ordinates by the equation 

(x? + y? + 1)? — 4a? = k. 
Their shapes may be determined by using the formula y = {(4x* + k)t — 1 — a®}} 
and completing by symmetry. When k > 1, there is one oval and when0 < k <1, 
there are two. In the limiting case k = 1, the locus is the lemniscate r? = 2 cos 26. 
The lines of slope, amp (z — 1) + amp (z + 1) = constant, are rectangular hyper- 
bolas z* — 2xy cot « — y? = 1 and they all pass through A, B. 


10.57. Saddle Points. The conjugate systems u = constant, v = con- 
stant (where w = f(z) = u + ww) being orthogonal, one of them, say the 
former, may be regarded as the level lines of the surface Z = u(z, y) 
and then the other represents the lines of slopes (or lines of steepest 
descent). The stationary values of u(x, y) are given by u, = 0 = u,, 


and since u,=v,, Uy, = —,, these equations determine also the 
stationary values of v. If (ao, yo) is a stationary value 
2{u(z, y) — wee, yo) } = (@ — 2o)2—% + 20 — ally — yo 
: > ee da? *"Oh— OYo 
Ou 
+ y = yo)? 5 + Of6p* 
¥— Yo ay? (6p*) 
where dp = |z — 2. 
But es as es =0 and therefore all the stationary values of a 
0 0 


function harmonic in a region D are saddle points. Its maximum or 
minimum value can occur only on the boundary of D. 

Since f’(z) = u, + iv,, the saddle points are obtained by solving the 
equation f’(z) = 0. 

Thus, in the above examples, when (i) w = 2", the only saddle point 
is z = 0, and (ii) when w = z — a?/z, the saddle points are +- ia. 

10.58. Residue at Infinity. If ¢ =0 is an isolated singularity of 
f(1/¢) then z = oo is called an isolated singularity of f(z). Consider the 


integral ail f(2®dz, where C is a contour exterior to which z = oo is 
c 


the only singularity. A consideration of the representation of the 
z-plane on the sphere shows that when C is described counter-clockwise 


to O, it is described clockwise for oo. For this reason — | fede 


2at) ¢ 
is defined to be the residue of f(z) at co. Thus the sum of the residues 
13 
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of a function for all its singularities (if all isolated) including infinity 
is zero. * 

Again, a a series exists near ¢ = 0 for as) in the form 


-+4,0-" -bAL +a +40 t+... +a,oy+... 
so ‘that the a near z= © is 


A+... HAZ + ay +4,/2 +... + 4,/"+ 
The residue foréo'is — sail fle\de which is equal to 


~ gal Sze 


(C, being described anti- aca for C=0) and must therefore be 0. 
It should be noted that sail f(2dz where oo is the only singularity 


Qari. 
exterior to C is the coefficient of 1/z in the scichguasa of f(z) near z=. 
If in the above expansion A,,; = Anie = = 0, then z = 00 is 
a pole of order n. If 4, =4,=. fiat let .=0, o0 is not a 
ity ; whilst if also a, =a, =... = Qp_ 1=0, then the expan- 
sion is of the form a,,¢” +- ny o™th . . . and oo is a zero of order m. 
10.59. The Zeros and Poles of a Rational Function. Let 


fe wy A(z =F a,)(z oe cy) Siseree (z a. Gm) = Pn (2) 
bo(z — b,)(2 —B,)... (2@—5,) — Q,(2) 
where no 4, is equal to any 6,. 
The zeros are @;, @;, . . . @», in the finite part of the plane and the 
poles are b,, by, . . . by. 
If n > m, © is a zero of order n — m, and if n < m, © is a pole of 
order m — n. 
If n =™m, oo is neither a zero nor a pole. 
Thus in all cases the number of zeros is equal to the number of poles 
(this number being the degree of the equation P,,(z) — cQ,(z) = 0). 
If we take account of multiple poles in the expression for f(z), we 
may write (b, = 1) 
Pn(2) 
¢) se 
IO = Gb ey... @— OF 
where 7, +7,-+...+7,= 1. The expression of this in partial frac- 
tions gives the principal parts for each of the poles (and oo if this is a 
pole); for this expression is 


4 gp iyo gy cap tees 

‘ET tool A ra Fe oi feb) Teeny, 

the numbers A, . . . A, being zero if m <m and we verify that the 

residue at co is — 2(,A,) = — (sum of the residues at the other poles). 
1 


The only singularities of a Rational Function are poles, and con- 
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versely if the singularities of an analytic function are poles (for the whole 
plane including oo) it must be rational; for when the sum of all the 
principal parts is subtracted from the function, the remainder must be 
constant by Liouville’s Theorem. 


10.6. Algebraic and Transcendental Functions. The algebraic 

function w is one that satisfies an equation reducible to the form 
Po(zjw + Py(zw"-? +... + Pa(z) = 0 (= Flu, 2) 
where m is a positive integer gai) P,(z) a polynomial. 

The theory of algebraic functions is beyond our scope but we can 
give a rough indication of their nature by the consideration of some 
simple types of explicit functions. When z = zo, there are m values of 
W, (Wo1, Woa, - - +» Wom), Some of which may be equal and some may be 
infinite (when P,(z.) = 0). A point wheré two values (at least) are 
equal is (in general) called a Branch Point. It can be shown that for 
the variable z, the equation determines m functional values (or branches) 
W,, We, . . «) Wm that can be expressed as analytic functions in a domain 
limited by a finite number of isolated singularities. (Ref. Appell. and 
Goursat, Fonctions Algébriques d’une Variable, IV.) To determine, in 
practice, the approximate forms for the branches, we can use the method 
of Newton’s Polygon. The branch points are formed by solving the 
equations F = 0 = F,, although every solution of these equations is 
not necessarily a branch point. The points where a value of w becomes 
infinite are determined by solving the equation P,(z) = 0, and such a 
point may or may not be a branch point. We infer therefore that 

(i) If Py(z.) #0 and z, is not a branch point, all the branches 
W,, . . +» Wm are expressible in power series in (z — 2), the radius of 
convergence being the distance of z, from the nearest singularity. 

(ii) If P.(z.) = 0, and z, is not a branch point, at least one branch 
has a pole at z,; and a branch that is not infinite at z, is expansible in 
& power series. 

Thus if z, is not a branch point, w,, . . ., w,, have expansions like 
rational functions. 

(iii) If (zo, we) isa ‘ point’ for which F = 0 = F,,, the first approxi- 
mations to the branches will be given by a set of relations of the type 

(w — w,)” = A(z — z,)* 
where n <™m, s integral (+) or zero. 

In general, of course, the value z, for z will give other values to w 
besides w,. Thus for the relation 

F(w, z) = wt + w® — 3uz +22 = 0 
the pair of values z = 0, w = 0 satisfies F =—O=F,,. Whenz=0, uv 
has a triple root 0 and a single root — 1. By using Newton’s polygon, 
we easily find that the approximations for z = 0 are 
w= ?+...5 wt=32+...5 w=—143824+... 

Now consider the relation w” = z°. Let z = r(cos @ +7 sin @) where 
6 is prescribed initially, say the principal value of ampz. Take n >2 
and let s be an integer (+-) or zero. 
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The values of w are therefore w,, w2, . . ., w, where 
10 55 re (cos 6, -|- 7 sin 6,,) 
36  &4p—1)x 
and 6,=—+ (p i 
n n 


Let z describe a small closed circuit round z = 0; the increase in 
amp w, is 22s/n. I 

Tf s is an integral multiple of » (including unity), the values of w,, 

. +> Wy, are unaltered by the circuit. Otherwise s is of the form gn + « 
where g is an integer (--) or zero and « is one of the integers 1, 2, . . ., 
(n —1). The description of the circuit therefore changes w,, W., . . ., 
Wy INO Wy 41) Wy 2s + + +» Wns + + + Wy. Also, in this particular example, 
a positive circuit round 0 is equivalent to a negative circuit round oo. 
Therefore a positive circuit round oo (i.e. clock-wise round a large circle, 
for example) changes ™;, We, .. ., Wy, Wat. ++ > Wy intO Wp_o+1 
Waxed + + 2 Wn Wy ++ +» Waa If2918a point for which F = 0 = F,,, 
and a small circuit described by z round 2, (i.e. one containing no other 
point for which F = 0 = F,,), changes the value of a branch, z, is then 
called a branch point. The branch points must be finite in number (and 
therefore isolated) and there must be at least two. For if z) were the 
only branch point in the finite part of the plane, a circuit round z, (which 
changes therefore two branches at least) is equivalent to a circuit round 
co. Thus o must be a branch point. The aggregate of branches may 
be called the algebraic function w and two methods have been devised 

for removing the ambiguity that arises in the 
Bs, value of w when z describes all possible paths. 
Bo (a) (Cauchy). Let the branch points be 
» -. +, B,; it is then sufficient to cut the 
plane along the lines B,B, ... B, (Fig. 20), 
B, and to regard these lines as impassable barriers. 
The lines B,B,,, may be deformed, if necessary, 
provided they do not pass through some other 
B, branch point. On such a plane, the various 
a ah branches are obviously single-valued. The 
above method of cutting the plane is not unique, 
and, as we shall see in the examples below, may be simplified. 

(6) (Riemann). This method consists in representing w on m z-planes 
(occupying the same position in space, with axes coinciding, but assumed 
for the moment to be unconnected). Each plane is associated with one 
of the branches. The planes are cut along lines B,B, so that no line 
B,B, contains any branch point other than B, or B,. One edge of 
the cut B,B, in any particular plane is connected to the opposite edge 
of the corresponding cut in another plane, the connexion being made to 
secure the correct interchange of the branches ; i.e. in such a way that, 
for example, when the variable point z (with value w,) meets the line 
B,B,, the point passes into the plane appropriate for the point B,. It 


B, 
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is simpler, for descriptive purposes, to take the spherical representation 
of the m planes. We have then m spherical surfaces, coinciding in space, 
but connected only along the branch lines B,B,. Such a arises the tn 

general, not simply-connected. (Ref. Appell and Goursat, Fonctions 


Algébriques.) 


Examples. (i) w® =z’. z=0 and z = o are bfanch points. 


22% ee 
p= 270 on (5 MOM an (OO, MOTH gg 
Le. amp wW,, W2, Ws = 40, 50 + gr, $0 + An. 

One circuit round O changes w,, w.2, v, into w,, #3, w, and three circuits restore 
their values. 

To make the branches single-valued, we can draw a semi-infinite line through O 
(e.g. the positive half of the x-axis). 

If the relation had been w* = z*, with a corresponding notation, one circuit 
changes w,, w2, W, into wy, W,, We. 


(ii) wi? = 28, 
Wy = r2/3[cos ay + isina,] where a, = 30 + }(p — 1)a, (p = 1 to 12) 
A single circuit round O changes w,, We, . . -, Wz into We, Wi,» » +» We; and 


three circuits restore their values. 
(iii) w*® = 2*(z + 1). 
The branch points are — 1, 0. z= 0Ois not a branch point although two values 
of w are equal there. The plane may be cut’ along the real axes from — 1 to + ©. 
(iv) w* = 2(z.— 1)(z — 2)(z — 3); z=0, 1, 2, 3 are branch points, but o is 
not a branch point. 
A circuit round any of these points changes w, into w,, and therefore it is sufficient 
to cut the plane along the real axis between 0 and 1 and between 2 and 3. 
1 1 
(v) If w" =z and w, = [e]®(c08 2 + isin’) be denoted by z”, obtain the 
1 
derivative of z” directly. 
d {r(cos @ +- i sin 6) } = (cos @ + ¢ sin 8)(dr + ir d@) 
1 1 1 
= Oe ke @ 6... 6\f1 —-1 1— 
a{rn (cos — + isin’)} = (cos = ok isin ,)(= 7 dr + ate a0) 
sooth Thy Oly, Fuse 118) : 
== (cos = a ésin—\(dr + ir dé). 
ry a 1 
Thus = exists and is equal to ane {cos (-- 1)6 + isin (> — 1)o} ie. may 
1 
be denoted by an 
(vi) w* = 24(z + 1)%(z + #)%(z — 4). 
Take the initial value of z to be 1 and its initial amplitude zero. The branch 


points are 0, — 1, —%t,i, 0. Whenz = 1, w* = 29/2 (cos 2/4 + i sin 7/4) and the 
initial values of the six branches 1,, 202, W,, Wg, Ws, We ATC Wyo, Wao - - Weo 


-1, 


Ey 2 ee 
where Wig = 23/4 (cos a4 + fin =) 
Woq = OW, Wyo = WW, Weg = — Wo: Vso = — Waer Veo = — Wao 
and @ = cos 4a + isin da. 


The increase in amp w when z describes a given circuit is 30, + $0, + 40, + 40,4 
where 0,, 9, 05, 0, are respectively the increases in amp z, amp (z + 1), amp (z + ¢) 
and amp (z — 7). Suppose that the suffixes of branches are written in the order 
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(123456) initially. A circuit round O (and no other branch point) increases amp w 
by 42/3, and the suffixes take the order (561234). The following table gives Pall 
the possibilities for simple circuits: where A is —1, Bis i, Cis —i. (Fig. 21.) 


Branch points enclosed Order of 
(None); (0, BO); (A, B, C) 123456 
(B); (0, A); (0, B, C) 234561 
(0); (O, A, B) 345612 
(A); (B, OC); (O, A, C) 456123 
(0); (A, B); (0, A, B, C) 561234 
(0, B); (A, C) 612345 


It is sufficient therefore to cut the plane along BA, AC and along the real axis 
from O to co. On the cut plane a circuit 
round A, B, C is possible (as it should be) ; 
but the circuit round O, C is not possible. 
If the latter were required, we could cut 
the original plane along OC, along BA 
and from A to — oo along the real axis; 
but since this makes a circuit round 
A, B, C impossible, this method therefore 
is not so effective as that of Riemann. 
10.61. The Elementary Transcen- 
dental Functions. Functions of the 
real variable defined as power series 
may obviously be defined by these 
feeds series for the complex variable; they 
are analytic within the circle of 
convergence, and possess those properties that have a meaning for the 
complex variable and can be proved by analogous methods (such as by 
the differentiation and integration of series or.the multiplication of series). 


10.62. The Exponential naa 
Fe) =14+ 545 +. tote: 


is taken as the definition of Ss se function of z and is written 
e* (or exp z). It is defined thus for all finite z, has the derivative e*, and 
has the property e% x e%: = ets, 


10.63. The Trigonometric (or Circular) Functions. 


The function cos z is defined to be 1 — a a+e . . « and the 


function sin zto be z— 5 +5 . . . They satisfy the relation 
cos? z + sin? z = 1, have an ene theorem and their derivatives are 
— sin z, cos z respectively. 
It is easily verified that 
cosz +7#sinz =e” and cosz —isinz =e-*; 
thus cos z, sin z are related to the exponential function by the equations : 
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10.64. Hyperbolic Functions. Similarly coshz is defined to be 
zt gt : ze 
a uy | ie and sinhz to bez +5 +5 +- ra 


se , @@ —iz 
Thus cos iz = © so cosh s cosh ic = ES = c08 2 and 
—s ig _. p—is 
sin ie = e =isinhz; sinh ie =“ * = ising, 


The other circular and hyperbolic functions are defined in an obvious 
way; thus tanz=sinz/cosz, secz=1/cosz, cosechz = 1/sinhz, 
coth z = ¢osh z/sinh z, &c. 

10.641. The Conjugate Functions for e*, sinz, sinhz, &e. (i) Let 
w=u+tiv=e; then u + iv = ete” = eX(cosy +isiny). 

Thus R(e*) = e* cosy; I(e*) = e* siny; 

|e*| = e 5 amp (¢*) = y + na. 

Thus x = constant are transformed into circles u? + v? = e” and 
y = constant to the radii of these circles. 

(ii) Let w = sin z = sin x cos iy + cos z sin ty 

= sin x cosh y + 7 cos a sinh y 
so that w= sin cosh y, v = cos « sinh y. ; 
The lines = constant become the confocal hyperbolas 
u?/(sin? x) — v*/(cos? x) = 1 
whilst the lines y = constant become the orthogonal system of confocal 
ellipses u*/(cosh? y) + v?/(sinh? y) = 1. (The foci are + 1, 0.) 

A zero of sinz must make sin? z cosh* y + cos? x sinh? y = 0 and 
this can only be satisfied if sin x cosh y = 0 and cosa sinh y = 0. 

Now cosh y ~0 and therefore the zeros must satisfy the equations 
sin x = 0, sinh y = 0, i.e. are na (as for the real variable). 

Similarly if w= cosz, the lines + = constant, y= constant are 
transformed into the same confocal systems as the above, since 
cos z= sin (z +47). Also cos z has the same zeros as for the real 
variable. 

(iii) Similarly if w = sinh z or cosh z, the lines ¢ = constant, y = con- 
stant are transformed into the same confocals as the above, with the 
hyperbolas and ellipses interchanged. 

10.65. The Logarithmic Function. If z =e” and w =u + w, then 
z= e"(cosv +isinv), Le. e¢ = |z| (=7r) and v = ampz (= 0 + 2nz), 
where @ is the principal value of amp z and 7 is an integer, positive or 
negative or zero. 

Thus the equation defines w as the many-valued function 

log r + 0(6 + 2nz). 
It is thus defined for all z (except z= 0) and one value (m = 0) 
s with the definition of log for a real variable «(> 0). It is 
therefore called the logarithm of z and its general value is often written 
Log z. The principal value of Logz is defined to be log r + 70 and is 
usually written log z. 
Thus Log z = log z + 2nat. 
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Examples. (i) Logi = 4ai + 2nn; logi = 4ai. 

(ii) Log (1 + #) = $log2 +4 (40 + 2na). 

10.651. Conjugate Functions for Logz. Let 

w= u-+ w= Logz = logr + (0 + 2na). 
The lines u = constant correspond to the circles r = e“ and the lines 
v = constant to the radii 6 = constant. The whole z-plane is deter- 
mined by 0 <r < «0, — a <6 <a and is therefore represented by the 
infinite strip of the w-plane given by 
—ao<u(=lgr)<0; —a<v<x. (Fig. 22.) 

The whole of the z-plane is also represented by any such infinite strip 
of breadth 27 parallel to v = 0. 


FIG. 22 


10.66. The Function a?. The function a? (a ~0) is defined to be 
e°'0e and is sometimes called the generalised power. It is therefore 
many-valued (except when z is a positive or negative integer). The 
function e*!° “ is called the principal value of a? and is therefore equal to 

exp {2(log |a| + ¢ amp a)} 
where amp a is the principal value. 
Examples. (i) Determine the conjugate functions for a*. 
a* = exp [(x + ty) flog |a| + s(ampa + 2nz)}] 
= exp [ {x log |a] — y(amp a + 2nz)} + i {x(amp a + 2nm) + y log |al }) 
- la ~Mamp a + 2nr) (cos ¢ + é sin $) 
where ¢ = x(amp a + 2nm) + y log |a|. 
(ii) Find the principal value of (1 + i)1-i. 
exp {(1 — *) log(1 + 4)} = exp {(1 — i)(} log 2 + 3ni)} 
= /2et{oos (tx — $ log 2) + ¢ sin (30 — } log 2)} 
= et {(1 + 4) cos ($ log 2) + (1 — #) sin (} log 2) }. 

10.67. The Inverse Circular and Hyperbolic Functions. If z = sin w, 
we can determine w as a many-valued function of z, which is denoted 
by Sin~!z (or Are sin z). 

For 2iz = e — e- from which we find that e” = iz + (1 — 2%), 
where (1 — z*)#is used to denote the value that tends to 1, when z —> 0- 

Thus w = Sin-1z = — ¢ Log fiz + (1 — 2?)#}. 
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The value that tends to zero when z — 0 is denoted by sin! z, and 
is therefore equal to — # log (#2 + (1 — z?)#). 

Now {iz + (1 — 2*)#} {iz — (1 — 2#)#} = — 1, 
and therefore 

— tLog {iz — (1 — 2*)#} = — a[— Log fiz +(1— Ai + ia] 
=a +% Log fiz + (1 — 2*)t}. 

Thus, taking into account the various values of the Log function we 
have Sin-!z= mx +(—1)"sin-!z (m integral or zero) agreeing 
with the result for the real variable. 

Similarly we may find that if z = tanw 


w = Tan-!z = — }iLog (; =) 


Ww 
a liz 
= — tilog (; 2) + me 


and tan-!z = — $4 log (7 “te 5) being the value that tends to zero 


when z tends to zero. 
Cos~! z is defined to be 7/2 — Sin~!z and is easily deduced to be 
2p + cos! z where cos! z = 2/2 — sin-!z. 
The general value of Cos~!z may also be written 
— i Log + (z? — 1)#}. 
Sinh~!z may be defined as — i Sin~! (¢z) and is Log {z +. (2* + 1)!}. 
Cosh~!z similarly is Log {z + (2* — 1)*} and 


Tanh-? 2 is 4 Log + 2. — ¢ Tan (i) 


Kxample. Solve the equations (i) sinz = 2, (ii) tan 2z = 2%. 
(i) If sinz = 2, ef* — e-!#— 4; and therefore e*#* — 4ief*-1=0, ie. 
eff = i(2 + /3) giving iz = log (2 + 3) + i(2m + 4)a. 
Thus 2 = —ilog(2 + /3)+ (2m +4)x or z=na+(—1)"% where 
a = 4x — ilog (2 — 3), 
(ii) If tan 22 = 2i, z = — Hi Log(—}) = Hilog3 + 32m + I). 
MOTI Legarithmss Series. Texan, & 


=e” and therefore 


dw 
d 1 
q(bog 2) = Flog 2) = ar 
tk, 2 
Now = z2+2%..., when |z| <1. 
Integration from 0 to z gives 
2 3 
log (1 +a=2—5 +57: - » Azh <1) 


since log (1 + z) is the value that tends to 0 when z tends to 0. We 
have already seen that this series is valid for z = 1 and that it is not 
convergent for z= — 1. 
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It can be shown to be convergent at all other points of the circle 
(Chap. XI, § 11.08), and therefore (by Abel’s Theorem) the series is equal 
to log (1 + 2) at all points of the circle except z = — 1. 


10.681. The Series for tan-1z. Ifz = tanw, sf = 1 + 2? and there- 


d a en 
fore q(Tan 2) = tae 
1 ==] ox of 4 | 
ae 2%*-+ 24... (\z| <1) 
and therefore by integration since tan~!(z) > 0 when z—> 0, we have 


3 
tante=2— FP 4% +o Al oe 


Now 


We have already seen that the series are valued for z = -+-1; it is 
obviously not convergent for z = +- 4, but it can be proved convergent 
for all other values on the circle. (Chap. XI, § 11.08.) 


10.682. The Binomial Series. The function F(z) defined by the 
general binormal series 


Oa es a eee Rs 


n! 
where ¥, z are complex, has a radius of convergence unity since 
lim |” nile, =] 
n—Yv f 


The method for the real variable (§ 5.72) is applicable to show that 
F(z) = (1 +2)” at least for |z} < 1 where (1 + z)” means 
exp {vlog (1 +2)} 
a, | 


Now | —2-| =1+ rd 
On+1 n 
in the series and y= « +48. There is therefore absolute convergence 
on |z|=1 if R@)>0, but if R(v) <0, there cannot be absolute 
convergence on |z| = 1. Whenz + — l, exp {y log(1 + z) }is continuous 
and therefore F(z) = (1 +z)” when |z| = 1, R(v) > 0 (except possibly 
atz=-—1). But when z= — 1 + pe’, p small and |4| < 42 (so that 
points near — 1 of the domain are under consideration), we have 
lexp {» log (1 + 2) }| = pre—A# 

which —> 0 as p—>0, if «> 0. Thus the value of the series is zero 
when z = — 1 and R(v) > 0. 

When R(v) < — 1, the terms do not decrease in absolute value and 
therefore the series does not converge. For the case — 1 < R(y) <0 
(see Chap. XI, § 11.19.) 


Note. Actually, when z = — 1, we can find a simple expression S,, for the sum 
of the first (n + 1) terms; for ¢,, the (n + 1)th term is P,, — Py_1, where 


P, = (1 —»)(1 — 3) eas (1-2), (n > 2). 


ie. —> 0 when z—~>0. 


+ (3) where a,, is the coefficient of 2” 
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Also t, = P, — P,, where 1 +4, =P, 


ie. i pela iG SS ee Ep 
If v is a positive integer N, Sy = Sy+1=...=0 and F(z) =0. 
If » = 0, F(z) is obviously 1. For other values of », 
ia: Pee Oe a ee Bet. +2 
oF) — pay hing *) 
(Chap. XII, § 12.3.) 
. So that if R(v) > 0, lim P,, =0; if »y = 4B (8 real), P,, oscillates finitely; and 
if R(v) <0, P,, oscillates infinitely or diverges to + ©. 
10.7. Functions defined by Integrals. Consider the integral 


w dz, where the path of integration is the straight line joining 2, to z 


26 
when this straight line does not pass through a singularity of w. When 
it does pass through a singularity «, the path must be deflected by means 
of a small semicircle whose centre is 7; and the path is made definite 
by choosing that semicircle whose description by a point 2 gives an 
increase of z to amp(z—«). We have already seen that if G(z) is a 
function whose derivative is w, then 


Ge) — O(e0) = | we 


%o 


ie. we can write ‘wde= F(z) where F'(z) = w, F(z.) = 0 and the 


> % 
path of integration is the straight line joining zo, 2 (modified if necessary). 
Note. The semicircle used to avoid a singularity on the path is called an 
indentation. When dealing with the variation of a function when z describes the 
boundary of a given domain, and when « is a point of the boundary, we should 
usually draw a semicircle (or arc) that excludes the singularity from the domain. 
By Cauchy’s Theorem, the value 
of the integral is also F(z) by any 
other path that can be deformed into 
the line joining 2, z without crossing 
a singularity ; and it may be called 
the principal value of the many- 
valued function defined by the 
integral for all possible paths. Let 
Ay, P be the points 2, 2 and let 
A,(z,) be a singularity of w. Also let 
us suppose (for the moment) that z, 
is the only singularity. (Fig. 28.) i 
Let C, be a small circle centre A, and radius ¢,, and let B, be the 
point of C, nearest te. dy. Take any continuous path C’ joining A, to P not 
deformable into the straight line A, P. (Fig. 23.) Then C’ is equivalent to 


—-> 
the closed path y’ consisting of C’ + PA, followed by A,P. The increase 
- in amp (z — z,) when y’ is described is 2m, where m, is an integer (-L). 


The integer is not zero, for then C’ could be deformed into AP. In 


Fic. 23 
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general, the value of w after a circuit of A,is changed to w, (when A, isa 
branch point of w); if A, is not a branch point, its value is unaltered. 
Thus for a singularity, in general, 


B, z 
j w dz = mil wde + | (w — wie + [ w, dz 
Co Cc, Zo Zo 
but if the value is restored after m, circuits (or if A, is not a branch 
point), 
} w dz = mal w dz -+- F(z). 
Cc’ C, 


Similarly, if there are p singularities at 4, (s = 1 to p) and no two are 
on the same line through z>, we obtain for the general path C’ 


Bs 
j w dz = Em, W,_y dz + j (w,_1 — w,)dz + f W, as} 
Co 1 Cs Ze Zo 


a definite order being chosen for the points A,. When a point A lies 
on the line z,A4,, it is necessary to indent the path zB, in the usual way. 
In many cases, the integrals round C, tend to definite limits Z, when 
€,—> 0, and we can then write: 


| w dz = Bm, + - (w._1 i as w,)dz + j Ws ae}. 
Co’ 1 Zo Zo 


In particular, if the only singularities enclosed are poles A,, A,, . . ., 
A, (which are not branch points), we obtain 


j w de = F(z) + Qzvilmyhy + make +. . + mghy) 
pS 
where &, is the residue of w at A,. 


dz 
Examples. (i) Let w= Tz where C’ is any continuous path from 
C’ 
O toz. The function defined by the relation z = tan w (viz. Tan—1z) satisfies the 
relation dw/dz = 1/(1 + z*); and the above integral provides a suitable definition 
Zz 
of Tan—1z. The principal value tan—1z is defined to be } on along the straight 
0 


line joining O to z (suitably modified when z = iy and |y| > 1). The function is 
not defined for z = + 2, these being the only singularities. 
1 a ry 
Bow 1422 22+) Hz—iy 
If z A iy (\y| > 1), 
tan-12 = 5 flog (i + 2) — log (i — z)} 


since the value on the right —>0 when z —>0. 
The residues at z = + i are F }i respectively. Therefore, if C’ is a path from 
—> 
O to P(z) (Fig. 24), which is such that the closed path formed by C’ and PO encircles 
+t, m,, and m, times respectively, then 
a , 
j 3 (= Tan-1z) = tan-1z + Qui. 5 (mz, — m,) 


ite 
= tan-1z+4 Na 
where N is an integer (+ ) or zero. 
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If APB (an angle between 0 and 2 inclusive) is denoted by 6, 


tan-1z = * tiog 5 +i0—2 + 2mz)} 


where m must be chosen so that tan—1(0) = 0, according as R(z)20. But 
lim 06=2 
z—>0 
and therefore 
irate TE a (ae 
eae e.g Oe BA = G 5) 
according as R(z) 2 0. 
l+y 
1-y 
If y > 1, tan~1 (iy), if the path is deflected into the region R(z) > 0, must be 


Also tan! (iy) = 5log if |y| <1. 


FIG. 24 


b 1 : : 
given by the upper sign, i.e. is set + 4x, and tan—1(— iy) for y> 1 is 


5 log YS _ 4 if the path is deflected into the Region R(z) <0. 
This is verified by noting that (y > 1), 
de "dy | dz a 
=iP| -——,+ lim ~~. where y is the semicircle 
| 1 + 2? (> Pure? mF 


—1t 


= 22 — 4) 


wan, soph gen ps al te 
= 5 log + 4a, since P41 + 9(z) 


where g(z) is analytic at z = i. 
rane nee . 
Again since f. ize = j 
be —tan-1( —z) when y < — 1. 


ry we can simply define tan—1(z) to 


Notes. (i) The whole z-plane is represented on the w-plane by the strip 
—n/2 <u < 2/2, although the point z = o is represented by w = 1/2 and also 
by w= —2/2. The points A, B also may be regarded as being given by 
¢ + ic respectively where |c| < 2/2. 
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(ii) The conjugate functions for tan—1z are in general given by 9 = constant, 
PA = kPB, i.e. two orthogonal systems of coaxal circles, in which A, B are the 
critical points. 


(ii) De for any path starting from O with the initial value + 1 for 
oe Vi — 2 


) 
v(1 — 24). 
Assume for the moment that z is not real. Then the principal value sin—1z is 


Zz 
| wears for the straight line Oz. The singularities +1 are branch points as 
0 


well as infinities of the in’ 5 
Let C, denote the circle |z — 1| = ¢, and C, the circle |z + 1| =e. Near 


Qa, 


— — 2 —_ fi | OO 7 
z=1, |(1—2z*)|> e(1 —«) and therefore i. sl — a i.e. 


dz 


dz ale dz 

4 va—#) — 0 as «,—>0; and similarly | vam? as &—> 0. 
A circuit (in either direction) round + 1 changes 4/(1 — z*) into — +/(1 — z*); 

therefore two consecutive circuits round either of these points may be ignored. 
The value of the general integral due to one circuit of C, is therefore 


(atar[ sta: fata a 
iets tba twee eatee = > = — Fin te 
oVa—#)" J,” va-=a Tj,” yaa 

and the value fora single circuit round C, is — 2 — sin—1 z, whilst the value for a 
. circuit round C, followed by one round C, is 2% + sin-1z; for a circuit round CO, 
followed by one round C, the value is — 2% + sin-1 z. Since either of these double 
circuits may be repeated and then be followed by a single circuit round one of the 
points ++ 1, we conclude that the general value of the integral Sin—1 z is 


ma +- (— 1)"sin-1z. 


We have already shown that sin-1 z = — ilog fiz + /(1—z*)}. Whenz=2 
(real) and |z| << 1, sin—1 z = sin-1 x, where — 2/2 << sin-1 «< 2/2. 
To give definiteness to sin~1'z when |x| > 1, we can choose the path from O to x 
that is deflected at +- 1, in such a way that the branch point is on the left of the path. 
Thus amp (1 — z) increases by x and therefore +/(1 — z*) becomes i+/(z? — 1) 
for the indentation at + 1, i.e. : 


Ne wi of? «vide we dj 
sin 1 a(lel > =F ~6[" HS =F — slog + veer 0p 
=F — teosh~1 2, 
Then « < —1, sin~12 = — 3m + icosh—1- (since sin-1 (— 2) = — sin-1 z), 


Note. The lines w = constant, v = constant have been shown to correspond 
to the system of confocal conics (foci +1). If the z-plane is cut along the real 
axis from «= 1 to = + © and = — 1 to = — oo (the points of the cut 
being omitted from the z-plane), there is a 1 — 1 correspondence between the cut 
plane and the open region — $n <u <4. The cut from +1 to + o is repre- 
sented by one boundary u = 2/2, but it is represented twice on this line; when it 
is regarded as the limiting position of the upper edge of the cut, it is given by v > 0 
and if of the lower edge it is given by v <0. 


10.71. Christoffel-Schwarz Transformations. Consider the transfor- 
mation w = sin~}.z discussed in the example above; and suppose now 
we confine z to the wpper half of the z-plane, the boundary of which is 
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y = 0 indented by small semicircles centres + 1, the semicircles being 
drawn to exclude + 1 from the region. Also let the radii of these circles 
tend to zero; then the value of w on the real axis has, in the limit, the 
following values ' & 


— 5 + cosh - 1 a(— <2 <—1); sin“! a (|e| <1); 


5 ticosh™? a(1 <2 <0). 


Fig. 25 


As z describes the a-axis from — © to + 00, w describes the boundary 
of the semi-infinite rectangle determined by wu =-+ 2/2 (v>0) and 
v= O(\ul <2/2). (Fig. 25.) The upper half of the z-plane is on the 
left of the moving point ; therefore it corresponds to the interior of this 
rectangle. There is a one-one correspondence between the regions and 
w is therefore called a simple (or schlicht) function for the domain I(z) > 0. 

This is a particular case of the more general transformation indicated 
by the relation 

dw A 
dz (z —a,)*(z — ay) . . . (2 — ay) =f) 
where A, a,, A, are constants. 

For purposes of illustration we shall consider the simplest type of 
the above transformation, viz. that in which the numbers a,, 4, are real ; 
and determine the boundary in the w-plane that corresponds to the real 
axis indented by the upper halves of the circles C,.given by |z — a,| = , 
(r =1 to n). The origin of the w-plane may be chosen at any point 
since no constant of integration has been specified. In particular we 


may take 
f- Adz 
Dh. tocar lew Alife ees cal 
o(@— a)". . . (@ — ay) 
so that w = 0 when z = 0 (provided a, 0 when w is not convergent 
there). 
Since the effect of the multiplier A is merely to give a magnification 
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and rotation, the essential character of the transformation is not altered 
by taking A to be any particular number. The point z = co is in general 
a singularity of the integrand, but since this point may be transformed 
into a point =c by the transformation z =(x —c)-1 (c real and 
*ad,), we may without loss of generality assume that oo is not a singu- 
larity of f(z). By choosing O at a suitable point (this being a simple 
translation of the z-plane) and taking a, in the correct order we can write 
Oh Kays Ee 
and by a suitable choice of A we can take 
1 
#, \e\ \s (a, — 2)» 
Let the initial value of z be 0 with initial value ja, . . . a,*| for f(z) 
(i.e. amp f(z) = 0). 
A case of special simplicity arises when all the integrals round C, 
tend to zero when ¢,— 0, i.e. when w is finite for all z (including oo). 
On the circle |z — a,| = ¢,, |f(z)| <K/e,’* where K is bounded, and 


therefore [fede 0 when «,—>0 if A. <1. When |z|— 0, 
Cy 


Ie) = @. ays 


|f(@| = O(|z|—**) and therefore w is finite as z—> o if 2A, > 1. 

If infinity is not a branch point, XA, must be an integer. Its smallest 
value in that case is 2 and we shall see that in this case the real axis is 
transformed into the sides of a convex polygon and the region I(z) > 0 
into its interior. Now amp f(z) is zero from — oo on the real axis to 


x = d,, and its value at any point there is ( Fee ee 
This increases from the negative real value 
site dz cas gf dt 
\, (a; —z)* .. . (a, — 2) << (a +0)... (Gy +t) 
at = — o to zero at x=0 and then to the positive real value 
a Ce ee at a,. The description of C, causes a 


decrease in amp (a, — z)* of amount A, (< 2); and as z describes a,a., 
w describes the straight line from w(a,) to w(a,) which makes an angle 
Az with v= 0. The length of this line is 


Cr dx 
J a, (© — a)" (ag — a)... (a, — x)’ 
Similarly when z describes the other segments az, . . ., Gy_1@n, W 
describes the sides of a polygon. (Fig. 26.) The polygon is convex 
since A, <1. When z describes C,,, amp f(z) is (ZA,)a = 2m, and there- 
fore w moves parallel to the line v = 0, when z describes a,, to A(-+ 00). 
But ©o is not a singularity of w, and the integral converges there. There- 
fore, by Cauchy’s Theorem, the value of w at A(-+ 00) is the same as 
that at A(— oo). Thus as z describes a, to A(-+ 00), w describes the 
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real axis v = 0 from a, to A, thus completing the polygon. The real 
z axis (indented) is transformed into the sides of this polygon (when the 
radii of the indentations tend to zero); and the interior of the polygon 
corresponds to the upper half of the z-plane. . The function defined is 
simple for I(z) > 0. 


LYMM hd b 


FIG. 26 


When the integrals round C,, do not converge to zero, suitable modi- 
fications may be made in the representation of w, when, for example, 
the integral tends to a limit. Thus if a, were a simple pole, and not a 
branch point, the point w(a,) is at infinity on the real axis of the w-plane. 
The segment corresponding to a,a, is then parallel to the real axis at a 
distance ka above it, where k is the residue of f(z) at a. 


Note. Since the real axis of z may be transformed by a bilinear substitution 


into the unit circle |z| = 1, the transformation above gives a representation of a 
polygon on a circle. 


Hxamples. (i) = = 271 — z)-1 + z)-! = f(z). 


Take amp f(z) to be zero for 0 < x <1 and let w = 0 when z = 0 (the integral 
being aia there). The branch points are 0, + 1, 00, the integral converging 
at each. 


As z describes the real axis (indented), w describes a quadrilateral OACB whose 
vertices correspond to 0, 1, 0, — 1 respectively. (Fig. 27.) 


4 LL 


C0 


Zz 


FIG. 27 
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The increases in amp dw at these vertices are each 37 and therefore the quad- 
rilateral is a rectangle. 


The length of OA is ; and the value of w at B is 


| eats 
o V {x(1 — 2*)} 


|, aaa -f pan 
o Al—2il +e") Vad +o —H) 


since z = te'r, i.e. OA = OB, and the rectangle is a square. That all four sides 
are equal may be verified by the substitutions s = 1/u, u = — v in the integral 
for OA. 


1 
Note. The length of the side is if u-4(1 — u)-tdu (x = u*). The value of 


this is {J°(})}*/2+/(2x) (Chap. XII, § 12.24) and therefore the substitution 
_ 2av/(2n) f dz 
“= TOF JoV al —A)} 


transforms the real axis into the perimeter of a square of side a and the region 
I(z) > 0 into its interior. 


... dw 

(ii) zm (a — 2)-A(B — z)—K(y —2)-” (A+ e+ =2). 

Let A=1-—A/n, » =1— B/n, then vy = 1 — C/n where A, B, C are the 
angles of a triangle. Since the increase in amp f(z) when z passes « is Ax = 2 — A, 
with a similar result for the point f, it follows that the real axis is transformed into 
a triangle ABC. 

In particular, if we take «, B, y to be 0, 1, 00, the corresponding transformation 
is given by 
: do 
dz 21 — zy" 
oe 
o (1 — te 

Note. This integral is easily evaluated in terms of J’ functions (Chap. XII, 
§ 12.24), and from the properties of the J’ function it may be verified that the sides 
of the triangle are proportional to the sines of the opposite sides. The length of 


2 


The length of the side opposite the angle C is i} 


the side opposite A is | and the length of the side opposite B is 


1 Oe —1) 
oun 
| AI AL: Lhe side opposite C has length 


o (1 + ty 
Ba -4,.1- = "22 r(2)rE)r () 
3 dz 


and therefore w = e( oi ae 


transforms the real axis into a given triangle 
if Jiwe 1h See Dp Ae e tt : 
ABC if A=1—A/n, ph=1—B/n, k = F(A jm) P(B/a)l(C/ay and p is the 
perimeter of the circumcircle of the triangle ABC. 
. 2na dz ne 
In particular, “= EDF transforms the rea] axis into an 
equilateral triangle of side a. 


d — 1) 
(ai) F - S— = fe, (0> 0. 
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The singularities are 0, «©, 1, —c (the last two being branch points). The 
integral converges at 1, —c. Take w= 0 when z = 1, with amp f(z) = 0 for 
z>1. 

As x increases from 1 to + ©, w is real and positive increasing from O at A to 
+o when x—>-+ 0 (where A is z=1). (Fig. 28.) Between O and 4, 


FIG. 28 


amp (z — 1)4 is 3a. Thus as z varies from 1 to 0, w describes the lower half 
of its imaginary axis. The integral round the indentation at O increases w by 
mi (residue at z = 0) = mi(i/4/c) = — x/+/c. In the interval O to —c, amp z 
is now z and amp dw is 42, so that w moves upwards parallel to the imaginary 
axis to the point B for which z = —c. In the interval x < —c, amp (z +c)? 
increases by $2 and therefore amp w decreases by 47. w therefore moves parallel 
to the real axis v = 0 with increasing u, until finally when x—> — 0, w—> © 
as shown in Fig. 28. 

The distance between AO(+) and BO(—) has been shown to be z/4/c. The 
distance between AH(+- 0) and BH(— ) may be found by noting that 


WE) — Wx(+0) = lim \ (z)dz 


where C is a large semicircle, |z| = R, I(z) > 0, and R—» ©, But when |z| is 
arge f(z) = a(e) where G(z) = 1+ K where K is bounded and therefore 


lim { flew: = 38 
k—->~Jo 


i.e. the distance between the parallel lines is. z. 


10.72, Analytic Continuation. Consider the function f(z) defined by the power 
series S() =z — 29/2 + 23/3. 

It is an analytic function within the circle |z| = 1. Without assuming the 
logarithmic function, we can easily prove the property 


Sf) = fle) +f" A + ey) 


where |z| <1 and |z,| <1, provided 


wea <1. 


For if F(z, z) = oe —f(zo) and Gz, 2) = —— aa) = 0, since 


O(z, Zp) 


J@) is obviously 77> + (lz]| < 1), ie. f(z) —f(zo) = i Bias == — 70) since 
S(é) = 0 when z, = 0. 
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But the region determined by |z — <o| < |1 + o| is the interior of the circle 
centre z, and radius |1 + 2 | and has a part outside the circle |z| = 1 (except when 
zg is real and negative). The relation, therefore, determines an analytic function 
for a region that is partly outside and which overlaps the original region |z| = 1. 
Now an analytic function in general has a unique expression as a power series for 
any point within a domain for which the function is defined. We may therefore 
regard the two expressions as different forms (both limited in scope) of the same 
analytic function, since they agree over their common domain. This process of 
continuation may be extended over a wider region of the plane and is only limited 
by the occurrence of singularities on the various circles of convergence. Thus in 
the case given above, f(z) may be extended over any finite region of the plane that 
excludes the point — 1. We may then say that a power series together with its 
continuations determines an analytic function. 

Suppose that a function f(z) is continued by means of the domains D,, D,,. . ., 
D,,, where D,., overlaps D,; and let D,, P. hss okey D,, indicate a second method 
of continuation where D,,’ overlaps D,. The value of f(z) in this overlapping part 
is not necessarily the same; for the regions given by D, + D, +. ..-+ D, and 
Dy + D, +...+ D, may be such that there lies between them another region 
across which f(z) cannot be continued (i.e. where f(z) has a singularity). The function 
is in this case many-valued ; but if it is possible to continue f(z) across the gap in 
a finite number of steps, then the values of f(z) in D,, D,’ must be identical. Thus 
to take a simple case to which the general case is reducible, let C,, C,, C3 be three 
circles, each overlapping the other, but containing a gap between them. Suppose 
that a function f,(z) defined for C, is continued into C, giving a function f,(z) which 
is identical with f,(z) in C,C,; and similarly let /,(z) be the continuation of /;(z) 
into C where f,(z) =f,(z) in C,C3. Suppose also that f(z) can be continued into 
a circle C, that contains the gap entirely within it, and that the value of f(z) in 
C, is f,(z) where f,(z) = f,(z) in C,C,. In the region C,C.0,, f, = fo =f, and there- 
fore fp =f, in C,0,; similarly f, = f, in C,C,, ie. fp =f; =f, in CCC, and 
therefore /, = f; in O,C3. 

The term analytic function, which is used to define a function for a certain 
limited domain, may be applied to describe the more general function obtained by 
its continuations through power series. The region of its existence is limited by 
its singularities, but for any point lying within this region (in the strict sense),.there 
exists a power series for its representation. For this latter region, the function is 
given by its various power series together with their continuations, and is therefore 
sometimes described as regular. The word “ monogenic” is sometimes used for 
analytic. The term holomorphic is used to describe a single-valued analytic function 
in a region where the function has no singularities, whilst mermorphic is used to 
describe the function when its only singularities are poles. The terms wniform and 
multiform are used for single-valued and many-valued respectively. 

The following example illustrates the use of continuation in a simpler form. 

Example. Consider the expansion of (1 — z + z*)~! = f(z). 

When |z — 2?| <1, we have 


fe) = 1 + Zend — 2) 


It is legitimate to rearrange in powers of z at least if |z| + |z|* <1 for then the 
series written out at length is absolutely convergent; this inequality is satisfied 
if |z| < (V5 — 1), ie. < 0-6 approx. 


Thus (1 —z + 2%)-l= Deiga for |z| < -6 where 
0 
(n —2)(n — 3)  (n — 3)(n — 4)(n — 5) 
1.2 i 1.2.3 Bs 


there being (4n + 1) terms in u,, if n is even and 4(n + 1) if nis odd. It is easily 
verified that wu, + Un+e=Un+1 and therefore un+1 + Un+3 = Un+2. Thus 


Un =1—(n—1) + 
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in+3 = — Uy, 80 that since u, = 1, u, = 1, wu, = 0 we find that u,, is either + 1 or 
zero and therefore the radius of convergence of the series Zriga is actually 1. By 


the principle of continuation it follows that the expansion is valid for |z| <1, 
since it is valid for the smaller region |z| < -6. The series is of course obtained 
immediately by expanding (1 + z)/(1 + 2%); and in any case, a knowledge of the 
distance from z = 0 of the nearest singularity of f(z) enables us to state beforehand 
that the radius of convergence must be |— w| = |— w?| = 1. 

Note. The continuation of the function given by a power series is related to 
the position of the singularities on the circle of convergence, and various tests have 
been devised for determining whether a given point is singular or not. It is import- 
ant to note that the convergence or divergence of the series at a particular point 
does not by itself give any information as to whether that point is singular or not. 


Suppose, however, that the series Zaye" has a unit radius of convergence. It can 
be shown that (i) ifa, > 0 or (ii) Xa, ~-> + 0 (a, being real), then z = 1 is singular; 
more generally, it has been established that if Zia,2" is divergent at z = z, on the 
unit circle, then zy is a singular point if a, — 0. (Ref. Landau, Ergebnisse der 
Funktionentheorie, 18.) 

10.8. Calculation of Real Definite Integrals by Contour Inte- 
gration. By a suitable choice of integrand and contour it will be 
shown in the examples that follow how certain types of definite integrals 
may be evaluated. It will be found that the contours chosen consist 
of straight lines and arcs of circles ; in the most important and interest- 
ing cases, the result is obtained by allowing some part of the contour 
to tend to infinity, and takes the form of an infinite integral. The 
establishing of the convergence of the integral is effected naturally in 
the course of the work. 


10.81. Calculation of Residues. The residue theorem states that 
f(@dz = 2ni(A, +. . . + A,) where C is a closed contour within 


C 
which f(z) is analytic exeept at points z,, . . ., z, where there are poles 
i residues A,, .. ., A, 
In many cases the integrand may be written in the form F(z)/G(z) 
where z = a is a root of G(z) =0 but not a zero of F(z). 
(a) If the root is simple, then G(z) = (z — a)H(z) where H(a) ~0 
and therefore the residue at a is F(a)/H(a) = F(a)/G'(a). 


Examples. (i) The residue of Se) at any root « of the equation 


atl 
- J (a) asf (a) 
a=—1 Bi 
(ii) The residue of f(z)/(sinh z) at z = iz is f(ix)/(cosh ix) = — f(iz). 
(b) If the root is multiple of order s, G(z) is of the form (z — a)*H(z) 
(H(a) +0), and therefore the residue is the coefficient of (z — a)*-! in 
the expansion of F(z)/H(z) in powers of z — a, 


G3 1 d-1 (F(a) 
1.e. the residue 18 hare 
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It is usually better to write z = a + ¢ in F(z)/G(z) and expand in powers 
of C. 
, . a sig (OP iif HOME Nigh eg 
Examples. (i) Residue at « of @—a)'@—) is a 3), le. is 
a 2a 2 
1p ao te 
Vinee . ; z 
(ii) Find the residue at i of @ +1) +1) 

Take z=i-+¢; then the residue is the coefficient of ¢ in the expansion of 
e+ (¢ + ¢) Chto c Hae 
@+ou+s+ey ie. in — 4 (a — ae _- ri). This gives 4. 

10.82. The Unit Circle |z| = 1. 


2 
I. The integral j F(cos 8, sin 6)d0 
0 


is equivalent to the contour integral | f(2dz where 
c 


jo=~ief(-+2), 3(--})] 


and C is the perimeter of the unit circle |z| = 1, since z on that circle 
may be taken as cos@ +1%sin@ (0 <<@<2z). The integral may there- 
fore be evaluated if f(z) is analytic within and. on C except at a finite 
number of poles within C. 


R cos 26 dé _ (+) 
ah ae 9d + 40080 = 5 (22 + Ie + 2) 
The only = within C are at z= —4 andz=0. 
Residue at — 4 is (1 + +5) + (4.2.3) = 45 ; 
Residue at z = 0 is the coefficient of z in the expansion of 
(1 + 24)(1 + 22)-1(2 + 2)-* 
near z = Q, i.e. is — 5/4. 


Therefore the integral is aT mae fe 
II. Conversely, if f(z) is a function analytic on and within C except 
at a finite number of poles, the integral | f(2)dz leads to a result of 
the form . 
: [#0 + 3G(0)}40 = A 4+ 4B whan 2 =e. 
Example. J piel 00a =F ic- —ta/8, since — } 1s the only pole inside. 
o (382 + 1)(z + 3) 


Taking a real, we find, on putting z = e, that 


re P24 
e-@sin 6 90s (a cos 6)d0 ox e—@s8in® gin (a cos 6)d0 x. 
i 5 + 3.cos0 are te j, 5 + 3.0080 a gon te 
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10.83. Infinite Semicircles. Let C be the contour determined by 
the upper half I of the circle 
|z] = R and the diameter AB 
that closes it. (Fig. 29.) If f(z) 


is chosen so that | f(z)dz tends to 


My 
zero when R —>0o, we may obtain 
the value of a definite integral of 


the type is f(z)dx. Suppose 


that f(z) has no singularities on the 
real axis and that the only singu- 
larities within the finite semicircle 
are isolated (and therefore finite 


in number for a fixed R). Then [. f(edz + ("5 f(x)da = 20S p, where 


Sx is the sum of the residues of f(z) within R. 
Generally, the number of singularities will depend on R. It 


| fede +0 as R—» 


then f(a)dz = lim 21S p 
an R—o 

if this limit exists. 

The contour J" should not of course pass through a singularity. Sup- 
pose that the singularities lie on the circles |z| = 7,, where 

fy <S Tales 
(there being a finite number on each). Then there is no loss in generality 
if we take 2, = i(r, + t54:), and write \ ligile lth dead where 
—« on 
S,, is the sum of the residues of f(z) within the semicircle determined 
by |z| = R,, provided f. f(2dz—> 0. Tt will be found that appropriate 
integrands for this contour are 
I. e'”*h(z) II. flog (2 — «) }"4(z), (p real). 
I. Let f(z) = e*¢4(z). 
The following lemmas are sometimes useful in determining whether 


or not | f(2dz—> 0 as R— o~. 
2 


(a) If |zd(z)| 0 uniformly on I" as |z| —> 00, then | e'?*h(z)dz 
tends to zero if p > 0. c 
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(6) If |¢(z)| 0 uniformly on I’ as |z|—> o, then j e'P*4(z)dz 
i 


tends to zero when p > 0. 

These cases are not mutually exclusive. 

We say that |G@(z)|—>% uniformly for the sector a, < ampz < a, 
when |z|—> 00, if, given e (> 0), we can find R ( > 0) such that 


|G(z) —k| <e 
for all |z] > R and all 6 (= amp z) in the interval a, <0 <a. 
(a) j e'P*#4(z)dz| < [ee sin 6/24(z)|d0 (2 = Re”) < ze, since p > 0 
r 0 


and therefore e~?#8m® <] (0 <6 <a). Therefore | f(2dz —> 0. 
i 


(6) 


[ e#ene 


e-PRsind < e-(2pR)/z in 0 <A < hn (p > 0) 


since (sin @)/@ decreases steadily from 1 to 2/x in this interval. 


<ek|"e pksin®d§ (where |d(z)| <). But 
0 


bd 
Therefore | S(2dz| < 2Re| e~ (2p R6)/z dp — ea eae agi 
Py 0 Pp P 
Le. | foto as R—> oo. 
r 
In particular let ¢(z) = aa where P(z), Q(z) are polynomials of 


degrees m, respectively, then J f(z)dz —> 0, when 
Ps 
(4)n>m+2,p>0 ()n>m+1, p>. 


Bramples, (i) Consider . ee, (a > 0). 


By Lemma (6), f,, f(z)dz > 0 when R— oo if p> 0. 
The only singularity is at z = ia, and the residue there is 
tae 


ape Pot 
ipx da 
Thus Jus ore = mie~ pit 
a(eipr — e- were — e~iPr)day c 2% sin pa % 
inf “TiigiEge BOL ee P a4 que = 9¢ p> 0, a> 0). 


Note. If p = 0, the last integral is zero; if p <0, the integral is — eva (a> 0). 
ie etp2' 

(ii) Let f(z) = (@ + aa? + ba) (a>0, b>0, ab). 

By Lemma (a), f flz)dz > 0 if p> 0. 
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Thus, as in example (1), 


Y 2 cos px dx . e~pa e—pb 
J, eoanten ee) nar ay * ame] 
ie. , 
ig cos pa da am 
j SP atlet + 05) ~ Sana — 65 0 Fe) Dm Ma 0b> 99 x0) 


It is worth while pointing out here that this integral is a continuous function of 

a, b or p in the intervals a > a) > 0,6 > 6, >'0, p > 0; and that it is legitimate 

to differentiate it under the: integral sign with respect to a, b or p (within the 
above intervals); (for the proofe of these results, see Chap. XI, §§ 11.54, 11.56). 

Thus (a) if b—»a, [” cos px dx x 

| = jai + ape? p > 0, a> 0). 


° (a2? a a)? 
(b) Differentiation with regard to a gives 
og cos pa da Fd : 
j, (x* ramet 62) 4a3b(a® — 62)? [ be~ Pa {pa(a* — b*) + 3a? — 6*} + 2ate—P?] 

Py ee eC 

"Jy (a? + a%)*%(x* + 6%) 4a%b(a +- 6)? 

at. 2. uit ) o... watt Bob 2.) 
(4) ‘ (x? Te a*)?(a? + 62)? pia 4a*b3(a oe b)3 

st x sin px dx a a(e~pb — e~ Pa) 

) ), a+ aar+ 0) aar—oH, 


It is necessary, however, that the resultant integral should be convergent 
(§ 11.56). Thus the third derivative with regard to p gives 


BO! lee 
o (a2 + a8\z* + b*) - 2(a# 
only for p > 0, a> 0, b> 0, and the fourth derivative is not convergent. 


A 
— 8) (ate P4 — h%e— >), 


ee 2 
(iii) Let f(z) = Par (a> 0). 
Here SS (z)de —> 0 by Lemma (a). 
* gtdx J : 4 
Therefore an Feng ta 2ni (sum of residues 4 ax, au*) where 
a = (1 + #)//2, a® = — (1 — t)/V2 
; f ao? a?a® ae + o tV/2 
i.e. S (sum of residues) = 73°53 + 7iaqe ee 
° gtde xnV2 


so that s (at + at) 4a (a> 0). 


As in the previous example, it is legitimate to differentiate under the integral sign, 
any number of times, with regard to a (if a > 0). 
2 gtde nV/2 ” ade 5a/2 
Thus aera a oe ATE —= ae 
o (4 + a) 16a o (24 + a4) 1284 


1 
(iv) Let f(z) = (@* + 1) cosh nz" 


There are poles at i, $1, $1, ...,(~—4)i,.- 
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Take R, the radius of the semicircle, to be n. Then on |z| = n, cosh az must 


have a lower bound m> 0 and therefore |f., f(z)dz| < 
as N—> 0, 


n 
F [" dx 5 ae! ys 1 1 ) 
1.6, 3 9 @ + 1) cosh zz = ani ~ ui +- og REF a wy} 


nape =a, -4} 


x 2 
= Sn Pe (Sap? So - wot) 


: dz 
1.6. o (@ + 1) cosh x =2-— 4a. 
IL. Let fle) = {log (« — a) }>$(2) 
Take log (z — a) to be the principal value and suppose that « is 
outside the semicircle, i.e. I(x) < 0. 
Assume that on |z| = R, |¢(z)| = O(R~*), (8 > 0). Then 
If(2)| = 0 {(log R)P/RF } 


and since the length of the semicircle is aR, j f(@dz—> 0 if B> 1. 
8 


Gam Which 0 


In particular, if ¢(z) = P(z)/Q(z) where P, Q are polynomials of degrees 
n, [ foo if n>m +2. 
Tr 


s) 2 
Examples, (i) Let fiz) = Meer 


Then j fie\le—> 0. and See ae = n(log 2 + in/2)?. 
r —o 


Now log (% + 7) = $ log (w? + 1) + iG — are tan 2): 
Equation of the real parts gives 
i Hs flog (z* + 1)}* 5 -f. (4 — are tan x)* dx 


rags op ay an To wy = | = 2 {(log 2)? — 3n*}. 


SS) 


(in — acd ald praia in ae 
But ite $ oa ea i ~6) d0 = 4x and therefore, writing 
bd 
tan @ for 2, we find | (log cos 6)? d6 = 42 {(log 2)? + +,77}. 
0 
Equation of the imaginary parts gives 
i" flog (2* + 1)} {$v — are tan x }dx 


ae | = 77 log 2. 


© Jog (x? + 1) 
But j zip Se tansds=0 by symmetry and therefore 


/2 
f. (log cos 6)d6 = — dx log 2. 
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(ii) | eet de = 2mi (residue at z = ib) (a > 0). 


If z= ib + af 
F : 1 5 ' 
integrand is — gage {log (a + 8) tht gia +.. } fi — 5+ Ae i 
Therefore 
j - {y log (x*-+a*)+;(Ja—are tan =) bae 
Pe cercnney AID ads orton 
Equation of real parts gives 


° log (a2 + a*)da 2 b 
\, eae sas San = ah 


Kquation of the imaginary parts gives simply 


f3 F, 4 ma 
= gs log (a+b) — 26%(a-+6) + 


3 dx Ef 
5 Peo we 
10.831. Integrals from ¢ — ico to ¢ + ico (¢ real). Suppose that fl 
has a finite number of poles in the finite part of the plane and that 
f(2)— 0 as |z|—> 0. 
Consider the integral | ef (z)dz where a is real and J’, is the left 
TY 


half of the circle |z — c| = R (c real). The transformation 2 = ¢ + al 
changes J’, into the wpper half I’, of the circle |¢ | = R and the integral 


into | eistacf(¢ + i¢)ide which tends to zero as R—> «0 if a> 0. 
T 


Similarly the integral j e"f(z)dz where I, is the right half of the 
Ts; 
circle |z — c| = R, is transformed by the substitution z = ¢ — i¢ into 
— | e-tas+acf(e — it)i dt, which tends to zero as R—> «© ifa <0. 


T, 


Let a> 0; and integrate j e™f(z)dz round the closed contour C 
C 


consisting of the left half of the circle |z — c| =R and the bounding 
diameter s =c. We obtain 


fe cotens + { enftee — 28, 


where S, is the sum of the residues of e“f(z) within C. It is assumed 
that R, c are chosen so that CO does not pass through a pole. 


io 
Let R— o; then j e%f(z)dz = 2niS, where S, is the sum of 


c—t 


the residues of ef(z) on the left of 7 =c. 


c+ 
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Let a <0; and integrate round the right half of |z —c| = R and 
also along the bounding diameter x =c. Then 


c+ too 


e*f(z)dz = — 2niS, 
~im 


where S, is the sum of the residues of e“*f(z) on the right of x = c. 

If the number of poles is infinite, we must replace S, (or S,) by the 
limit of the sum. 

Note. If |zf(z)| —>0 as |z| —> ©, the integral round either semicircle tends 
to zero as R—» oo ifa=0; and therefore the integral is continuous at a = 0. 
This is verified by noting that f f(z) dz where C is the large circle |z — c| = R is 
zero. ie. S, + Sy = 0. 

1 c+-t00 

Examples. (i) Let f(z) = (@@—1)2* +1) then | et2f(z)dz is equal to 


(a) c>1; 2(e* — cosa — sina) (a> 0); 0 (a <0) 
(6) 0<c<1; —azi(cosa + sina) (a> 0); — 2miet (a <0) 
(c)c <0; 0 (a>0); — 2ni(e* — cosa — sina) (a <0). 


1 c+ i z 
(ii) Let f(z) = “gn yz and a=log p(p>0). hen jy de=2nipt (p>1), 
c—io 
0 (0 <p <1), (c> hk). 


10.832. Indented Semicircle. Let F(z) have a pole (of order m) at 
z=0. Indent the contour consisting of I’, the upper half of |z| = R 
and the diameter along y = 0, by the upper half y of the small circle 


|z]} = p. (Fig. 30.) Suppose, as before, that f F(z)\dz > 0as R—> oo; 
ts 


D coO_aA B 


Fie. 30 
and let us determine conditions for which J F(z)dz tends to a limit K 
Y 
when p—>0. When these conditions are satisfied, since 


| Feewe ” | Fede Ps \, Feeyde + _Plelde = 2a 
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where S is the sum of the residues within the contour, and A, B, C, D 
are respectively the points p, R, — p, — R, then 


e (F(x) + F(— 2) }de = 2ni8,+ K 
0 


where S is the sum of residues at all poles « for which I(«) > 0. 
Let the principal part of F(z) at z = 0 be G(z) where 


m 
Ge) = 24,27". 
1 


Then j G(z)dz = miA, +E Ae (p+ — p'-"} which tends to the 
Y a 
limit 7iA, only when A, = 44 = A,=...=0. Thus 
j F(2)de —> ni A, 
Y 


if the principal part of F(z) at z = 0 contains only odd powers of 1/z, 
he. | {R(e) + F(— 2) }dx = 2ni(S +5») where S, is the residue at 0. 
0 


Examples. (i) Let F(z) = e'P?/z. 


| Fede 0 as R—» o~ if p>0; F(z) is of the correct form at 0. 
Pe 


Doe s mo. 
Therefore | SEF ae = ni or J aE de =4n(p> 0). Also the integral 
0 0 
is equal to 0, (p = 0) and — $a (p <0). 
(ii) Let F(z) = ale + gibz 4 gicz — gi(atb+e)z) (a, b, c real). Then 


| F(z)dz —> 0 if a,b,c > 0. The principal part of F(z) at z = 0 is 

r 

2 (ab + be + ca) 

wt 

z z 
Therefore 

| “sin az + sin be + sin ox — sin (a + b+ che 4, 

0 as 


and is of the correct form. 


= F(ab + be + ca) (a, 6, ¢ > 0). 
It is obvious from the form of F(z) that we may also have a, 6, c zero. Thus 


1 . . 
| sina mie tare etalon DW 4-5 Dug ge ys Gh 
0 x 2 
The integral (which is convergent for all finite a, b, c) takes a different form when 
any of the numbers a, 6, c is negative. The reader may easily verify that the value is 
(i) a, b> 0,¢ <0; fn(a+ cl(b+c)(a+b6+c>0); 
— tn(a? + b? + ab + be + ca) (a +b +e <0) 
(ii) a> 0, bh oe <0; 4n(b? +c? + ab+ be + ca) (@+6+e¢>0); 
— $n(a + bfa +c) (@+b6+e <0) 
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(ili) a, b, c<< 0; — 40(be + ca + ab). 
Alsoa>0,6<0; I =4ab(a+b) (@+b> 0); —4na(a + db) (@+5< 0). 


<0, b<0; P= — Yond where po fines eet, 
0 x 


Particular cases are 


3 sin z — sin 3x 3x (2 sin 2% — sin 42x) 
pty. a «a 

2 7) 3x © “sin x\3 na 

i.e. Ce (= = | 00s x da = 7. 


Note. We may also consider the case when the semicircle is indented at other 
points on a real a (to ei nage The real integrals obtained will then be 
Principal Values. For example, F(z ipa — c)(z? ®*)} it will 
easily be verified, if p > 0, that ee ee ar a 


an 008 pee di, ain pe ney 96 
(a* — c8)(2* + a2) ~ ~ ofc? + a®) ~ Qa(e® + a®) 
i % sin pax dx 7 C08 pe me— 96 
(x? — c*)(x? + a2) oT 2c? + a*) = 2(c? + a*) 


10.84. The Double Circle 
Contour. Let I" denote the 
eircle |z| = R and y the circle 
|z| = p, where R is large and p 
is small. Let these be joined 
along the real axes from p to R. 
Take as a closed contour the 
line AB from p to R followed by 
I, then DC from R to p and 
finally y (described clockwise). 
AB is coincident with CD but is 
shown distinct in Fig. 31 for 
clearness. 

Such a contour is suitable for 
the integration of a function that 

via. 3L has a branch point at O, e.g. 
F(2) = (log 2)Pf(e) or 2*-If(2). 
In particular, let us suppose that f. F(z)dz and j F(2)dz both tend to 


zero when R—> co and p—> 0 respectively. Let ‘the value of F(z) on 
AB be denoted by F(z), and its value on CD (after a circuit of O) be 
F(z). Then 


[: @e@) — He) jae = amis 


where S is the sum of the residues of F(z) at its singularities between y 
and J" (these singularities not being branch points). Also it is assumed 


CONTOUR INTEGRALS 395 


that. F(z) has no singularities on the real axis. We shall consider the 
typical cases 
P(2) _1P@) 
I. (log z)Pp—— II. nie, « real 
(log 2)’ Qa (PP ) 


where in each case the principal values of (log z)” and 2*-1 are taken 
on AB, and where P, are polynomials of degrees m, n 


I. Let F(z) = (log Poy 
On I, Fel zien of eae \ and therefore 
| Fed|= One a i} ie. | Feu: > 0ifn>m+l. 


On y, |F(z)| = O{|log p|?}, (2 =0 not being a zero of Q(z)). 
Therefore i Feeje| = Of{pllog p|?} and therefore tends to zero as 


7 
p-»0. Thus, under these conditions, 


ane 


j, {(log x)? — (log « + er aa = 2niS, where S 


is the sum of the residues of (log z)? ~~ ph , at the zeros of Q(z) (none of 


Q(e) 
which are assumed to be real and positive). 
By taking p = 1, 2, 3, . . . s, we obtain s linear equations for the 
determination of 
” P(@) ce P(z) + | Oey P(z) - 
pCR AY, 1 log x dx, . Qa)" x)s—1 da. 
0 Oa) Jo Qe) si 


Since, however, the real and imaginary parts nal be equated, these 
equations are redundant. 


00 
; (log x)* dx 
Example. Find if S+eel 
log 2)* 
Take F(z) = ae then J, F(z)dz and f Fle)de both tend to 0. The 
poles are w, w* = cos $1 +4 sin 4x. ; 
oO 
(log x)® — (log x + 2tm)® Qari ee 
Therefore 2 get a eat de = Fain ga 8)? — (log a") } 
‘ ; — 1(2in 56x* 
1.8. ~ 81, — Gril, + ntl, = (7) = 37,73 
(log x)" 
where I, = ; tet 
° log xd 
Therefore I, -| _ 8 = __ — 0 (a result that may be verified by dividing 
ed +2+1 . 
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the range into the intervals (0, 1), (1, 00) and writing 1/x for x in the second interval ; 
similarly J, = 0 if n is odd). 


eee ee xt | 
Also Limes igegihag 3 VN are tan (“” V3 ) 0 ~ g1/3" 


Il. Let Fle) = aa (iexeni 
On I, |F(z)| = O(R*+™—-"-1) and therefore | F(z)\dz > 0ifa<n—m 
“ 


On y, |F(z)| = O(p*-!) and therefore j F(z)dz > 0 if « > 0. 
Thus if 0<«<n—™m, we have 1 
s P(z) 
e(a—1) log x _ o(a—1)loga+2ni) YN" dy — § (sum of residues), 
\, { JOC) 


—ort 
i.e. je gol PO) ay 23 me eS 
Qa)” sin oz 
me art 
Examples. (i) {= sal A 1)<-1 (0 <a <1) 
me—arig (x—1)ri n 
~~ sginex  sinaz 
a—P dx 


0 
(ii) Find j, 1 + 22 cos A + gt Where —a<A<n. 


For convergence |p| <1. The poles are — cos/ + isin/ and therefore the 
correct amplitudes are a A since these lie between 0, 27. 


is a~P dx ne-ni(l—p) e—ip(n—d) — e—ip(r+a) 
T+ 2zced+ a! — singe 5 When S= sg 
og i+ 2xrcossA +2 sin pr 2 sin 
. sin pA i a—P dx m7 sin pa 
a ii ee Wes rover es 
ie) 
vada 7 y? dy vortk Bee. 
Thus re ee ne 


\ wats of 4% yidy _av3—1) 
a1 + 2%) ~ 1+y3~ Veo 

Note. When Q(z) has zeros on the real axis, the contour may be indented to 
give principal values of real integrals. 

10.85. Sector of a Circle (indented if necessary). Instead of the upper 
half of |z| = R together with its diameter, we can take for C the boun- 
dary of the sector of this circle determined by 0 <ampz <a (<2/2). 
(Fig. 32 (t).) If z—=0 is a singularity, this sector may be indented by 
the corresponding arc y of the small circle |z| = p. (Fig. 32 (ii).) Sup- 


pose that J F(z)dz —> 0 as R—> oo, and that F(z) has at most a simple 
Ig ’ 


pole at z = 0 of residue Ay. Then the limit of j F(z)dz is ix A, (y being 
determined counter-clockwise with reference to 0). 
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On the radius OB, take z = te“. Then when R— © and p—>0O 
we have 


| F(a)de — | Flten)eix dt = 2niS + iA, 
0 0 ; 
where S is the sum of the residues of F(z) within the sector (it being 


assumed that there are none on the boundary). This may be written 
a F(te)eia dt = | F(alde — 2niS — tA, 
0 0 


Examples. (i) Let F(z) = e-*. 
On I, z = R(cos @ + isin 6) and |F(z)| = e—R* 00820 (0 < 8< a). 


Thus 


dr 
| e~2* a < | $Re—F’*sind df where ¢ = 4x — 20,8 = 4n— 2a. But 
r B 


asing > 2¢ for0< ¢< fx,ie. OS O< fn 


i.e. Jere < inl e*r\ - 2 (- 2) — exp(— rs | 


which —> 0 as R—> © if O< a< Ju. 
There are no singularities within the sector, nor on it. 

OO 1 

Therefore j et (cos2a-+isin 2a) gia a-| e-** dr. 
0 i) 
v: 

Tt can be shown that | e—™ dz = (T'4) = 5. (Chap. XII, § 12.24.) 
0 ~ 


Therefore 
oa) /n 
| e—2* 008 2x {cos (x* sin 2x)— ¢ sin (x* sin 2x) }dx = “g (008 a — isin «) 
0 
" : Vn 
i.e. e—2* cos 2a cos (x* sin 2ax)de = —>~ 08 a 5 
0 
vx 
2 


These results are then obviously true for 0O> «> — 7/4. 
14 


j e—* cos 2a sin (x* sin 2x) dx = sina (0< «a < 2/4). 
0 
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In particular ( e-2*/2 cos (“y*)ac = so } e—4#* sin (“y*)ac = ve, 
0 0 
Vn 
2/2 


eo) 2) 

cos 2? dz = } sin 2? dz = (Fresnel’s Integrals.) 
0 0 
1c 


= : Va {(a? + 6*)t —a}t 
Also ix tin (Ce = ss (a> 0, b> 0). 
(ii) Let F(z) = e'2/z. 


JpF(2)dz — 0 for O0< a< 2; residue at z = 0 is 1. 


¥ dec 
Therefore j {eix (cosa + i sina) =e =— ai 
0 


ie) mom. 
i.e. | e—7s8ing sin (& cos ad = aa Oe a 
A x one 


since the integrals converge. 
0D 
Thus J e-# sina sin (2 008 a). = 2 — a (0< “< m1). 
0 
By a simple change of variable, we obtain also 
a 


~ dz 7 
j. e-ttsin be =F — aro tan (¢') (a> 0, b> 0). 


Pa dx 
In particular | e~* sin # — = 7/4. 
0 


10.86. Rectangles (indented if necessary). The following examples 
show the use of rectangles when the integrand contains a periodic 
function. 


Example. (i) Let F(z) = —“—— and take the contour C to consist of the 


boundary of the rectangle determined by 
x=4+R, y=0,y=1 (Fig. 33.) 


The poles of F(z) are + 1/2, + 37/2, . . ., one of which is within C, she others 
outside. 
etai 
Therefore j F(z)dz = 2ni.— 
C mi 
= Qelai, 


? Qeak 
Along AB, z=R + ty (0< y< 1) and |F(z)| <R ennr (@ Teal) and 


therefore f , ,F(z)dz—> 0 if a<a when R—»> oo. Similarly f op? (@)dz —> 0 
ifa> —2. On BO,z =x + i (|x| << R) and therefore 


B +i) R 
J Fee = — | enon? deo- = taal et da 
BC 


_p(— cosh zz) _ np 008h m2" 


) 
ea . Mapa ett dx 
Thus _ + ent) = elai, giving { s* = sec $a and 


cooks a = b000 fa (lal <2). 


CONTOUR INTEGRALS 399 


iaz 


(ii) Take F(z) = =~ (a real), and C to be the boundary of the rectangle 


ABCD, y =0, y= a, x = + RB indented at O, ix. (Fig. 


34.) 
The indentations consist of small semicircles y, (of |z| = p,), 72 (of |z — ix] = pz) 
drawn into the rectangle. 4 


Along x = R, i F(z)dz 
AB 


7 Qe—ay ; 
< ok enk YY which —>0 when R— > o. 
0 ; 


Similarly along = — R, | F(z)dz —> 0. 
cD 


Fic. 33 FIG. 34 
Since the poles at O, ix are simple we have as in previous examples 


F(z)dz —> — zi (y, being described clockwise) when p,—>0. The. residue at 
vy : 


z=inis — e—9 and therefore [ F(z)dz —> mie=°" when p,—>0. There are no 
Ys 


singularities within the indented rectangle; and therefore 


co oO hi 
Pf co elena: 1 mi(l — e-47) 
—2 


sinhz2 J_, (— sinh z) 
oO ‘ ; 
: eiax mi(elar — e—tar) 
1.6. P _,ainha ™ = (ear a e—tan) 
sin ax n an 
or ‘ sinha = 3 tanh > (a real), the 
symbol P being now unnecessary. 
iaz 
(iii) Let F(z) = Zs aT | (a real), for 


the boundary C given by x = 0, x = R, 

y = 0, y = 1 indented at O,7%. (Fig. 35.) 
The indentations consist of small 

quadrants 7, (of |z| = p,) and yq. (of 

lz —7t| =p.) drawn within the rect- 
le. 


hig 
On x = R, |f F(z)de| <| ow which —> 0 as R—> o. 
0 
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The points O, 7 are simple poles and therefor | F(z)dz —> — #1 when p,—> 0, 
the direction of the integral being clockwise. The residue at z = i is e—4/2n and 
therefore J F(z)dz —> — jee when p,—>-0. 

There aie no singularities within C, and therefore the imaginary part of the 


integral F(z)dz is zero. 
Along the real axis 1) Fede = | a =" and along the opposite side © 


R 
sin ax 
1) Fey =—e4 P ent —] dx. 
2 
Along the imaginary axis (of the rectangle) 


1— Ps ¢o—ay 1— ps 
1) Men ~ rf Ss -| fe—y dy = — a fen alt—P) — e- 4%}, 
Pr 


Also lim i F(z)dz = — } and lim my F(z)dz = — fe-4, 
yn Ys 
Therefore when p;, pp—> 0, R —> © we find 


im os R 


Cs) 
é sin ax 1 
1.€. “nee et gaat 


Examples X 


1. Explain why the following statement is not a definition of a complex 
number: ‘A complex number is a number of the form p + iq where p and q are 
real and ¢ is a root of the equation z* + 1 = 0.’ 

Express the numbers given in Examples 2-22 in the form a +- ib where a and b 
are real. 


: 4—% (3 — 2i(1 — 4) 
2: qd — 2%)? 3 (3 = i)§ 4. (3 + i)? 5. ~ ri: i)? 
6 (Le 2 (L+4)* (1—#® cos +és8in@ 1—i 
"ad —ay Tsay ay 7 (8) © cond + seme 145 
(cos 6 + ¢ sin 6)2 m 
9. ieee, 10. 1? 11. (1 + i) 12. Log (1 + 7) 
13. tan (1 + 4/3). 14. sin (3/). 15. cos (i — 1) 16. e—3r 
17. cot F. —:18, Sin~1(2). 19. Cos-1 (3). 20. Cosh-1 (— 1). 
21. Tan~? (cos « + 7 sin a), 22. Tanh—? (2). 
Find the moduli and amplitudes of the numbers given in Hzamples 23-30. 
(1 — +)? 28 (3 + 4)(1 + 4) 
ey Saye wey, *: 8-9 
26.1 + osa4+- Pear? op 0ct SOM ERS Be : 


1+i7 1+ (cosa + isin «)* 
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Lem = 4) (e+ iy) — (p+ 4a) 
"Tem * (@ — ty) + (p — 19) 

If the co-ordinates of z are ~, y, find the co-ordinates of the numbers given in 
Examples 31-5. 

31. 23 32. 1/z. 33. (3 + 42)/(2 — 7)’ 34. 2242244 

a5. 414. 

Interpret geometrically the relations given in Hxamples 36-44, where z is a 
variable number and z, a fixed number. 


36. RZ =) = 0 37. fate sma =0 


where x, y, p, q are real. 


(2 — 2s)(@ — 22) 
38. amp ¢ =) = constant 39. o = constant 
2 Bq z— Ze 
40. |z — 1| + Jz +1] =2 41. |z—i| — |z+%| =2 
42. |z —1| — |z+1| =1. 43. |2z — i| + [22 + i] =6 


44. 2,(z5 — 2) + 22(%—¢ — 24) + 29(% — 25) = 0 
45. Find the co-ordinates of the third vertices of the two equilateral triangles 
that can be drawn on the line joining (x,, 4), (Wa, Y2) a8 base. 
Prove the results given in Examples 46-61. 
46. G3 nose Tee) = cos nw + 7 sin na 
1+ cosa —isin « i 


beara ye tak Om ee es dds a Dd) 
0 sin 40 
1 + 35 tan‘ « . ne 
48. 7 tan? « = Baie a. 6° 


we (2) +o) +t (2) = a 


go, nur) + (1) +00 (7) = 1 


2x 4a 8x V7 7 | yar 
51. sin 7 + sin + sin 7 = ~~ 52. i aiaabaa | atialinal 


49 


53. tan-1 (73) = i + tan-! (4) + tan—1(}) + tan-1 (2) + tan—! (}) 


54. tan-1 (5) = tan-1 (f) + tan} (3) + tan-1 (4) +4 


55. 2"-1 cos "8 = cos nO + "CO, cos (n — 2)0-+ ... + ¥"Cyn or "Cy(n—1) cos 0 
56. 128 sin® 6 cos? @ = sin 80 — 2 sin 60 — 2 sin 40 + 6 sin 20. 
in nO 
sind = (2 cos 6)"—-1 — "-20,(2 cos 6)"—3 + ™—30,(2 cos OY"... 
58. 28 — at + 1 = (2? — 2x cosa + 1)(a? + 2% cosa + 1) 
(x? — 2x sin aw + 1)(z2 + 2a sina + 1) (« = 15°) 


57. 


rn 27% 2n —1 =) hy een 
59. cos cos. . « gos 28 = UL (= WP =) itn in» positive integer. 
ee Bora (2n — 1)x é 4 Stine 
pes paces in = 2S, : J 
60. sin mg: 2 2t-n, if n is a positive integer 


61. (— 1 + 1/3)" + (—1 — 1/3)" = 2"! or — 2” 

Express the functions given in Examples 62-5 as linear combinations of the 
sines or cosines of multiples of 6. 

62. sin® 6 cos* 6 63. sin’ @ cos® @ 64. sin'@ cost @ 65. sin‘ 6 cos? 0 
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Solve completely the equations given in Exampies 66-84. 
66. 24+7=0 67. 2% =1—ivV3 68. (z — 2)§ + 26 =0 


69. (z2 — 1)8 = 82® 70. 2° + 10z* + 202 — 31 = 0 71, 28 =4 
722A2+1=i73 73.A2-—1L=tv3 74.22-—1Ll=it 75. 22 — V3 =i. 
76. 228 —1=ivV/3 77.2°+1=0 78. cos 2z = 2 

79. sinz =+ 80.tanz=1+% S81. e%+3 =f 82. sinhz = — 2 
83. 2 cosh 3z = 1 84, tanh 22 = — 2 


85. Show that if n is an integer, 

++ xb)8" + w(1 + wat) + w%(1 + w%rt)"} 
I OF her ected pie el 
= 313m — 2) + 5y8n—6 + °° * + Gn—1)! 


, find the increase in amp w when z describes the 


33myr 


(z — 1)%(z? + 16) 
86. Ifw =  @+4? 


circle |z| = 3 once in the counter-clockwise direction. 

87. If w = az? + bz + ¢ (a, b, ¢ real), show that the circle il = R becomes 
the limacon p = R(2aR cos @ + 5) where w = c — aR? + pe’, 

Determine for the equations given in Examples 88-93, the number of roots 
within each a and the number that are real or purely i em peeg 

88. 22 +22 = 89, 24+ 622 + 10=0 90. z5 + 10z8 = 

ea i pie 92. 2+ 3z=1+4+7 Sah gy pap ta 

94. Prove that all the roots of the equation z* — 42 + 162% — 244+ 76 =0 
lie between the circles |z| = 7, |z| = 1-25. 

95. If w? = (z? + 4)(z2 — 4 * 8) and if z, with initial value 4,/2 for w at 
(0, 0), describe the circle x* + y* = hy once in the counter-clockwise direction, 
find the values of w (i) when z crosses the y-axis (ii) when z returns to 0, for the 
values 1, 3, 5 for h. 

For Examples 96-8, show how to cut the z-plane so that the branches of w are 


single-valued. 
(z* + 1)§ 
(a8 2/22 w= 
96. wt = (z? + 1)%(z? + 4) 97. w ee "Gra 4) +4) 
99. Discuss the behaviour of the values of z* when z tends to zero or to + 


along the real axis. 
Prove the results given in Examples 100-7. 


cos a — x 


100. cosa + xcos2a + 2*cos3a+ . “i —aeont i ae 
ee 2 si NSS... a 
101. sina —zsin 2a + 2*sin3e... 7 aean a ae (|x| <1) 
fs ae x t Ssh 2 sin 6 
B94, sin Qohcg, tog tn Et gy Min. +. + = S978 coo 
cos 20 cos 30 é 
103. s-sost + Bt costo + e326 = € cos (tan @) — 
eee hime z z 
104, 1— G+ a: * ¢ = 008 Gg cosh Te 
a x / 
105. 1 Fay + 2B ° Ppa 106. 1 = (96)#(35)8( 4/35 — +/33)t approx 
x Fi x? 
107. 1 + say + sx6n + SON + = YE 


Find the areas in the w-plane that correspond to the first quadrant of the circle 


|z] = 1, for the values of w given in Examples 108-12. 


108. 4 109. z—1 PE? oR MM, wee ee 
- 2k : z z—1 
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113. Find the bilinear transformation for which z = 2, 3, 1 corresponds to 
w= 1, 2, 3 respectively. 
114, ew = Bei find the transform of (« — 1)?+y*=1. 
115, If w == 
uw +? — 4v + 2u+1=0. 


show that the circle xz? + y? = k is transformed into the 


- show that the circle (x — 1)? + y? = 1 becomes the circle 


TE Sag (Pe peesratbi 
z— 2 


circle (4 — k)(u® + v*) + 4(1 + kyu +1 —4k =0. 


117. If w = ets (a, 6, c, d real), where ad ~ bc = 1, prove that the upper 
half of the z-plane is transformed into the upper half of the w-plane. 

118. If w = = determine the regions of the w-plane that correspond to the 
eight regions of the z-plane bounded by |z| = 1 and the co-ordinate axes. 

b 

119. Ifw = a prove that the circle |w| = 1 becomes a straight line if 
la] = |e]. 

120. Show that if w= eo" where 6 is real and I(a) > 0, the half plane 
I(z) > 0 is transformed into the unit circle |w| < 1. 

121. Find the general bilinear transformation of the half plane R(z) > 0 on the 
unit circle |w|< 1. 

Obtain the level curves |w| = constant for the functions w given in Examples 


122-4. 
122. e* 123. z + a®/z 124. sin z. 


125. If 2w =z + , show that the circles |z] = & correspond to confocal ellipses. 


126. If 2w = az + b/z, show that the circle |z| = 1 corresponds to an ellipse 
whose foci are given by w* = ab and whose axes are |a| + |b]. 


— tc)? 
127. If w = erie (c real), show that thé semi-circle determined by |z| < c, 
R(z) > 0, is transformed into the real w axis and the upper half of the w-plane. 
—1\4 
128. If w = GS) , then the real axis I(w) = 0 is represented by three circles 


through 1, — 1 of centres 7, 0, — i and also by the real z-axis; show also that the 
eight regions bounded by these loci represent I(w) > 0 and I(w) <0 alternately, 
the point -++ too being in the region I(w) > 0. 

129. If w is the principal value of z‘, prove that the ring-shaped region bounded 
by |w| =e", |w| =e-* corresponds to a similar ring-shaped region in the 
z-plane. 

130. If w = — ic cot }z (c real), determine the region in the w-plane that 
corresponds to the semi-infinite strip in the upper half of the z-plane bounded by 
w=0,r=2, y=0. 

131. If w = a + bz + cz*, prove that the z-axis corresponds to a parabola which 
reduces to a straight line if 1(b/c) = 0. 

132. If w = 4/(z + 1)%, show that the circle |z| = 1 becomes a parabola. 

133. Prove that the transformation w = 2z/(1 + z*) establishes a 1 — 1 corres- 
pondence between the interior of the circle |z| = 1 and the whole of the w-plane 
cut along the real axis from 1 to oo and from — 1 to — o. 
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134. A circle of radius a in the z-plane has its centre at the point asin f. It 
is transformed to a curve in the w-plane by means of the relation w = z + c*/z. 
Prove that this curve is a circular arc. 

135. Show that if w = az + bz® (a, b real, positive and a + 6 = 1), the circle 
|w] = 1 lies outside the curve in the w-plane corresponding to |z| = 1 except at 
w = 1 where they touch. 

136. Show that the substitution w = (az + 6)/(cz + d), where ad bc, trans- 
forms the circle |z| = 1 into |w| = 1 if a@ + bb = cé + dd and ab = ed. 

137. If w = (z + k)/(z + 1) (0 < k < 1), prove that the locus of points whose 
distance from the origin are unaltered by the transformation consists of two 
orthogonal circles. 

138. The tangent at O to the circumcircle of OP|P, meets P,P, at Q. If %, 22 
correspond to P,P, (O being the origin), and z corresponds to the midpoint of the 


1 eae 1 
chord of contact of the tangents from Q to the above circle, show that [Tees 


Zz 
139. w= f fe show that as 2 describes the real axis from + 00 to 
1 


— oo, w describes its positive real axis from + oo to 0, then from 0 to + «© and 
then the line v = — im from + © to — ©. 

Determine for Examples 140-3, the regions in the w-plane that correspond to 
I(z) > 0. 


140. ~ = (1 — z3)-i 141. - = 2—4(z? — 1)-3 
dw dw 
142. a 2—-4h(z? — 1)-2 143. ihe z-4(z — 1)-a(z + 1)-8 


144, ue = z—4(z? — 1)~4, prove that I(z) > 0 is represented by the interior 


of a quadrilateral ABCD, where these vertices correspond respectively to z = 0, 
1, «©, — 1, and lie on the circle whose diameter is AC; and that AB = AD with 
ZBAD = 2/3. 


FA 9 


145. Show that w = o (1 — zn) x dz represents the interior of the circle 


0 
|z| = 1 on the interior of a regular polygon. 
Prove by contour integration the results given in Examples 146-203. 


Pa 21 
dé Fs 4 cos 40 dé Ey 3 
06. (P| —— 9 5 +4008 2 6 


ore Po 3 
149. | ‘ cos" 9d = 0 if n is odd and | cos" 6 d@ = alt DER fat | ie if 
0 0 ZA: ecco 

n is even. 


Qn + 
no 
150. | me dd = 2n or 0 according as is odd or even. 
9 sind 


AE ge... ange 
“Jo 9+ 16sin?6, 15 


2r sin?@d0 x 7 
152. | roe = pre — Viet — H)) (a> [| > 0) 
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ar 2rt Le 

(4 + cos 20)d0 x (4 + 5 cos @ + cos 26) _% 
8) re eee 17+ 80082 Y-3 
155 cl cos (9 + sin 0)d0 _ nve 

‘ 5 — 4cos 0 -_, ; 
dx 

156. | ak — ae (P> a> 0) 

~xesinmzdxe 2 
187 | BEL a oe ¥? sin (m/2) (m > 0) 

0 

” costadx. 2, 3 cos (}zx)dx 1 
158. erie a +5) 159. {. eae 


Ls) 
‘aa! | cos (nade aay 


a sin px dx a . : i 
161. J (at fe a‘) ma 2° pa/V2 cos. (pa//2) (p > 0, a > 0) 


162. me + 2?) cos (g7x)dar % e—nV3/4 


0 @+ae+1 V6 
© jog (x? +1 
163. j eet a al 
—*% 
oo 
(a* + 1) log (a? + \jdx 
164. j. ae ae Bo =A log (2 + V3) 
1 
tan~! x a atan-l2 nx 
— fe awn eye -- 1 a Rael Be 
wo 
aw tan-l 2 log (x? + 1) 
167. rant = ai pay @> 168. [ aT = tog? 
/2 
169. ‘a log cos @ d6 = — }7 log 2 
0 
3 COS MZ — COS NX 
170. | Se a de =F (mn — m) (0, m > 0) 
0 
m. | Peet om | Brae. [2 
ee - “Jo va 4% 2 
a) cos & M1 ° Ane sis 
173. {, Va = le 174. {: za? + 1) a i me 2) 
sin? x m(1 + e?) ° sin? a da _ a5 + e?) 
ail F a%(a* + 1) de ane j, aa®4+ 1)*~ Be 


177. sin x dx ala et 
to (20% — x(2x? — 2ax + 2*) x mew 


: sin 2a dx 2n(1 + e?) 


178.) (aw — ua? + 1) ~ on + 4) 
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me 
2 0d0 tan—'2dx x sint x EG 
179. (2- » ml + at) — 2 8? 180. [SE de = 3 


[oe] 2 
sin® x llia sin® x Ilxz 
ret. a dx = sor 182 j, = dx = qo 
co 
sin a + sin 27 — 4/3 sin 2/3 a 
en te Er yay 


© sin ax sin bx sin cx dx 
184. | Mare = =T(2be + 2ea + 2ab — at — bt — ot), 
0 


(a>6b>c>0,6+c> a) and Sbe (a> b>c>0,b+c< a) 


2b, 
18s. | see © dx = Fs — a) (0 <a< 25), S (a> 2 > 0) 
0 


* sin? ax 37a? 
196. | a dz = —- (a> 0) 


” sin” x 7 a 3 _, , mMn-1) us } 
137. j, — dx = 2,(n — I)! an nit 1—n(n—2)" 14 12 (n—4)” RD ee 
where there are $n terms (n even) or }(n + 1) terms (n.odd). 


ai 
188, P = © _sthaciee 

0 —Z 

ax daz 4/2 
189 oF FT om ain) wa a i 

cos m1 + sin q 

[eo] 2 3 

190. et ans (log x)? da _ x* 


oa +ae41 ~ Vl 2 008 9am) Iel<#) 191. —-i 6 


0 
a da 
192. : sak 3 


oo 
x cos mx dx mie—mr 
193. ahe = + enmnye (m real) 


Is) co 
ent dx cos at dx 1 
pia Me gs , e 
194. gee = 50 <a <1) 195. beak (ae = vt cosh (tV4) 
oO 
x* dx a(n? — 
ae cosh % + cosa ine > (la <2) 


° sin 4x dx n 
04 J 0 (sin aya? +1) = al + 6%) 


sin mx dx mema — | 
£9 Sch —a(m—1 
198, 9 (in zXat + at) ~ wea — 1° a(m—1) (m even), 
me e(m—l1)a _ 1 
8 eRe e a(m—1) 4. — x (m odd) 
199, ( Sebtzde 1 des ioe 
9 4+ 2 12, o (4 + 42%) cosh$xz 4a 


if dee 
01, SER ES Eh cae Se 
j, (@* + 1) cosh fax = | ssid 
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in sin 2a da 1 
202. |” eet ai 7 PEC +o) (le| <D, {og (1 +2) 
(|a| > 1) (« real) 
203. ‘4 1 eco EE ON he floes tl <, 


0 1 — 2r cos 26 + r? 
= log CH +) (el >1) 


204. If f(z) = age" + ayz"-1+ ... +4, and has zeros a, (r= 1 to m) not 


nang a ‘ te 
necessarily distinct; and if u(t) = aril oy where C encloses all «,, show that, 
c 


if D =f then 


{(Dju = 0; u(0) = w(0) = w’(0) = . . . = ult—2)(0) = 0; ul—1(0) = 1/ay. 

205. Find the solution of the equation w’” + u” + uw’ + u = 0 that satisfies 
the initial conditions u(0) = u/(0) = 0, u’(0) = 

206. Show that the multiple integral 

Sf... Jemmtoatat «+. +%%_ dx, dag... da, 
extended over all pasitive and zero values of 2, %,,. . -, %, that satisfy the relation 
0< 2, +2%,+...< # (real numbers), is equal to the contour integral 
m. ut® dz 
mi} 22 — %) « » + (% — %) 

where C encloses all the points «, (real or mae 

Use Example 206 to evaluate the integrals given in Examples 207-10. 

207. fffet+v+22 dx dy dz for O< x+y+z<1 

208. f[[fettytz+4 dxdydzdu for0O0< z+y+z2+usa 

209. fffer+2ut82 dx dy dz for 0< 22+ 3y+2z< a 

210; fff. efee Pet + F98 de day... dey 

for 0< 2+ %,+ -+2,< 4 

211. Show that ff... fem™tet +--+ +t da, dag... diy—y pointe over 

all positive and zero values Of 24, %q, - - +» Mn—1 that aatisfy the relation 
ONC 4 +%+-.--+%-1<5 4 
where 7%, = @—2%,—%,... ~ ‘tn_1 i8 equal to the contour integral 
iy | e% dz 
2m} ¢ (2 — %)(z — %) - « - (2 — Gn) 
where C encloses all the points «,. 
etic . 
e%* dz ie 
212. Prove that oni SIN Tz ae ee" 


213. Show that 


c+iP 
sal e+ ae patente ah D (8 OP 


(a> 0), (0 <ec<1) 


c—ia 
cic et2 1 2 t ; 
—(] — e-*t) —~—e-" 
(ii) dal geteap we ape =o a e~ nt) ae (é> 0), 0 (<0) 


where in both cases n > 0, c > 0. 

214. Prove the Maximum Modulus Theorem. If f(z) is analytic in a domain D, 
and |f(z)| < M on a simple closed curve @ within D, then |f(z)| < MU for all points 
interior to C (except when f(z) is constant). 
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215. If f(z) is analytic and regular for |z| < R and |f(z)| << M for |z| = R, and 
{(0)= 0, show that | f(z)| < M r/R for |z| = rand0< r< R. (Schwarz’s Lemma.) 

216. If f(z) is analytic and regular for r, < |z| < 7, and max |f(z)| on the circles 
jz| =r, 72, 73 are M,, M,, M, respectively, where r, <1, <r, show that 
log M, logr, 1 
log M, logr, 1 
log M, logr, 1 

(Hadamard’s Three Circles Theorem). 

217. If f(z) is analytic on and inside a closed contour C except at a number of 


<0 


poles within C, and does not vanish on C’, show that = j f/f) }dz = m — n, 
o 


where m is the number of poles and 2 the number of zeros within C, each zero (or 
pole) being reckoned according to its multiplicity. 

218. If C is a closed level curve |w| = constant (~ 0), where w = f(z) is an 
analytic function, and f’(z) does not vanish on O, show that f(z) vanishes at least 
once within C. 

219. An analytic function /(z) and its derivative do not vanish on a given 
closed level curve C. If f(z) has » zeros within CO, show that f’(z) has (n — 1) zeros 
within C. 


Solutions 
2-3-4 3. 18 — 26% 4. 0:26 — 0:32: 
5. — (0-68) — (0-76) 6. — 1-6864 1. —2% 
8. sin (0 — ¢) — i cos (6 — ¢) 9. 4, (cos 20 + 7 sin 26) 10. e~2n7 
11. el(8"—Dr {cos log 4/2 + isin log +/2} 12. flog 2 + a(2n + )x 
13. {(tan y)sech?./3 +- 7 sec? y tanh 1/3} + {1 + tan® y tanh? 1/3} (y = 1) 
14. isinh3 15. cos y cosh y + isin y sinh y (y = 1) 16. —1 
17. —icoth}a 18. (2n + 4)n — ilog (2 + /3) 
19. 2nz + {40 — i log (4/13 + 3)} 20. (2n + l)ix 
21. (n + })a — Fi log tan (1 — 4a) 22. dlog3 + 4i(2n + 1)x 
23. /2/4, — 4a 24. 2, In 25. 4/2, arc tan7 


26. 2 cos fa, 4a (—27< a < 2) 27. +/2 cos fa, 4a — fan (—a< a< 2) 
28. $seca, —a.(—a /2<a < 2/2) 
29. cos 4a sec B, Jan — 8B (-a< a< a, —}n <f < 4a) 


{(x — p)® + (y — q)*}# 2(ay — pq) 
pS esas MLE ® Bee Le a 
(e+ p+ (yt qjy eon Ga —y?— ptt 7) 
a? — y? — Quy 
3S: 2 pay peas “ 
31. x° — 3xy?, 3a®*y — y 32. @? ty)” (4 
33 6 + 5x — 4x2 — 4y? lly 
T@—2)?+y? * @—2)%+y? 
2 PRS / 
34, 2 — y? + 22 + 4, Q(x + 1) sinter = 


a? + y? > 92 + y? 

36. Locus of z is the line through z, perpendicular to the line joining zg, <3. 

37. The circumcircle of z,, 22, Z,: 

38. Arc of a circle passing through z,, z»- 

39. A circle for which z,, z, are inverse points. 

40. The straight segment joining 1, — 1. 

41. The y-axis from — i to — io. 

42. The half of the hyperbola for which « <0, whose foci are + 1, semi-major 
axis } and eccentricity 2. 

43. Ellipse of foci -+- }/, semi-axes 3/2, 1/2, eccentricity 1/3. 

44. The triangle z,, z,, z, is similar to the triangle z,, 2, =,. 

45. ${(2, + 2) + V3(Y, — y2)}, (Ys + Ye) F V3(x, — 22)} 

48. Find tan 7a in terms of tan «. 


49. 
50. 
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Use result tan 70 = 7 tan @ — 35 tan? @ + 21 tan® @ — tan’? 6 = 0. 
The roots of ct — 4c3 — 12c? + 8c + 16 = Oare sec 2rm/9 (r = 1 to 4). Use 


formula for cos 96 = 1. 


51. Express sin 27/7 + sin 42/7 + sin 6x/7 as a, product of sines 
= 4sin 2/7 sin 27/7 sin 32/7 
and use equation sin 70 = 0. 
52. See Example 59. 
53. Use (1 + i)(3 + i(5 + i'7 + iO + i) = 20(1 + 733). 
(1 + 5) 
54, (@+a +3) = io(7 + t)(8 + 2) 
58. Put « = e and factorize 2 cos 49 —1 
= 16(cos 9 — cos —— 6+ sin oo 6 + cos «)(cos @ — sin «), « = 2/12 
59. Consider sin 0 = - Consider cos 2n6 = 0. 
61. The expression is Fiat + mr 


62. 
63. 
64, 
65. 


66 


al 
ss! 
. 


. nm — gtan-12 +7 ~ log 5 81, — 3 


« (2n — fai + log (2 + 3) 

- Mn(6n + 1) 84. 3(2n + 1)ri— }log3 86. — 2x 

- One real and +-, one in 2nd quadrant and one in the 3rd. 

. One within each quadrant. 

- One real and -|-, and one in each quadrant. 

- One real and +-, one real and —, and one in each quadrant. 

- One in the 2nd quadrant and two in the 4th. 

- One real (= — 1), one in each of the Ist, 2nd and 4th quadrants. 

- (i) 34(65)4(cos Ja — isin $x), a« = tan—1(#), 54(145)#(cos $8 + 7 sin 38) 


2-13(cos 149 — 2 cos 120 — 5 cos 100 + 12 cos 86 

+ 9 cos 68 — 30 cos 49 — 5 cos 20 + 20) 
2-11(20 sin 20 — 5 sin 46 — 10 sin 60 + 4 sin 86 + 2 sin 100 — sin 120) 
2—8(sin 96 — sin 70 — 4sin 50 + 4sin 30 + 6 sin @) 
2-10(14 cos 6 — 6 cos 39 — 11 cos 59 — cos 70 + 3 cos 96 + cos 116) 
nm 


3 3a des Silee 
cb 008 “> + isin st cos 3 — tains 
6r+1 


23 EF jaE4) ous 
1 
14 scott n (r =0 to 5) 
- tt, + 7-*cos $0 + isin Ja), tana = /3/2 


a 2a — a, 2a3 — 2, oy a 2a — af where a = cos 27/5 + isin 21/5 
. i HY3 +4), HE 

+ + 2-8/4(4/3 + 4), fe (1+ iy) 

£2 V3 +1 V3 — 1) 4 2-H/(y3 —1— V8 +) 


2-4/8 {4/3 + 1+ i(3 — 1)}, 2-1/8(— 1 + 4), 
— 2-43 {V3 — 1+ (V3 + 1)} 
21/3(cos « + i sina), « = 10°, 130°, 250° 


+ cosa + isina, « = 12°, 84°, 156°, 228°, 300° 


+4, + cos 18° + ¢sin 18°, + sin 36° + 7 cos 36° 


. nw — $4 log (2 + +3) 


(2n + 1)a — iia + 1), 2na -- i log(v2 —1) 
a el + 1)x 


B = tan~1(12) ; (21)#(689)t(cos $y + isin Jy), y = tan—1(29), (ii) 44/2, — 4/2, 


4/2. 
96. 
97. 
98. 
99. 


Join 21 to ico, — 2i to — ico and i to —i. 
Join o to 2. 

Join 0 to © and —1 to— o. 

Oscillates finitely in each case. 


105. Put z = 2/+/2 in Lxample 104. 
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106. Equate to zero the first three terms of the series in Hxample 105. 
108. Exterior of |w| = 1 in 4th quadrant. 

109. First quadrant of |w + 1| = 1. 

110. Exterior of |w + i 4 in the 3rd quadrant. 

111. Exterior of |jw—1) =1, u<1,v>0. 


112. Exterior of |w — 3] =}, u<4,0<0. 113, w= 


114. u? + v?-—2Qu+4v=0 
118. If A,, Ay, As, A, are the four quadrants of |z| = 1 in the usual order, and 


Tz —13 
32 — 5 


A, 4g Az, Ag are the exteriors corresponding to these; and if A\,.. ., A, are 
the corresponding areas for jw — | = 4, then A,, A,,..., Ag nénoitsi v4 Ay, 
Ay Ay a Ay Eg M4 

121. w = e0= er a where @ is real and R(z,) > 0. 


122. eae, lines parallel to the y-axis. 

123, 124. (See Hardy, Pure Mathematics, XC, 28, 29.) 

125. Take z = cos@ + isin 8. 130. The 3rd quadrant. 

134. If z is on the given circle, so also is c*/z, and the chord joining these points 
always passes through the fixed point K whose polar with respect to the given 
circle is the z-axis. The mid-point of the chord is always on the circle described 
on the line joining K to ia sin B as diameter and describes the arc of this circle that 
lies within the given circle. Therefore z + a?/z also describes an arc. 


135. |w|* = (a + 6)? — dab sing if z=cos@+isin@. Therefore |w| <1 


except when 6 = 0, ie. z= 1=w. 

138. If R is the point of contact of the other tangent from Q and S the mid- 

point of P,P, the triangles P,OS, ROP, are similar and therefore 
%/4(2 + 22) = 22/2, 

140, 141. Equilateral triangles. 

142. Isosceles right-angled triangle. 

143. A triangle with angles 30°, 60°, 90°. 

145. Let z = cos@ + isin 0, where 2ra/n <0 < 2(r + 1)x/n,(r = 0 ton — 1). 
Increase in amp dz due to increment 60 is equal to 60. Increase in amp (2 — z,)2/* 
where z, = exp (2isz/n) is 60/n; i.e. increase in amp dw is zero. As z describes 
the arc between two consecutive vertices of the polygon determined by z;, w 
describes a segment of a straight line. If the circle is indented at every z,, 
excluding z, from the interior, the increase in amp dw at every z; is 2x/n. Thus w 
describes a polygon of n sides, each angle of which is that of a regular polygon ; 
and the polygon is obviously regular. 

146-55. The unit circle |z| = 1. 

156-7. The infinite semicircle I’ for which I(z) > 0. 

158. Integrate (1 + ei) /(z% + 1) round IL. 159-61. I’. 

162. Integrate et’z/(z2 — z + 1) round J’. 

163. Integrate log (z + i)/(z2 —z +1) round I. 164, Use Example 163. 

165. Integrate log (1 — iz)/(z# — z+ 1) round J’. 

. 166. Use Example 165. 
167. Integrate z log (1 — ues + a)? round J’. 169. Use Example 168. 


170. I indented at O, 171. Take u.= 2. 172. 173. Take z= u*. 
174-8. I’ indented at O or 5 
179. Integrate log (¢ + #) round I” indented at O. 


2(z* + 1) 
180-2. See Example 187, 
183. Integrate (e!” + e%iz — 4/3e!v32)/z5 round J” indented at O. 
184. Express sinaxsinbxsincx as 
4 {sin (a — 6 + cla + sin (b + ¢ — a)x + sin (a + b — c)x — sin (a + b + c)z}. 
185. Use Example 184. 186. Use Example 185. 
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187. Integrate f(z)= [ a — neiln—2)z + Mn = Deno ae ae the last 


term within the bracket being 4(— 1)!" ."C jn, or (— 1)#@*—1) "Cy(q_1) e#, round I" 
indented at O. Note that 2°" 2—” sin” x is equal to f(x) + f(— x) when n is even 
PA Le) — f(— x) when n is odd. 
188-91. The double circle |z| = p, |z| = R indented if necessary. 
192-6. Rectangles. 197. Integrate (e'* + e3iz)/(z2 + 1) round I. 


198. Use result “~~ = 2 cos(m — 1)x + 2 cos(m — 3)x +.. - +2 cos x 


(or 1) and Example 156. 


199. Integrate [(z? + 2*)(1 + coshz)]—1 eg I or the infinite square 
x= +Na, y = 0, y = 2Nax (N integral —> © 
200, 201. 7 or an infinite square Beomgle 199 solution). 


202. Integrate — round the rectangle z = +42, y=0, y= R. 
203. Integrate [{(1 — rv) + 241 + r)}logz] + [{(1 — r)? + 21 + r)?}(1 + 2*)] 
round J” indented at O. 


204. The integral may be differentiated with respect to ¢ under the sign of 
integration ; also u(t), u(t), . . . are equal respectively to the coefficients of 1/z in 


the expansions of their integrals for znear 0. Thus f(D)u(t) = al ez dz =0; 
c 

- e-ik | 

o ae). dg 


= $k(e-* — cost + sin?#). 


and u(")(0) = 0 for r = 0, 1, 2, . . ., n — 2, whilst w"— (0) = 


k ez dz 
205. By Example 204, u = zl, @ + lye* +1) 


206. Ref. Proc. Edin. Math. Soc., Ser. 2, 1(2) (1928). 


a $(e? — 2e — 1) 208. 1+ ex(}as — 4a? + a — 1) 
0, HS (acto — 135e8¢ + 168e44 — 35) 
an-1 qn-2 s 
210. e' {5 Di —j@—ot ee $(- aya} + (— 1) 


211. See Ref. Example 206, Solution. 
214. Consider the harmonic function elf@I, 
215. Apply a: a to a. 


log r, 

216. Let A(z) = ie log lz| 1 
log M; Og 1's. 
log |z4f(z)| attains its maximum for r, < |z| < rs; at some point of the boundary. 
But max A(z) = 0 for |z| = 7, or |z| = 73, and therefore for |z| = r., 
log M, logr, 1 
log M, logr, 1\|< 0. 
log M, logr, 1 

217. Near z = a,, a zero of multiplicity m,, f’(z)/f(z) is of the form m,/(z — ay) 
+ analytic function; and near z = b,, a pole of multiplicity ns, f’(z)/f(z) is of the form 
—n,/(z — 6,). The integral is therefore 2m, — Xn, = m — n. 

218, 219. Let z describe the curve C from a point P», and let the length of the 
are measured from P, be s. When z moves from P, to 2(s), let the angle turned 


: dz 
through by the tangent be y (0< y< 2a). Then amp 7, = ¥ The point corre- 


|= alog jenf(z)| + ». 
1 


max A(z) = 


sponding to 2(s) is w where w = cef?. Then amp 4 = =¢+40. But if f(z)4<0 
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d dz 
on C, = =f@)z, and therefore the increase in ¢ as z describes Cis 27 + increase 


inamp/(z). Since f’(z) is analytic in C (i.e. has no poles), the increase in amp’(z) 
is not negative (but may be zero). Thus the increase in 4, i.e. of amp w is at least 
2n and therefore w has one zero at least within C. Also if there are 
zeros of w within C the increase in amp w is 2na and therefore the increase 
in amp f(z) = 2(n — 1)z or there are (n — 1) zeros of f’(z) within C. 


CHAPTER XI 
INFINITE SERIES, PRODUCTS AND INTEGRALS. 


11. Convergence of Series. In considering the further properties 
of series and integrals we shall find it convenient at times to recapitulate 
the more important results obtained in earlier chapters. 


A necessary and sufficient condition for the convergence of Sup is 
that corresponding to ay é (> 0) a suffix n, exists such that 
Eu <e for all m> . 


It is necessary but nde sufficient for convergence that lim wu, should 
exist and have the value zero. 

It is also necessary that lim nu, if it ewists, should be zero. For if 
lim nu, = 1 (0), the terms are ultimately of the same sign (that of 1) 


and are numerically greater than =" |l|. Such a series is divergent since 
ee 
= is divergent. 


ik: 
(i) It is not necessary for convergence that lim nu, should exist. For example, 


1 1 
let u, = = when n is a perfect square and let uw, = * when n is not a perfect square ; 


1 1 1 1 on, way 
Peis A ta heh get get getpt + aa Ee 


Thus Eu, converges but nw, oscillates with limits 0, 1. 
1 


(ii) If u,, is a decreasing monotone (> 0) and Lup converges, then lim nu,, does 
exist (and has the value zero). (Pringsheim.) : 

For Buy <e and therefore (m — my) + lu, <2, all m> np. 

Let > oo, then since (nm) — 1)u,,—>0 so must mu, —> 0. 

(ii) It is not sufficient for convergence that lim nu, should b be zero. For example, 


rn as n 

11.01. Tests for Convergence. (Positive Terms.) It has been shown in 

§§ 4.1-4.19 that the convergence (or divergence) of a series of positive terms 
may often be established by a aoe. bye the known series : 


" 1 
(i) Ze (c> 0), (i) 5 p? (iit iti) 3 2n(log n)?" 
413 


< 


diverges. 
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The comparison is made by considering either (i) corresponding terms 
or (ii) corresponding, ratios of successive terms. To effect these com- 
parisons it is therefore usually sufficient to find approximations for 
(i) u, or (ii) u,/up41 When m is large. 


og 
Examples. (i) Let u, ~ bom = (n> 2). 
Let A = nog” np, =(logn)"; then since plogn<nloglogn and 


(log n)* < nlog log n (n note p independent of n), it follows that log A < log B 
and A < B (all p). Take p = 2 and we find that uy <= (n large). Thus the 
series converges. 


Gahie % = (2n + 2)(2n+3)...(8n+1) a 


n! ‘n+1 


mn ty(ie d+) 
Here Unt1 272% 1+ 5 +05 : 


The series therefore converges if x? < 4/27 and diverges otherwise (§ 4.18). 
11.02. The Cauchy-Maclaurin Integral Test. (Positive Terms.) Let 
(x) be a positive non-increasing function of x, defined for all x >1. 
Let the integral f. f(a)da exist (x > 1) and denote f fle)de by I, where 
1 1 


n is a positive integer. Integration gives 
0 <f(n) <I, — In-1 <f(n — 1). 


(& real). 


By addition, 
f(2) + f(8) +... + f(r) <I, <fQ) +f2) +... +2 — 1) 
ice. fQ) > S, —In >f(n) > 0 (where S, = 37m). 


aed (6 Ty! OE RG of ig s(a)de <0, so that 
the sequence S,, — J, is a non-increasing snbeiobrie of positive numbers. 
Therefore S,, — I, tends to a limit between 0 and f(1), and we deduce 


that the series Ef(n) converges or diverges with the infinite integral 
1 


f flee. 


Notes. (i) We need only consider cases where lim f(x) = 0, since if this limit 
~——-o 
exists, it must be zero for a convergent integral; and in any case lim /(n) must be 


zero for a convergent series. 
oO 


(ii) The series Zf(n) converges or diverges with the integral i (x) dz and so 


the theorem is KL titalite when f(z) is defined only for values > m (m fixed), provided 
the other conditions are satisfied. 


21 ig ia gee a 
Examples. (i) The series = ppp converges or diverges with | Pa This integral 
1 1 


converges if p > 1 and diverges if p <1. The series therefore converges (diverges) 
when p> 1 (p< 1). 
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g 1 dx 
(ii) Let f(n) = = then \¢ = log n. 


hus tim (144-4 4+ oh + Ltogm) nists and hos 9 value y between 
n->w 


0 and 1. This limit y is called Huler’s Constant, and its value is 0-5772 (approx.). 
(§ 12.12 (i).) The theorem shows also that 


*/1 0 
»-2 (2) - log (n + 1) + 7G (0 <8 <1)) 
Taking n = 4, we find that 0-47 <y < 0-68. 


dee 2 1 
(iii) Show that ~7(36n* — 1) = 2log2 + $log3 — 3. 

nl w 1 3 3 ; 
Denote 3(=) by 83 then since Sagas) — a + a mui Tare it 


1 
follows that Samant 1 = 286n+3 — $93n+1 — Senti — 48, — 3 


= 3 log(6n + 3) — $log(3n + 1) — log(2n + 1) — flogn +e, —3 
where &, —> 0 as n—> 00. 


But 
3 log(6n + 3) — 3 log(3n + 1) — log(2n + 1) — } logn—> 3 log 6 — § log 3 — log2 
and the result follows. 


‘ * n n n Ky 4 
(iv) Show that lim {a+ pet ar + oneal =; 
By the theorem, 


Print OR o(3) 
mt mttlt tat tial) 0 m+ att m?* 


= * are tan ("= . + 0(4). 


n n s n 
Therefore tim {55+ ype + : + eral 


-—1l1 af 
- — ) + o(+)} = 21/4. 
11.03. Integral Test for a Double Series. (Positive Terms.) A proof of 


a similar type will show that if f(z, y) is a positive non-increasing mono- 
tone function of both variables, the double series 22f(m, n) converges 


= lim { 


or diverges with the integral Vf . f(a, y)da dy taken over the rectangle 


¢ <2 <A,c <y <B, when A, B— oo. Only functions f(z, y) that 
tend to zero when z, y—> © need be considered. 

Eaample. Let f(m, n) = [men8 + myn®]-1, («, B, y, d> 0). 

If we allow for interchanges between m, n or between a, B ia y, 6 the cases 
essentially different are 

(ji)a>1,B>1, fi)«e<ly<1l, (iii)e>1, gtr y<1,d>1. 


()a>1, B>1; f ja <f Le me = 1 atl di 


d 
The double series therefore converges, since | oy j e converge. 
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CO pn D po 
a dx dy dx dy 
1, : Be —>——: 
(ii) « < 1, y < 1 (and supposea > y) | | area? | | aye +P) 
” de 
The double series therefore diverges, since j = diverges. 

(iii) «> 1, B<1, y<1,6>1; then 4=0d —fy>O0. The straight line 
joining («, 8), (y, 5) in a én plane is of the form p& + gn = 1, where p = (6 — B)/A, 
q = (« — y)/A (p, q > 0). 

Say a eeB 
A 


If X = ary, Y = avy, then A(x, y)/AX, Y)=X* Y 
é-y 


Sa pey Weae AF 
dodgy... Uf (xh ¥*i axgy 
xryB + ays A X+Y 7 


Take X + Y =u and Y = wv and the integral becomes 


—1 
/A and 


A 


Since X = u(1 — v), we have 0 < v <1 for the rectangle c <x << A,c<y < B, 
and when A, B —> oo, the extreme values of vy tend toO0 and1. But(« — f)/4 > 0, 
1 (a—B)_ by 
(6 — y)/A > 0 so that | o 4 (l—v) 4 ' dv converges; and therefore the 

0 


1 a-B_y bey. 4 
if fete 4 “(l—v)4 — dud. 


double integral (and the double series) converges when p + q <1 and diverges 
when p+q> 1. 

Summarising: If the region in the § — y plane for which § > 1, n > 1 is denoted 
by 2, the double series converges if the line joining («, f) to (y, 6) has a part in 2 
and otherwise diverges (see § 4.56). 

Note. For a test involving the use of a single integral, see Hxamples XI, 28. 

11.04. Convergence of Series in General. When the terms of a series 
Xu, are not all of the same sign, the comparison tests cannot be directly 
applied (except to establish absolute convergence, § 4.21). 

The best-known tests for convergence not necessarily absolute are 
called the Abel-Dirichlet Tests, which may be established by using the 
following lemma : 


11.05, Abel’s Lemma for Sequences. Let (i)0 <v, <,~, (alln > 1), 


(i)'¢; = MaxSa,, Ly, = Min Xa, where r=- 1, 2, 3,..., p; then 
1 1 
p 
GM P Ayn > Lr. 
For 
P 
ZO n0n = 8,(V, — Ug) + 89(V2 — Vs) +. . «+ 8p-1(Up_1 — Up) + 8% 


where s, ay a ie. Gv; >Fa,0, > L,v, since v,_; — v, > 0 (all 1). 
1 1 
11.06. Dirichlet’s Test for Convergence of Series. If (i) Sa, oscillates 
1 


finitely (or is convergent), (ii) v, —> 0 steadily, then Sav, converges. 
1 
Let v,, decrease steadily to zero. 


“a 
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m+ 
By the lemma, [an < Kv,, where 


K = Max jan +.» -+4m4r| (7 = 9 to p). 
But since 3 a, oscillates finitely (or is convergent), the sums 
1 


ln, 1A WC 5 Am+r| 
must have an upper bound M (independent of m, p). Also an m exists 
m+p 


such that v, << (all n> m) since v, 0. Thus Dian < Me (all 


p> 0); ie. the series converges. If v, increases steadily to zero, it 


follows that Fe. 4,,) converges and therefore Ja,0, also. 
1 L 
11.07. Abel’s Test for Convergence of Series. If (i) Sa, is convergent, 
1 


wn” 
(ii) v, is a bounded monotone, then Ya,v, is convergent. 
1 


For v, tends to a finite limit 1, and therefore the sequence uv, =v, — 1 
tends steadily to zero. 


n n n n 
But Ya,v, =Xa,u, +l2Xa, and therefore converges, for Xa,u, 
1 1 1 ta 
converges by Dirichlet’s Test and 2a, is convergent (given). 
1 


On. , ~ 
Beamples. (i) Ss ya 
a 1 


If p> 1, both series are absolutely convergent, since 


= = 2 3 d Ps nb} 

nP nP oy nP < nP 
If p< 0, the series cannot converge since the nth terms do not tend to zero. 

n in 4n0 n in nO 
iil -daaead = =o sin $(n + 1)0; pide = at cos $(n + 1)0, (064 2mz) 


and therefore these latter series oscillate finitely (94 2mz). 

If p > 0, both former series converge, by Dirichlet’s Test, when 0 ~ 2mz. 

If p> 0, 0 = 2mz, the sine series converges to zero, whilst the cosine series 
converges only when p > l. 


(ii) More generally, the series Ea, cosnd, Sa, sin 20 are convergent by Dirichlet’s 


1 
Test (034 2ma), if a, —> 0. When 6 = 2mz, the second series converges to zero, 
and the first converges if 2a, converges. 

1 


(iii) Alternating Series: v, — vg + —%+.++-+ (Y> 0). By Dirichlet’s 
Test, this series converges if v,, tends steadily to zero. (Leibniz’s Rule, § 4.23.) 


11.08. The Convergence of La, cos nO, San sin 00 (a, > 0). Tt is shown 
1 1 


in Example (ii) above that these series converge when a, —> 0 steadily. 
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The following rule is useful in practice for determining whether a,, is a 
i canon of this kind. Ifa, > 0, and a,/a,,, is expressible in the form 


aia 1 +6 rae a (A> 1, |w,| <A, independent of n) 

m+1 

then a, —> 0 steadily i f@> 0, and does not tend to zero if wu <0. 
(Bromwich.) 


Let = =1-+«,; then, (omitting, if necessary, a finite number of 
n+1 
terms) 


(i) if u > 0, Sey is a divergent series of positive terms. 
1 


(ii) if uw <0, San is a divergent series of negative terms. 
1 


(iii) if w = 0, Sy is absolutely convergent. 


(i) w>0; a/a, = mc +0,)>1 + De 


(«, may be oii < 1, since lim «, = 0)- 
Therefore a,, tends oy to zero (a,;) is obviously < a,, n ni 


Gi) w <0; ay/a, = TIC — B,) (where p, = — a) <[1 +"Ep B,| 
and therefore a, —> + ait since Xf, sats. 
(ii) w= 05 | < TA + la) < [7 HT (l— ll) | (la, <1). 


n—-1 


But, given ¢, an m exists for which Derk <e (all n>m).since Ye, 
- 


is absolutely erase 


a 1 
Thus |-™ as] < [1 - Si “tig < ey and therefore a, cannot tend 
to zero. 
Rick 3.4 3.4.5 2 
Romp sl et ae tee kee ee a 


Here ins taal = 1+ («— s/n 4 O(1/n*). 

The series converges only if « 

11.1. Uniform Obie of a Sequence. A function F(z) 
may be defined as lim Frases ig) m) for those values of x for which the limit 


exists. Suppose that J F(z) is so defined for all x in the intervala <a <b. 
Then for a fixed z in this’interval, an integer , exists such that, for any 
given e( > 0), |F(x) —f(z, n)| <e for all n > m,. 

If, for definiteness, we take n,. to be the least integer having the 
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required property, , is a definite function of x; but, if it is possible to 
find an integer n,, independent of x, for which the inequality is satisfied, 
the convergence of f(x, n) to F(x) in the interval a <x <6 is said to 
be uniform. This type of convergence is made clearer by drawing in 
the same figure the curves y = f(x, n) for n = 1, 2,3, . . . and also the 
curves y = F(x) +e. The convergence is uniform if ultimately all the 
curves y =f(a, n) lie between the curves y = F(x) + ¢ for the whole 
interval (a, 6). For simplicity in the following examples, we assume 
that 2 > 0. 


Examples. (i) f(z, n) = gens (Fig. 1.) 


Here F(x) =0(0< # <1); F(l)=4; F(x) =0(e> 1). 
It is obvious from the figure that the convergence is not uniform in an 


Y= xen 


Fic. 1 


interval containing x = 1, owing to the finite discontinuity there. Thus for any x 
in 0 <2 <1 although |f(z, n)| <efor n> mn, we can find other values of x 
(nearer 1) for which | f(x, n)| > ¢, for n > no, however large m) may be taken. 
The sequence is uniformly convergent in each of the separate intervals 


O<e<cc<ll<q<czrcg. 

In the former, for example, take , so that c™% <5 il — (1 — 4c") }(e< 4), 
but it is impossible to satisfy this inequality it ¢ — 1. 

me 2n ) 

(ii) f(x, n) = io(1 + im): (Fig. 2.) 

Here F(x) = 42 for all values of x, but x = 0 must be excluded from an interval 

L 
of uniform convergence; for when x = - S(2, ay = + 4(> 4); ie. there are 
1 

always points x = > in the interval 0 < x < ¢ for which |F(x) — f(x, n)| > 4 how- 


ever large » may be chosen. The sequence converges uniformly in the interval 
0 <c,< x < Cg, it being sufficient to choose n, to satisfy the inequality 


1 
No > Bec, + (1 — 4e?)} (e < 4). 
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(iii) f(a, n) = n®xe-"7, (Fig. 3.) 


1 
Here F(z) =0, all > 0. But when x = Ze (x, n) = n/e which tends to 
infinity. Thus x = 0 must be excluded from an interval of uniform convergence. 
It is uniformly convergent in 0 <c,< x< c,. It may be verified that if € is the 
greater root of the equation f*e—f = c,e (e < 4/e*c,), it is sufficient to take m) > &/c, ; 
if e> 4/e*c,, any m, is sufficient. 


; x 5 

(iv) f(x, n) = ip net (Fig. 4.) 

Here F(x) = 0 for all x and the convergence is uniform in any finite interval. 
Thus in 0 << x< ¢, it is sufficient to take n) > 1/2e; for f(x, n)> 0 and 
(na — 1)? 1 


+ ete ‘fier, apter es SS — 
(%) ™) = 95 — Qn(l + ntad) S On <* 


__ At 
I= T+ ntxt 


y=n?xe"™ 


Fie. 3 FIG, 4 


11.11. Properties of Uniformly Convergent Sequences. 

I. If (i) f(@, ») —> F(z) uniformly in a <2 <b 
and (ii) f(z, n) is a continuous function of x ina <a <b, then F(z) 
is a continuous function of z in a <2 <b. 

By (i), we can find n, such that |F(x) — f(a, )| < e (all nm > m») and 
for all a in (a, 6). 

By (ii) we can find 6( > 0) such that |f(x, 9) — f(a, mo)|< e for all 
x in |x — x,| <6 where a <a, 2, <b. 

Therefore |F(z) — F(x,)| <|F(z) — fle, mo)|-+ |f(e, mo) — fle mo) 

[fle,, me) — Fle,)| <3e 
i.e. F(x) is continuous at x,, any point of (a, 6). 

In Example (i) above, F(x) is not continuous at « = 1 and there is 
non-uniform convergence there. In Examples (i), (wt) F(x) is con- 
tinuous for all z > 0 although there is non-uniform convergence there. 

Notes. (i) The necessary and sufficient condition that f(x, m) should converge 
uniformly to F(x) is that, given e, we can find m,, independent of x, such that 

-lf(z, n) —f(%, %9)| < for all n> no. 

(ii) The above examples show that uniform convergence is sufficient for the 
continuity of F(x) when f(z, 7) is continuous, but that it is not necessary. It is, 
however, necessary and sufficient in the particular case when /(x, ”) is monotonic. 
Let f(z, n) tend monotonically to F(x) for every fixed x in (a, 6), where f, F are 
continuous. Then E(x, n)=|f(x,n) — F(x)| decreases steadily to zero for every 
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x and E(x, n) is continuous. H(z, n) attains its upper bound 6,, for one or more 
points %ny, Tng,- + - of the interval, and since E(x, n) is a decreasing function, 6,, 
is monotonic, decreasing to a limit 6 > 0. The whole of the curve y = E(x, m) lies 
in the interval 0< y < 6, for all m> n. It is sufficient, therefore, for uniform 
convergence that 6 = 0. But if 6 were not zero, and & were one of the limiting 
points of the set ti, %n2,- - - (n = 1, 2, 3,. . .), thenin the neighbourhood of &, 
max E(x, n) is not less than 6 for all n. But since E(x, n) —> 0 for every , and 
K(x, n) is continuous, max E(x, n) can be made as small as we please in the neigh- 
bourhood of € by taking » large enough. We thus arrive at a contradiction and 
5 must be zero. The whole of the curve y = E(x, n) from and after some value 7) 
of n, depending on ¢, lies between the lines y = 0, y = ¢, and therefore E(x, ) —> 0 
uniformly, i.e. f(x, ») —> F(x) uniformly. 

(iii) It should be noted that in the proof of continuity we deal only with a par- 
ucular point of the interval and that we may therefore write 

lim lim f(z, ) = lim lim f(z, 7) 
Ia, 


I—Ply N—>O n—>o ° 
when the convergence is uniform and the function is continuous. 


II. If (i) f(z, ») — F(a) uniformly na<a2<b 
and (ii) f(w, ) is a continuous function of z in a <x <6 then 


lim q f(x, n)da = 9 lim f(x, n)dx, where a <e, <e, <b. 
n—>o Jo, n—>o 


By I, F(e) is continuous; also the integrals y fle, »), i Fle)de 
exist (and are continuous). . : 
Using (i), we can find (independent of «) such that if 
f(e, n) = F(a) + g(, n) 
then |g(z, )| <e, all n >, and all x in the interval. 
Ce Cy Ca 
Thus j f(@, n)da — j Fa) <{ \g(a, n)/da < e(Cz — ¢). 
Cy Cc C1 
lim f&% Cy 
ies fr | f(a, n)dx =| F(a)dz. 
Cy Cc, 
Examples. (i) Let f(x, ») = n2xe—"® (x > 0). 
| lim f(a, n)da = 0 (c > 0); tim f f(z, n)dx = lim {1 —(1 + neje“"°} = 1. 
0 
The sequence is not uniformly convergent inO<2z<c. 


Cs 
However, | f(z, m)da = — (1+ neg)e“™ + (1 + ne,)e—*: which —> 0 (¢,, ¢, > 0) 


Cy 
and the sequence is uniformly convergent in 0 <q, < @< Cy. 
ny dein 
(ii) Let f(z, n) = ina (u> 0). 


A 


| 40 n)jdx = Hog (1 + 2") which —> log 2 asn—> 0; 
0 


also [mses nye = {2 =log2, since F(2)=0 (0<2<1), Fll)=}, 
0 1 


F(x) = = (@ > 1). 


The sequence is non-uniformly convergent in 0< «< 2, but the results of the 
integration are not necessarily unequal. 
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(iii) Let f(z, n) = aa which converges uniformly to zero, all x. In this 
c ’ 
= lim —~ 5a log (1 + n®c?) = o=[ lim f(x, n)dx, 


11.12. Uniformly Convergent Series. The infinite series Srin(2) is said 
to converge uniformly to the Sum Function S(z) in-an dubetval a<2z<b, 
if the sequence S,,(z) = Sup (2) tends uniformly to S(«) in that mterval. 

11.13. Tests for Unsform Convergence of Series. 

I. The M-Test. (Weierstrass.) If (i) |u,(x)| <M, (a<a< 2), where 
M,, is independent of x and (ii) 2M, is convergent, then Suy(a) is 


uniformly convergent in a <2 <b. 
n+p 
For, given ¢, 2 exists such that DM r <€ (all m > no, and all positive 
n+1 
integers p); and therefore 


inv] <> 


and the value n, is tee agobut af be x. 


Notes. (i) The series is also absolutely convergent ina<2< 6b. 
(ii) M,, may be replaced by v,(x) if Lv,(x) is a uniformly convergent series of 
positive terms. 


Il. The Dirichlet Test for Uniform Convergence of a Series. (Hardy.) 
If (i) Sa,(z) oscillates finitely in a <a <b in such a way that 
1 


n+ 


(a) < por <eé 


Tim \a,(zx)| < K (independent of z) or if Sa,(z) converges, 
1 1 
and (ii) v,(z) is a non-increasing monotone (for every x in the igterval) 
tending uniformly to zero, then Sa,(x)v,(2) is uniformly convergent in 
1 


a<a“z<b. 
For, given ¢, we can find n, (independent of x) such that |v,(x)| << 


for alln >n,; and, by Abel’s Lemma, Dy: n(n (2) < eK for all n > ng, 


all z in the interval and positive integer values of p. 


Thus Zag ()oq(2) i is uniformly convergent. 
Notes. (i) If Za,(x) converges in a < x < 6, then K obviously exists. 


(ii) If v,(2) is continuous for all n, then if convergent (monotonically) to zero, 
its convergence is uniform (§ 17.11 (i). 
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Ill. The Abel Test for Uniform Convergence of Series. (Hardy.) If 

(i) Sa,(z) is uniformly convergent in a <a <6, and (ii) ,(2) is a non- 

Geitreasing monotone for every z in the interval such that v(z) < K 

(independent of x), then Sa,(x)0_(z) is uniformly convergent ina <a <b. 
For, given ¢, we Gan, find ”, (independent of x) such that 


py 


<e for n > Mo and positive integer values of p. 


n+l 
By Abel’s Lemma, 
n+p J ; 
| > Aala)on(2)] < erm +1(2) <evg(e) < eK. 
n+1 


Thus Sa, (2)vp (2) converges uniformly in (a, 6). 
1 


Notes. (i) If, in Abel’s Test, v,(x) tends uniformly to its limit v(x) (> 0) (which 
is therefore continuous when »,,(%) is continuous), the result follows from Dirichlet’s 
Test by putting v,(x) — v(x) for v,(x) in the latter. 

(ii) By writing — v,(x) for vp(x) we obtain corresponding results for a non- 
decreasing monotone v,(~). 

(iii) When z does not appear in a,(x), it is sufficient to state (a) in Abel’s Test, 
that Za, should converge, (5) in Dirichlet’s Test, that a, should oscillate finitely 
(or be convergent). 

Examples. (i) Power Series Saya”. If R is the radius of convergence, the 
series is uniformly convergent when |x| < R, < R, by the M-Test ; for we can 
take M, = a,| Ri. 

Now suppose that Za," is convergent. Then v,(x)=(z/R)" is a non-increasing 
monotone, bounded in 0<.2< R (although it is not uniformly convergent in 


n 
0<a< R). By Abel’s Test Baya” = Fa,k\(F) is uniformly convergent in 


0< 2< R, since Ea, converges (R= 0). 
Thus R belongs to the interval of uniform convergence ; and similarly — R 
belongs to it if Za,(— R)" converges. Again, x” is a continuous function ; and 
0 


therefore it follows that F(x) = Saga is continuous in its interval; in particular 


jim Saya” = Sa,R", if the latter series converges. (Abel’s Theorem.) 
a—>R 0 0 


(ii) The series (a) S—=, (6) ES 
1 1 
uniformly (and absolutely) convergent for all x when p>. (Take M, = —?.) 
cos $2 — cos(n + $)x 
2 sin 4a 


By the M-Test, these series are 


@o 
Now 2 sin nv = (z= 2ma) and is equal to zero when 
1 


xe = 2mn. 
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os] 
When «+ 2ma, 2 sin nz oscillates between — } tan Ja and 4 cot 4a and these 
1 
limits can be made as large as we please by taking x sufficiently near (4p + 2)x 
and 4pz respectively. Therefore, in applying the Dirichlet Test, these points must 
be excluded from an interval of uniform convergence. Taking, therefore, the 
intervals 2mx + a < x< 2(m + 1)a — a (0 <a <2), and applying the Dirichlet 
Test, we deduce thatthe series is uniformly convergent if p> 0. Similarly 


© cos nx ; ; ; ; 
or a (p > 0) is uniformly convergent in these intervals. 
1 
@o 
- a 
see By 4 
ae ee EE em a . + a1) 
n n n 
If 0< «<1, 22" < n and therefore nEz" > (n + 1)Z2". 
1 0 1 


na” ; : 
Therefore the sequence ieee decreasing monotone for every 


xinQ<2<1. When x = 0, the terms are all zero and when x = 1 the terms 
are all equal to unity. 
RAP iw icra o Meine tt) 
Also for 0 <2 <1, i+ ou pone” parr me ahs 
Tak = — d g(t) = and apply Abel's Teat 
elt) = sob isa ae @y(%) = = am apply 8 Test. 
Then v,(x) is positive, non-increasing and is always < 1 in 0< x< 1. 


The given series is therefore uniformly convergent in 0< z< 1 (although 
U_(x) does not here tend uniformly to a limit). The series diverges when x > 1. 


11.14. Properties of Uniformly Convergent Series. 
I. If (i) S(z) = Su,,(z) is uniformly convergent in a <a <b, and 
ef 


(ii) w(x) is continuous in a <a <b (all n), then S(z) is continuous in 
a<a2 <b (§ 11.11). 


Note. Uniform convergence is a sufficient condition of continuity of S(x). 
It is also a necessary condition when 1,2) is of constant sign (§ 17.11 (ii)). 


II. If (i) S(x) = Sup (2) is uniformly convergent in a <x <b and 
1 


(ii) «,(x) is continuous in a <2 <b (all n), then 


fii {Sem(0) be = bt j us(o)de 
& (i 1 om 
when a <¢, <e, <b (§ 11.11). 

III. If (i) Sup! (2) is uniformly convergent in a <a <b and (ii) u,(z) 
is continuous ‘in a@ <2 <6 (all n), this being implied in (i), and (iii) 
Srug(t) is convergent in a <a <b, then 7, Sl) = Ziy'(a) for any 


value in the interval. 
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For by II, \ Zuy'(2) je = Fun(o) — u,(¢,)) (a <e¢, << #% <6), 


Le, | : Buy'(o) }de = Srug(a) = Zrin(c1) (using (iii)) 
or 5, Ein(a)} = Srin'(2). 


Raamples. (i) Expand log {1 + +/(1 — x)} and prove that 
il. tol \ 135) 

(a) log2=95 + 944+ 2466 7°" ° 

oe 1+ v2\ 11 131 1351 

(b) log\ —y —] = 93-9447 2466 °° ° 

1-vy(l-—2z 

If u = log {1 + V/(1 — x)}, w(x) = — aay (aA 0), and $ (x = 0) 
1 138 2 .1385 2 
4 2428. SAO 8, 
convergent for |z|< 1—¢« <1. 


ie. u(x) = — . ++ (|x| <1), the series being uniformly 


: ; als 23) 2* «135 a 
Integration gives u(x) —u(0)= —595—-54°4 ~246'6 °°" (jz| <1). 


When x = 1, if the general term is —a,,, then a, > 0 and fhe cri me + o(:) 
On 44 2n n 


“and therefore the series converges (§ 4.19). 
_@135...(2e+1) 1 

Thus (2) log2 = 2576. (an + 2) (On + 2) 
When x = —1, the series converges by Leibniz’s Rule. 


a l+v2\_ 2 135... (+1) 1 
ins) 1 ( 5 ) =2(— 1) 976... (Qn +2) In +2 


L. a5 4 1.3.5.7.9 1 
Tt follows also that at 34.6 °3 + 5468.10°5 + ... =log(1 + 2). 


Note. Ax infinite series may sometimes be integrated term by term when it is not 
uniformly convergent. The most important class of such series are those that are 
described as bowndedly convergent. A series is said to be boundedly convergent for 
the interval a < x < 6 if it converges at all points of the interval and if the sum of 
n terms has a finite upper bound M, independent of n and x. It is easy to see, for 
example, that if S,,(2) converges uniformly to S(x) except at a finite number of points 
in a< «< b then term-by-term integration is legitimate if the convergence is 


+8 
bounded. Let there be onesuch point ¢ in the interval. Then | S,,(a)da—> 0 
e—8 
as 6 —>0 for all n (since |S,(x)| <M); 


+s 
i.e. lim S,(x)da —> 0 when 6—> 0 
n—>aoJ o—s 
b e—§ b 
Thus lim | S,(x)da exists, being definedaslim lim 4) oo \ \ S,,(x)da. 
n—>oJa s—>0 n> a e+s 


c—8 b c—é b 
But lim {f 4 | | sy = {f +. | } stew by uniform conve”- 
rn—>o a e+é a c+é 
b 


gence. ‘The expression on the right when 6 —> 0 defines j S(x)dx, since |S(x)| < M. 
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Example. Let S,(2) = ome Then S,(x) is not uniformly convergent at 
z=0. Here S(z)=0 (20) and S(x)=1 (7 = 0). In this case S,(x) is 
1 


boundedly convergent since S,(z) <1 all 2, n and S(z)< 1. Thus j S(x)dx = 0 
0 


1 
and lim 8,(x)dz which is equal to lim (Aan ») is zero also. 
n—>oJo n 
11.15. Uniform Convergence of Sequences of Complex Numbers. A 
sequence S(n, z) is said to tend uniformly to a limit S(z) (where 
z= x + ty), in a given domain D, if, given e, we can find an integer 7, 
independent of z such that 
|S(n, z) — S(z)| <e for all n >n, and all z in D. 


Notes. (i) The domain may consist of the points of a continuous curve O, in which 
case the sequence is said to converge uniformly along C. 

(ii) The necessary and sufficient condition that S(n, z) should tend uniformly to 
S(z) is that, given c, we can find M, (independent of z in D) such that 

|S(n, z) — S(n, z)| <e 
for alln > ny and all z in D. 

(iii) The only functions of the complex variable that we shall consider here are 
analytic functions; and it is to be expected that the properties of uniformly 
convergent sequences of analytic functions will be simpler than the corresponding 
properties of general functions of the real variable. 


11.16. Properties of Uniformly Convergent Sequences of Analytic Func- 
tions. Let (i) S(n, z) be analytic in D 

(ii) S(m, z)—> S(z) uniformly in every region interior to D. 

Then (a) [se 2)dz—> ” 8(e)de, where the path of integration is 

By 2, 

a simple curve lying within D. 

(6) S(z) is an analytic function within D. 

(c) S(z) is an analytic function for all r and its value is 

lim ” s(n, z)dz (Weierstrass). 
im—>o Je, 


(a) Choose n. so that |S(m, z) — S(z)| <e for all n > Mo and all z 
within D. Then 


” S(e)dz — [se z)dz) < [180 2) — S(z)|ds 
where ds is the element ‘of are of the path of integration. But 
[ise 2) — S(e)|ds < el 
where / is the length of the path. 
Thus "S(n, z)dz—> ” S(a)dz. 
a 


ay 
(6) Let z) be a point within D and Ca simple closed curve within 
D and containing z, within it. 
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nn _ yp. Le Sn, z)dz 
Then S(zo) = lim S(n, 20) = lim =| o (2 — 2) 


1 S(2)dz 


220) oz — 2 
by (a), since S(n, z)/(z — 2») is uniformly convergent to S(z)/(z — 20). 
Th 


ore 
Beet fo — Sd — | 80 erat Gael 
But aa ne ia bounded on C; and therefore 9'(2.) 
exists and is equal to sail oe 


We have proved therefore that S(z) is analytic within D and that 
its derivative has thé value lim S’(n, z). 

By a similar proof, using the method of Chapter X, § 104, for obtain- 
ing derivatives of an analytic function in terms of integrals, we may 
deduce that S®(z) exists and has the value lim S®(n, z). 

Notes. (i) It may, of course, be proved that S(z) is continuous in D if S(n, z) 
is continuous. Thus if S(n,z) is analytic, S(z) is continuous at least. 

(ii) The convergence of S()(n, z) to S\"(z) is obviously uniform. 

(iii) It is sufficient that S(n,z) should tend uniformly to S(z) along C and S(n, z) 
should be analytic along C and within it, in order that S(z) should be analytic 
within C. 

11.17. Infinite Series of Complex Variables. From the previous para- 


graph we deduce that if the series Lup(2) is uniformly convergent in D, 
1 


the sum S(z) is continuous when u,(z) is continuous and analytic when 
u,,(2) is analytic. The integral of S(z) along a simple path within D 
may be effected term-by-term; and when w,(z) is analytic, the deriva- 
tives are obtained by differentiating the series term-by-term. 

11.171. Tests for Uniform Convergence of Series of Complex Variables. 
The most useful test in practice is the M-test: 


If (i) =M, is a convergent series of positive constants, and (ii) 
1 


|un(2)| < M,, for all points in D. then Su, (2) is uniformly (and abso- 
1 


lutely) convergent in D. 
The proof is similar to that for the real variable. 


Note. Tests for convergence (ordinary or uniform) of the Abel-Dirichlet type 
suitable for complex terms have been given by Bromwich (Infinite Series, 80). 
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11.18. Power Series in the Complex Variable. The series Ya,2" is 


0 
uniformly (and absolutely) convergent for |z| < R, where R is the radius 
of convergence ; and the region of uniform convergence contains those 


points for which Sa,z" converges when |z| =: R, provided the mode in 
0 
which z approaches the boundary is of an appropriate type (§ 10.4). 


11.19. Convergence on the Circle of Convergence. If R ~0, we may 
without loss of generality assume that R= 1, since the substitution 
¢ =2z/R gives a power series in ¢ whose radius is unity. 

I. Let a, be real, and take z = cos@ +7sin@. The resulting series 


Ea ,(cos n +%sin 8) is convergent, ky Dirichlet’s Test, if a,— 0 
0 


(except possibly when 6 is a multiple of 27). 

II. Let-a, be complex ; since |a,/a,,,| > 1, we can multiply z by 
a suitable factor of the form e to ensure that (a,,/a,,,) takes the form 
1 + $(n) where ¢,—> 0. In many cases it will be found that a,,/a,,,, 
can be written 1 + (u/n) + (w,/n*) where |w,| is bounded and A > 1. 

Then (i) If R(u) > 1, we have already shown that there is absolute 
convergence. 

(ii) If R(u) <0, the series cannot converge since the general term 
does not tend to zero. (§ 11.08.) 

(iii) If 0 < R(u) <1, it may be shown that the series converges (not 
absolutely) except for z= 1. (Weierstrass, Ges. Werke, I, 185.) 

Examples. (i) The Binomial Expansion. 5- Wa wee ee. 
When convergent, its value is (1 — z)”, and its radius of convergence is 1. It is 
absolutely convergent. (i) for |z| <1, (ii) |z] = 1, R(v)> 0. In this case 


a, n+ 1 l+y» 1 
= - + (55). 


= =] 4 
Gn41 n—Y n 
It is not convergent for |z| = 1, when R(v) < — 1, and by the previous paragraph, 
the series converges (not absolutely) for — 1 < R(v) < 0, except when z = 1. 
(ii) The Geometric Series. me! —2+24-—2°+..., when |z| <1 and 
the series does not converge at any point of the circle. 
Let z = re®(0<9 r<1, —x2 <0< 2); then 


1+ rcosé 
1 + 2rcos6@ + r? 
r sin 0 
1 + 2r cos 6 + r? 
These equations are true for all @ and for 0 < |r| <1, but it is convenient to 
restrict r, 0 as above. 


Thus =1—rcos@+ r2cos260... 


=rsin@d—r*sn20+... 
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Writing 6 + 2 for 0 we obtain 
l1—rcos@é 
1 — 2rcos6 + r? 
r sin @ 
1 — 2r cos 6 + r? 
Simple deductions from these are 


=1+70c0s0+ r?cos204+... 


=rsin@ + r?sin 260+. 


Realy 1 + 23+" cos nO eal 1+ 23 
eel ET pe ceo 8 2b ES one nd 


cos 9 — r 2 cos 0 +r ws ines 

Tor ocs0 prt 21 Os cob Fok 7 A(— U1 008 m8 ; 
cos nO dé ar® F ; : ; 

( —$2R5- Ear ha integral, 0 < r < 1), the series being uniformly 


convergent for r <1 and all 6 by the M-test 
irae = log(1 + z), where the path of integra- 


tion is the line joining O to z, (ex — 1). 
The infinite series for (1 -+ z)—1 converges for |z| <1. If P(re‘®)is a point inside 
this circle, we have log(1 + z) = log A,P + i¢, where A, is the point — 1, and ¢ 


> 
(between — 42 and + 42) is the angle that A,P makes with OX. (Fig. 5.) 


(iii) The Logarithmic Series. [i 


FIG. 5 


Thus } log(1 + 20080 + 14) + ‘are tan( 7 Se 
=z—}e2?7+}'. 


= &- 1-1 608 nf + iE I-12 gin n8 (0.< r <I) 


By Dirichlet’s Test, both series on the right are convergent for r = 1 (except the 
cosine series for 9 = z). The above equation, apart from the exceptional case, is 
true for r = 1, 

16 
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Thus 5. 1-1" 008 nd = # log( + 2rcos 6 + r?); 
: 5 
2 ae r sin @ 
ie cee 
for 0< r <1 and all 6 and 
E(— 1-22 — 4 togid cost 40) (=a <0 <2); 
1 
= 1p 2 = yo(— 2 <0 <a); H-1p-1 00 = 4m) 
1 1 


The sine series is represented for — x < 6 < by the part of the line through 
(x, 4c), (— 2, — 40) that liesin theinterval. It is finitely discontinuous at the ends ; 
and its value for other values of @ is obtained from its obvious periodicity in 27. 
Writing x — 0 for 6 we find 


Er” cos nO = — $log(1 — 2r cos + 1%) ; 
2 


wort r sin 0 
3% sin no = are tan eg OS 1 <1, all 6); 


Pee etd dae; 
1 n 


== = Ha —6)(0 <0 <2n). 


1 
Notes. (i) The series C(@) = zn S(8) = = are, by Dirichlet’s Test, 
uniformly convergent in an interval that excludes the points 2nz. 
(ii) If S(n, 0) = i= Ww 44 ih of etiie intheoad Wongniider the lisnitleg farm of the 
curve y = S(n, x) as n tends to infinity and x tends to zero. The double limit has 


different values according to the way in which the parameters n, x tend to infinity 
and zero respectively; and we have shown above thatin particular lim lim S(n, x) 


r—>o r—>0 
=0 whilst lim lim S(n, x) = 4a. 
t—>0 n—>0 


Sta x) [bon nb)d0 = (ae --+) Sap 


os 
and we have shown that lim | sin(n + $)0 55 = $n (27 0), 0 (x = 0). 
n—>o Jo 28in 30 


Es 
Consider the function 7(n, x) = | — dO. 
0 


“sin d 
If x34 0, T(n, x) = y dd, ¢$=(n+4)0, u = (n+ 4)x, and therefore 
T(n, x) —> 2/2 (x 0) whilst T(n, x) —> 0 (2 = 0). 


Man (2a 1 1 ; 
Thus S(n, x) = —4a+ T(n, x) + [sine oF De saxp - ;hao and we infer 


oe are 1 
that U(n, x) = [sin + rap - iho 0 for0 < x < 27, a result that 
may be verified directly by integration by parts. 
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Now when «> 0, the maximum value of 7(n, x) for a given m occurs when 
u = (n+ 4)z = x (since 7"(u) = sin u/u) ie. the maximum value of 7(n, x) is 


peas (= 1-85 approx.). The convergence of U(n, x) to zero is easily shown 
0 ‘ 


to be uniform. 

Thus the limit of the curve y = S(n, x) consists of a set of segments through nz 
equal and parallel to the segment joining (0, $7) to (2x, — 42) together with a set of 
segments through (2nz, 0) parallel to the segment of the y-axis between y = + 1-85 
and y = — 1-85 approx. These segments parallel to the y-axis project above the line 
y = 4x (and below y = — 42) by anamount 0-28 approx. (The Gibbs Phenomenon.) 

It should be noted that we have proved that the series is bowndedly convergent 
(and that therefore it is legitimate to integrate term by term over any interval in 
order to obtain the integral of the sum.) 


(iv) The Series obtained by Integrations fee. Integration from 6 to 7 gives 
1 


1 1 1 2] 
(cos 8 + 1) + 54 (cos 28—1)+.. =i # — 5m + 70°. 
Thus 
a iy 2 ae 1 
cos 0 +- = 35 008 20 + = 008 90 + . += qn — 979 + 40? — (1 — sa + a8 -- -) 


the series on the right being convergent (absolutely). 
The series on the left is uniformly convergent for all 6. 


2 
Putting 9 = 0, wefind that 1 + 35 + zt sila = © from which we deduce that 
1 1 1 _ a dl 4 1 1 __ a 
tostget---=¢@ an ee The Saat Ss ae 
and therefore 
; Sannin | 
£08 0 + 34 008 20 + 2% Sea Be =] — 7022 —0)(0.< 0< Qn). 
. Integration of the last result from 0 to @ gives 
1 1 0 — 
sind + 558in 20 + 5,sin30.. . = ih — 2) 0) <0 < 22) 


1 
and in particular (for 6 = $x) 1 — as +3 — 75° = 39 
A further integration gives 


— a ae. Ke 
4 >, a Fag 
@ = mgives — -2 = —agt aati a atl = 90: 
1 1 nt 
+R oth + it gt 96 
Also 0 = 2/4 leads to the result 
ae Sh RG REE A 
Seabee. eae alae be kOSO 
. mn Bp ots 
(v) The Series for arctan z. arctanz = Laan 8k + 3. jel <1 
When |z| = 1, take z = cos@ + isin@; and therefore 
aro tan (cos + i sin #) = 3(— pp on ” + iB pnt? 
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except when 0 = + 42; and the convergence of these series of cosines and sines is 
uniform in — $a7+a<0<40-—<2a («> 0). 


Now are tan z (on the unit circle) 


“4 s —@ 
7 — Ts 


--1fo(8)-3} (4) 


where B,, P, B are the points — i, z, 7 and R(z) > 0. 
Also 5p = tani(5 — 0) = cos 30 — sin 30 


B,P cos 30 + sin 30 
This gives the results 
cos 8 — 4.cos 36 + $cos50...=4a 
sin@ — }sin30 + }sin50... = giant +f) fH <8 in. 


The sum of the sine series may also be written 


4 log (3 fe =) or }log(sec 8 + tan 6)*. 


When 6 —> -+ 2/2, the cosine series tends to zero and the sine series to + 0, 
Aen 6— “7 for 6 in these series we obtain also 


sin@ + ; 38in 30 + 5 bsin 50 +. cos 0 + 5 cos 30 + £008 58 = 3 log oot $ 


(0 <0 <2). 


was 
=] 
Integration in the a 0 oe 6< 2 —~« gives 

008 0 + 55 008 30 + cos 50... . = C — 3nd 


but since the series on _ left is uniformly convergent at 9 = 0, we obtain 


(2n +190 2 ‘ 


1 1 
Lt get get += gC wo that F cool tok a — 20)(0< 6< 2). 


8 (Qn +1) 8° 
A further integration gives: 


"I 
sin 0 + 35 sin 30 + 7, sin 59 Ae = Da —H0< 6< 2). 
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Notes. " For the interval —2 <6 <0, pant — 4 and for 
0 
a) © cos(2n + ue ae Ps 4 gain(2n + 1)6 m6 
n<6<0, sa oma “(Qn + 1) g(% + 28); Getic et 


(ii) Integration of the series for 4 log cot 6/2 will give 
: i. 1. ° @d0 
sin 9 + 35 8in 30 + 5 sin 50 + - + « = $6 log cot 40 + a 505 0< 0< 2). 


(iii) The various formulae in this example may of course be deduced directly from 
those in the previous example. Thus if we take 


8(0) = = ae then S(0) = (x — 0) (0<0<2n); S(0)=0 = S(2z). 


1(6) = gama then aaa —20) (0<0<z); }(8%—20) (7<0<2z) 


and 70) = Tn) = T(2x) = 
80 pens: 


sin@d += zsin 30 + 5 pin 50 . . - = (0) — 4700) = F (0 <0 <2), —F(a<0 < 22) 


hd sum is zero for 0 = 0, a, 22. 
11.2. Infinite Products. If the sequence 


P, = (lL + (1 + ua)... (L + uy) 
tends to a limit P(+ 0), when n tends to infinity, we write P = I1(1 + up) 


1 
and call the expression on the right an infinite product. If P = 0, the 
product is said to diverge to zero, thus preserving the correspondence 


between the infinite ppaguts and the infinite series z log |1 + up|. 
Since log |P,| = z log |1 + up|, it is necessary but: not sufficient) for 
1 


convergence that lim u, should be zero. Consequently, in investigating 
conditions for convergence it is sufficient to assume that all the terms 
(1 + u,) are positive. For definiteness also, we shall assume that |u,,| << 4 
so that }<1l+u, <}. In applications, however, there may be . 
jinite number of terms (when there is convergence) that do not lie between 
these limits and there may be a finite number of negative terms. It will 
always be assumed also that no term u, is — 1; if, in an actual case, there 
are a finite number of terms u, equal to — 1, the product is said to con- 
verge to zero, when the product of the remaining terms converges. 

By the mean value theorem 
4 Un 
log(1 + tn) = Up — a0 + u,)2 (0 <6<1). 
Therefore 

0 <u, — log(1 + u,) < 2u%, (all n, since 1 -+ 6u, > 1 — |u,|) 

m+ BR m+p m+p 

1, 0< >t -- psi log(1 + u,) < 2D tn 


m+1 m+1 m+ 


434 ADVANCED CALCULUS 
If then Sub is convergent, the infinite product 


1 ~ 
(i) converges, when Lu, converges ; 


1 © 
(ii) diverges to + 00, when Lu, diverges to + 00; 
1 


(ili) diverges to zero, when Sup diverges to — 0; 

(iv) oscillates, when Jun oscillates. 
Again, since 1 + Ou, a 1 + |u,| <4, then wu, — log(l + u,) > 2u2; 
so that if Zu hing the infinite product eric, to zero, when 
(i) Eu, converses or (li) Zu, diverges to — 00 or (iii) Su, oscillates in such 
a way that its upper ae is not + o., 

No information is given from these inequalities when Bui, diverges and 
rise diverges to -+ 00 or has + oo as its upperlimit. In such cases, the 


infinite product may or may not converge. (See Examples (it), (iit) below.) 
There must, however, be divergence when Xu, is divergent and wu, is 
of constant sign (see next paragraph). 
It may be seen from the above that in general a sufficient (but unneces- 


sary) condition for convergence is the convergence of both Bu, and Su2. 
1 
Examples. (i) (1 + $x)(1 — $u?)\(1 + Jv)... : 


‘ 1 1 = co sf & 
y =p os ae . Spl ae ne I peal 
Here +e 3% — 3 tirikit io gaitigeth gaittuieat 


2 oO 
Xp converges if —1<2<1; 2? converges if |x| < 1. 
i 
Therefore the product converges when — 1 <a2< 1. 


wo is) 
When x = — 1, rte diverges to — oo and au converges. ‘lhe product diverges 


to zero. 
When |x| > 1, u, ‘does not tend to zero, and the product is not convergent. 


ai) (1 + =). 

i+ y 

Here Zu,, 502. di but 17(1 + +.) Jesh) Sie ae elasah buble Alp 
ete ane verge ; ’ Vy > lies. sae ore the 

product diverges to + o. 


ci) (1+ Fe +3- a+ Pall +5 Ya) --- 


: 5 1 uy 1 
i.e. zig + u,) where Ugn—1 = iat Sie sia 
2n l 1 ie | 2n+1 l § 
caer reat BF. Fs ssictes oh Vik + CEST so that Yu, diverges 


to + ©, 
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Also 2, “ie at ys Su! ait Sat so that Zv,* also 


1 2n n 1 
vee We +) Ta +m)=H(1 + sa): 80 
that the infinite product converges since ; fe 


$1 
But a + U,) eC 


“73 7a z, both converge. 

11,21. The Case when up, is of nukes Sign. Suppose «, > 0; then 
if Sty i is convergent, so also is Su, for «, <1 (ultimately) and «3, 
ifian less than «,. 

The Sony ereente of Sey is therefore sufficient for the convergence of the 
product in + * On): x 

Also ened im +a,)>1+ Lan the divergence of Sty implies the 
divergence of the product. 

Thus the convergence of Sen is necessary for the convergence of the 
product. y 

Again, 0< 1K —,”) <1 and therefore the convergence of 
ina + %,) implies that of ii —«,); whilst the divergence of 


in + a,) (to + 00) implies the divergence of ina — G,) to zero. 
> ammdages —aA necessary and sufficient condition for the baesbhak? yy 
of im + a,) and m — Gn) (%, > 0, all n), is the convergence of Sen. 
7 22. Mesh Convergence of an Infinite Product. The piodus 
in 4-t,) is said to be absolutely convergent when the series 


b log (1 + u,) is absolutely convergent (assuming as before that 
1 
(1 + Up) > 9). 

10 <a <1, [log (1 — 2)| = bog (>= ;) > toe (1 +2). 


Therefore, log (1 + |u,|) which equals |log(1 + u,)| when u, >0 
is less than |log (1 + u,)| when u, <0. 


i.e. z log (1 + |u,|) converges when z \log (1 + w,)| converges. 
If, then, Z log (1 + up) is abstlataly convergent, the infinite product 
in (1 + |u|) i is conyetaert a necessary (and sufficient) condition for which 


is the convergence of Z|. 
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Now suppose that p> u,| converges ; then Sup and Sun? both converge 
since U,? = |u,?| < inst, ie. (1 + u,) fonts ey a limit P and 
IT|1 + up| tends to the limit |P|. Thus Ellog(1 + w,)| > log |P| 
; Summarizing.—A necessary and sufficient condition for the absolute 
convergence of im + U,) is the absolute convergence of Sup. Also, since 
the sum of the series 3! log (1 + u,), when absolntely convergent, is 


independent of the order of the terms, it follows that the value of an 
absolutely convergent infinite product is unaltered by a derangement of 
the factors. 


11.23. Uniform Convergence of an Infinite Product. The sequence 
P.(a) = nal +u,(x)) is said to tend uniformly to the function 
1 


Piz) = mal + u,(x)), if, given ¢ (> 0), there exists an integer m, inde- 
x 
pendent of x, for which 
1 m+p (x) AS 1 


P,. (a) | <e (all integers p). 
It follows from this definition that if (i) 5M, is a convergent series of 
1 


positive constants and (ii) |w,(x)| < M,, for allz in the intervala <2 <b, 
then the product converges uniformly in this interval. For the products 


ina + M,) converge a therefore an eee m exists for which 
eierais Gl vi (1 — M,) < (+My) <1 +e, 


But i ‘a +u,(zx)) lies between nZf(L — M,) and va (1 + M,,) and there- 
m+1 


Psy (2) _ 
Pp (a) 


obviewsly independent of z. 
If, in addition, w,,(x) is continuous in a <«z <}b, the product is also 


continuous in this interval: for the series 5 log (1 + u,()) is uniformly 
1 
convergent. 
11.24. The Logarithmic Derwative of an Infinite Product. If 
Piz) = ii + u,(z)) is continuous, so also is log P(x) (1 + u,(x) > 0). 
1 
This possesses a derivative given by 
Pz) _ guna) 
P(x) 311+ 4,(2) 
when the series on the right is a uniformly convergent series of continuous 


fore <e for all integers p, the choice of m being 
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functions. For the application of this result, we must then assume at 
least that u,(x) possesses a continuous derivative. 


Examples. (i) II(1 + nz”). 
The sequence nz” —> 0 only when |z| < 1. When |x| <1, Ena is absolutely 
convergent. " 
Therefore m + nz”) is convergent (absolutely and uniformly) in the interval 
. —-l<4<27<¢ 2 <1. 
ae) - 9042-2). 


When x = +1, the product converges to 1. ‘The sequence (1 + 2?")—! con- 


verges to zero only when |z| > 1. Also Za + a™)-le< Extn, which converges 
when |z| > 1. Thus if c, is any number > . wo-can take My = = (¢,2 — 1)/(1 + ¢,2") 
where c, is any number > c,. Then 0 < u,(x) < he when c, < |z| < ¢. 


The product converges absolutely when |x| > 1, and it converges uniformly for 
1<¢,<2< &. 


Qu" 
Actually P,,(z) is easily seen to be 7am ita from which we deduce that P,,(x%) —> 2 


Me |x| > 1 and P,(z)—> 1 when |z| = 1, whilst P,(x) diverges to zero when 
|z| <1. 


(iii) To show that ita + 2%”) nal + x2n— 1) (1 — g2n-1) = Lif Fl <1, The 
products are all abacinctaty a a when lz] < 1, since Ex2n— 1, Ex are abso- 
lutely convergent. The factors of the ei may be Gin in ae order; thus 

fia + oii + 22-1) = fi +2"); fi — aimyfi(l — ate-1) = fia — 2") 


® i) nD is) ics) 
ie. (1 + a") + 22-1) 1 — 2") — 22-1) = T( — 2). 
1 1 i 1 1 
The result follows since fa — 2°") is not zero. 
1 
(iv) The product (1 + 4)(1 — $)(1 + })(1;— 4) . . . is convergent (not abso- 


o 1 1 
lutely) since 2(— ify converges (not absolutely) and = bar) is convergent. Its 
2 2 


ue is Ii 32 . 2n ‘il 32 2n +3 1 
Cal enn Bl amo a eee” a 
yp llgdeerll FE BY Deter tl UF 2n + 2 
A rearrangement of its factors will in general alter its value. For example, 
consider (1 + $)(1 + 41 — 41 + (1 + HU — 4) - 
If the product of x factors is P,,, then 
lim P3n+1=lim Pgn+2 = tim Psp = lim P,, if lim P3, exists. 


>on n—>2 u—>n —>n n—>o 
n 1 bbe. 3 
; (1 — jen) oe 4sing 
But Pa, —> lim  1———___ = ——_’ = V2 (§ 11.34). 
an Oo 1 % % 
in( — =) 2 sin 5 
4n2 2 
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id iz & —2/n, 
(v) Let P(x) Ht (1 + =e 


(1+ 2 )_—a/n ma Za +B), wHeewr@ de o(). 


If x, is any finite number (> 0), we can choose m, sufficiently large to ensure 
that |@| <} forn> n. 


zx 3a? : ol 
Then 5 7a(1 + 0) < ini fF all |z|< 2, and n> mo. Therefore, since 2a is 


convergent, the infinite product is uniformly and absolutely convergent for all 
finite x. 


1 
The series obtained by differentiation is 3 A *) (x not being a negative 
1 
integer), and since na/(x + m)—>a when n—>, the sequence naz/(x +n) is 
bounded throughout the intervals —-1 <k< x<a,—-m<koxr<l<—m+l1 
(m being a positive integer). Also nz/(x + m) is ultimately of constant sign (that 


x K 4 
of x). Thus a constant K can be found such that Lem < n® showing that 


1 1 
the series 2( - ) is uniformly (and absolutely) convergent in these intervals. 
1\w+n @& 


AiENS) ii B41 1 rene ! 
We may therefore write Pie) = - ( ttt. Ta and similarly obtain the result 
tog |P : intervals 
az 108 | l= ear ‘or the same intervals. 


11.25. Infinite Products of Complex Numbers. When u,, is complex, 
it will be found sufficient for the cases likely to arise to apply the test of 


absolute convergence, viz. the convergence of by |u|. 
1 


Also, if rel + u,(z)) has the value P(z) for a giver: domain of the 
1 
complex variable z, the convergence is uniform if |u,(z)| <M, in that 


domain, SM, being a convergent series of real positive constants. 
1 


Note. It does not follow, of course, that £ log (1 + u,) = log P when 
1 


val + U,) = P. It is easy to see that it is equal, however, to some definite value 
1 


of Log P. Let « be the principal value of amp P and «, the principal value of 
amp P,,. Then since P,,/P—» 1, from and after some definite value of n the 
principal value of P,, must tend to ~; so that if the amplitude of P,, is 2kx + «, 
log P,, —> log P + 2kx. 


11.3. Expansions of Analytic Functions. Taylor’s and Laurent’s. 
We shall now obtain one or two of the more important expansions of 
analytic functions. Two of these have already been established—the 
Taylor and the Laurent expansions, the latter being inclusive of the former 
(§§ 10.42, 10.47). 
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Laurent’s Expansion, Tf a is an isolated singularity of f(z), an analytic 

function, then 
b 

(10) oe coupe Be hE ig teeta —a)+. . ta,(z—a)"+... 
the expansion being valid for all points within the circle |z — a] = 
(except at z = a), where R is the distance from a to the nearest singularity. 
The coefficients are given by 
1 _ f@d (2)dz n-1 
=sa\ Go (2 — arty b= sail, (¢ — afd, 


( being any circle |z — a| = Ry (< R). 
When f(z) is analytic at a, the coefficients b, are zero und we have 


f™(a) 
nf « 


An 


Taylor’s Expansion mn which we may write a, = 


Example. Obtain the expansion of e**—¥/« in powers of «.- 
Here e#*—y/% = Zac” + Eb ,0-”, where 
0 1 
1 ev-u/edz 1 
=) =o ~y/2,zn—1 dz 
n= Omi), ri? On sai | 4c pee 
Take CU to be the circle |z| = 1 and write z = e; then 


2 
=| e(%—y)089 cos {(x + y) sin 0 — nb}dO (x, y real\ 
0 


since j. e(t—y)evs9 gin {(a + y) sin @ — n0}d0 = 0. (Put 2a — 0 for @.) 
Similarly (or by putting — for n), we obtain 
ee Ef, cle—vooe® cos f(x + y) sin 0 + nO }db. 
0 

In particular etf(¢—1/t) = Saye" where J,,(&) (the Bessel Function of integral 

order n) is given by 
J,(8) =2/, cos (§ sin 0 — n6)d0 = 1 fos sin — nO)d0 
0 To 

(since cos {€ sin (2% — 0) — n(2a — 0)} = cos (£ sin 6 —n6).) 

Also J—n(é) = af" cos (€ sin 0 + n6)d@ = (— 1)"J,(&) 

0 

(since cos {& sin (a — 0) + n(a — 8)} = (— 1)" cos (€ sin 6 — n6).) 

But ax — y/a = Z&(t — 1/t) if § = 2V/(ay), t = a(x/y), with an appropriate 
choice of square roots, 


s ext—y/ = 3 Jy 2y/(ay) (x /y) a” 


1 7 
and i ele—v)eos 9 cos {(a + y) sin 6 — nO} dO = (2e/y)I"J,, QV (zy)} 
0 


or } edcos8 cos (usin @ — nO)d0 = x Bt Sa {/(u? — A*)}. 
0 fe — 
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11.31. The Darboux Expansion. Let f(z) be analytic on the straight 
line joining a to a+/h and let d(t) be a polynomial of degree n. 


1 
Denote the integral | $-N(t)f+D(a + th)dt by I, where z = a + th 
0 


and ¢ is real. 

Integration by parts gives 
AL, = $M) F(a + h) — $0) Fa) — 1,1 (r¥ = 1 ton) 
hI, = $™(0) {f(a + h) — at since #)(t) = constant = $™(0). 
$°(0) i (a +h) —f@} 


wast y (—1)"- 1pm {gin—m)(1) [™ + h) —ah p—™(0) f(a) } + R,, 


m=1 
1 
wlidite rey a rye $(t) f(a + th)dt, 
idee. let mele 
Then ¢(1) = $(1) =... = ¢@-1(1) = 0; g™1) =a! 
$(0) = (— 1)"; $0) = m(— 1)"—1; ... 5 OO) = oie | alge 
-3 $0) = 2! 
So that 
n 1 
nt (f(a + h) — f(a)} = Eun Soma) + (— LHrt1] (@ — IYfO+( a + thd 
: 0 
or 


h? An Anti t 
S(a+h) =f (a) +hf(a) + 5 F'(a) +--+ FO@ + a (1 —tnfir+ D(a + th)dt 
) 
—tTaylor’s Series with a Remainder. 
11.32. Lagrange’s Expansion. (Rouché’s Theorem.) Let ¢(z) be 
analytic in a region enclosing the point a; then the equation 
F@) =z —a — (2) = 0 (g(a) 0), 
may be expected to have a root ¢ which is a function of ¢ tending to the 
value a when ¢ tends to zero. Lagrange’s Expansion gives an expression 
for f(¢) as a power series in t. To obtain the region of validity of this 
series, we shall use a lemma known as Rouché’s Theorem. 

Rouché’s Theorem. If f(z), h(z) are both analytic within and on a closed 
contour C and |h(z)| < |f(z)| on C, then f(z) and f(z) + h(z) have the same 
number of zeros within 

Since |f(z)| > Inte) (which i is > 0), it follows that f(z) and f(z) + h(z) 
cannot vanish on 

Now let w(z) be any function that is analytic within and on C but does 
w'(2) 
— 
oc w(z 
multiplicity &), the integrand has a pole of residue k, and there are no 
other singularities. Therefore J = 22%m where m is the number of zeros 
within C, each zero being reckoned according to its multiplicity. But 
Tis also equal to the change in any particular branch of log w as z describes 
C, i.e. is equal to 7 6 where 6 is the increase in amp w when z describes C. 
Therefore the increase in amp w is equal to 2ma where m is the number of 


not vanish on C, and consider | z= TJ. For every zero of w(z) (of 
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zeros of w within C. Conversely, we infer that if the increase of amp w 
is 2ma, these are m zeros within C. 

Let w(z) = 1 + p(z); then as z describes C, w(z) describes a closed 
curve in the w-plane, for which w = 0 is an exterior point of |p| < 1 on 
C. Thus the increase in amp w is zero. 

If the number of zeros of f(z) +- h(z) within C is equal to m, then 

2ma = increase in amp f(z)(1 + p(z)) where p(z) = a 
= increase in amp f(z) if |p| <1 
i.e. the number of zeros of f(z) within C is also m. 

Take f(z) =z —a and h(z) = — t(z), then the number of zeros of 
F(z) = =f + h(z) = z — a — tf(z) is equal to the number of zeros of 
z — 4, i.e. one, when C is a closed contour surrounding a and 
to(z) 
z—a@ 

Let C be the circle z = a + pe”, and assume that |t¢(z)| <p on this 
circle. 

Let g(z) be any function that is analytic within and on C. Then 
zal 59 Al RG 
2miJoz—a—itd(z) 1—#'(2) 

where ¢ is the zero of z — a — ¢d(z) within C. 

The integral on the left is 


g() ip "or irtign+t 
rile at "ee oe eae a 
= (2) + 7 “ {ga)$(a)} -|- - ea * {g(a)4?(a) } ++. 
+5 = ~ {gla)h"(a) } b R, 
where R, = cal —__ glz) {p{z) }"*1 dz 


2at Jo (2 — a)"**(z — a — th (2) 
Let M,, M, be the upper bounds of |g(z)| and |t¢(z)| on C, respectively. 


n+1 
Then |R,| << —— cl a 
p"(p — M.) 


go) _ ye am 0 
Thus we 9 F aa dan VHA)" }- 


Now let 9(¢) = (1 — #'(2)f(0), so that f(¢) is also analytic since 
1 — td’(¢) #0 (at a simple zero) ; 


tien FC) = flay — we) + +2 oS {flay(l — o$'(a)$(a))"} 


<lon@C. 


which — 0 as n—> oo, since M, < p. 


=f(a) + D opi tr oga)}. 
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Suppose, for example, that ¢(z) is a polynomial in z (or an entire 
function), and let M(p) = Max |¢(z)| on C. Then the formula is valid if 
It] < p/M(p), for then |t#(z)| <p. 


Let « be Max—P _ as p increases ;_ then the expansion is valid when 


M(p) 
lt] <p 
Now lim —? _ — 0 (since (a) 0) and lim —? = 0 (except in the 
wee ee 
trivial case when ¢(z) is linear). Thus —° must increase to some 


M(p) 


maximum as p increases from zero. 


Examples. (i) Let z = 1 + tz? and find the series for z° where z is the root 
that tends to 1 when ¢ tends to zero. The maximum of |z|? on |z — 1| =p is 
(1 + p)? and the maximum value of p/(1 + p)? is } (when p = 1). us the radius 
of convergence of the series in ¢ is }. 

Lagrange’s formula gives 

v2] 
z= ai + dl a” 


—1 


(sa*—4a®") (a = 1) 


1 2! da®—1 
= 1p ED TMT Os | ante 
pon 8 
This, of course, is the same as (ve -*)) ; and it should be noted that 


z = 0, the only (possible) singularity of z* is on the circle |z — 1| = 1. 
(ii) Let F(z) =z — a — f(z? — 1) = 0 (a 1). 
Then F’(¢) = 1 — & (where ¢ is the root that —> a when t—>0 


ee oF {eo} 
Ne Taek gael 
But t( —1=— ¥(1 — 2at + #) 
1 o@ de 
RN ee ee PAesa aoe. 
and therefore Wii — at + #8) = 1 + 2505 dani ay’, 


The coefficient of t in this expansion is called the Legendre Polynomial of degree n, 
and is usually written P,(a). 

The radius of convergence is in this case obviously the distance from 0 to the 
nearest singularity of the function on the left; i.e. the radius of convergence is 
a— (a? — 1).(a> 1), 1, (@ <1) (@ real). This may be verified by calculating 
Max {5 as in the previous example. The results are 


‘ ()a@>1; Mp) =}a+p—1la+p+)), w=a—V/(a*—1) when 
p= v(a* — 1). 
p?+1—a? 


(ii) @<1; M(p)= 271 — at)’ # = 1 when p = y/(1 — a?). 


11.33. Expansion of Meromorphic Functions in a Series of Rational 
Functions. (Mittag-Leffler.) Let f(z) be analytic at all points in the 
finite part of the plane, except at a number of isolated simple poles 
a, (r =1,2,3 .. .) which form a simple sequence. Let the suffixes be 
arranged so that |a,| <|a,,,|. Suppose also that it is possible to choose 
a simple sequence R,, (any |a,|) such that R,,—> © as m—> oo. 
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Let Max | f(z)| on the circle |z| = R,, be a bounded function for all m 
and as m—> ©; ie. let |f(z)|< M, a finite constant for all m and for all z 
on these circles. 


Let z be a point within the circle |z| = R,,,, which is not a pole and 


let a,, a, . . ., a be the poles within this circle. 

Mop OMS es SP 
Then sales meh Diets 
where b, is the residue of f(z) at a, and C,, is the circle |z| = R,,. 
i are ROME prea ee Ao 

QniJo C—2z ilo, ¢ ani} o, (S — 2) 
“1b 
=f) + aa +E 

where |E| < ed ll Pl (ds being the element 


est er ae ee oh ee 
2a c,, m(Bm dey \z|) Rn ss |2| 
of are on C,,), 


ie. E—> 0 as m— o and therefore f(z) = f(0) Le - + =). 
1 ie r 
Notes. (i) If for all points in the region for which |z| <c, Rm — |2| has a lower 


M 
bound (> 0), then m can be chosen so that R EL <e for all z in the region. 
m 


The convergence of the series is therefore uniform in any finite region if the poles 
are excluded from this region by means of small circles with the poles as centres. 


(ii) If the condition |f(z)] < M be replaced by the condition |f(z)| < MR,” 
(p > 0) on the circle |z| = R,,, we may obtain by similar reasoning the expansion 


Pf (PO © 1 i ad 
fle) = (0) + 2f0) +... + =O) 4 B+ St. ; + een) 


Fxamples. (i) Let f(z) = cosecz — 1 ex 0)3 f (0) = lim (cosee 2 z be, 
z z—>0 Zz 


The poles of f(z) are + nz (n = 1, 2, 3,. . .) and the residue at nz is (— 1)”. 

Let R,, = (m + 4)2. 

On |z| =R,, |sinz|* = $(cosh 2y — cos 2x) an even function of a, y. If 
x=R,,cos0, y=R,,sin8, it is sufficient to consider 0 <6<42. Now 
S|sin2|* = (x sinh 2y — y sin 2x) > 0 since sinh2y> 2y, sin2e <2z. Thus 
|sin z|* (and therefore |sin z|) increases steadily as @ increases from 0 to 3x. Its 
1 
2 


ee 


The series is absolutely convergent except at z= 0, + nm, since 
1 1 i z "a 1 1 
(+. +2)-|-40+2+ mera) tal - 


least value is unity and therefore Las - 
sin z 


1 2 
<1+, <l+3. Therefore 
‘m 
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Grouping the terms, we find 


coseo 2 =} + H—ap{—+_ 4 Shy (ap {4h 
z 1 2— nt NT. z2+nu nN 

1 2z 2z 2z 

“2 #-a tA ei Ao te 
Se em 1 : et% 1 1 
(i) Lat $(2) = 5 — 5 (a real); #(0) = tim (55 — 7) = a ~ 5 


The poles are + 2nin, and the residue at z = 2nin is 
e2anzi — cos 2anz + i sin 2anz. , 
The circles of the theorem may obviously be replaced by a sequence of squares 
given by z= +8, y= +R, 
In this case take R,, = (2m + 1)z. 


On z = Ry, |f(2)| <2 7 which—> 0 as R,, > if a < land—>lifa=1 
e— aR ; ve 

On z= — R,, [f(2)| <j— eo, Which —> 0 as R,,—> © ifa>0 and 1 

na — 0. 


Ony = + £,,, |f()| = aor and it is a simple exercise to show that this function 


lies between 0 and 1 for all z if 0< a< 1. 


ez 


a-i-7+(«-}) + E (00s ane + i sin 2anay( : 


Zz z— Ian * Dani 
1 1 © {22 cos Zann — 4nzsin2anx sin 2ann 
st ( - 5) +3 z? + 4n2x2 nm }. 


Thus 


Now = = Hn — 6)(0 <8 < 2m), and 0 (6 = 0, 2) (§ 11.19 (iii) so that 


in 2a: 
pe = $a (0 <a <1), and 0 (a =0, 1), 
1 
esz 1 @ 22 cos 2Zanz — 4nz sin 2anz 
Thus Gai a8 eA “git datat = (0<a<l) 
vi pels ake ade iia: A's MU a 
“ e—1 2 totes dnt? ef —1~2 214 + dntnt 


the last two results being also obvious deductions from each other. Other deduc- 
tions are ‘ 


2 1c: ye hte , Baas id heat ein dh =) 
Goth 2 1 pegs te cay git Oe oom | Fe 
oa ee 1 } be ks 
and cosec? z = bod — a! (by differentiation). 


11.34. Analytic Functions expressed as Infinite Products. Let f(z) be 
analytic for all finite z and possess simple zeros at z = a, (r = 1, 2,3, . . .) 
where |a,| <|a,,;| and'a, —>oo as r—> oo. 

Then f’(z)/f(z) is analytic for all finite z except at the points z = a, 
which are simple poles of residue unity. 
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If the conditions of the theorem given in the previous paragraph are 
satisfied by f’(z)/f(z), then 
f'® _f') (—. 1 
+2) 
f@ ~ fe) z 


Owing to the uniform convergence of the series in a region that excludes 
the poles, we may integrate from 0 to z along a simple path that does not 
pass through a singularity. 


where the values of the Logarithms Naa on the path chosen. 
Taking exponentials, we have 


and the infinite product is necessarily convergent. 


1 
M +) (a, ~0). 


— ay, 


Example. Take f(z) = cotz — 1 which has been shown above to be equal to 


z (= + ra 
z 


Integration gives ee Cl (1 = 2 \ge where C =lim 1. Thus by 
- z ip na z 


z—>0 
‘ ® : 
pairing the terms, we obtain sinz = aI(1 - <). By writing z7 for z we find 
1 


2? sin 2z gD 8s iy 


2 
also that fia ~ =) =-———. In particular m7 994466 (Wallis’s 


Formula.) 


11.4. The Convergence of Infinite Integrals (Real). An integral 
is called infinite if the integrand f(x) becomes infinite within the range or 
if the range is infinite. It has been shown that these two cases are not 
theoretically distinct (Chap. V). To determine whether a given integral is 
convergent or divergent, we should first consider a suitable approxima- 
tion to f(z) in the neighbourhoods of its infinities or (when the range is. 
infinite) when z is large. The conditions for convergence are simplified 
when the integrand is of constant sign in a critical part of the range. 


11.41. Infinite Integrals with Positive Integrands. The convergence of 
many integrals occurring in applications may be determined by using the 
following results obtained in Chapter V. 

(i) [em de converges for «> 0, all 8B; «=0, B < —1; and 


otherwise diverges. 


(ii) j # (log x)* dx converges for 8 < —1, alla; B=—1l,« <—1; 


and otherwise diverges. 
30 
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(iii) [lee (=) dx converges for B >—1, all a; B=—1, 
0 


« <—1; and otherwise diverges 
(where to avoid a possible infinity 0 <c <1 in the last). 
* 2™(log x)8 dx 
Example. ip oi a 


i] 
At the upper limit, there is convergence or divergence with J 2™—2N(log x)3 da. 
_ which converges only when 2n > m + 1. 


At x = 0, the integral converges or diverges with fendoe x)® dx, which con- 
0 


verges only if m> — 1. 

Thus the given integral converges only when 2n > m+1> 0. 

Notes. (i) The three integrals given above are changed into one another by 
obvious changes of variable; and the results given are not theoretically distinct. 

(ii) Iff(x) tends to a non-zero limit k when x —> oo, the integral [*® f(x)dx cannot 
be convergent ; for (taking k > 0), when z is large f(x) > k, where k, is any fixed 
number > 0 and <k. The integral diverges since [”k, dx diverges. It is not 
necessary, however, for convergence that lim f(x) should exist (even when f(x) is of 
constant sign); f(x) may oscillate and whilst f(x) (if > 0) must have zero for its 
lower limit, its upper limit may be infinite. 


i) 
e* dx 
Ramerle: j e sin? x + cos? 2’ 
When wis a multiple of z, the integrand f(z) is e” and therefore its upper limit is oo. 
However if nz < x < (nm + 1)m (n being a positive integer), 


enn e(n+1)r 

“n+ Dr gin?a + cos? saints + cos*2 <f(«) < einn sin? x 4+ cos? x 

n+1)r dz on 

Also [ ——_, —__._,— = — —-_- (A, B> 0), 
nn Acos?x+ Bsin?x  +/(AB) 
(n+1)r 
ment mee(n+ 1)r 

Therefore Satin < iv» S(a)da < tT aes 


Thus the integral converges or diverges with the series whose general term is e-"™ 
(a geometric series of ratio <1). 
The integral converges. (See Bromwich, Infinite Series, App. 423.) 


11,42. The Absolute Convergence of Infinite Integrals. When } |f(x)|dx 


b 
converges, the integral | f(«)dz must also converge, and the latter integral 
is then said to be absolutely convergent. 


Lo} 0 
i da 
Example. J = is absolutely convergent if « > 1, since } 3 is convergent 


and |sin az| < 1. ur 

11.43. Convergence of Infinite Integrals in General. The best-known 
tests for integrals when the integrand is not of constant sign near a 
critical value and when the convergence is not absolute are analogous to 
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the Abel and Dirichlet Tests for series. To establish them, we use what is 
appropriately called the Abel Lemma for integrals. 


11.44. The Abel Lemma for Integrals. I (i) f(x) > 0 and f(z) steadily 
decreases as x increases ina <2 <b, (ii) f(z) is continuous and possesses 
a derivative in a <a <b, (iii) d(x) is continuous in a <2 <b, 


(iv) H, h are the upper and lower limits of the integral f $(x)dx as & varies 
from a to b, 
then if(a) < fi fle)pa)de < Hf(a). 


Let y(z) = fe ¢(x)dx; then h, H are finite (since ¢(x) is continuous). 


Now [ forsee = f(b)y(b) — J £evlayae since f’(z) exists. 
But f’(~) <0 and f(b) >0; therefore 

M4) — W fede <f flaygerte < Hf) — HY fo) 
ie. f(a) < j fle)ble) < Hf(a). 


Notes. (i) The lemma may be established without assuming the existence of 
f(x). (Ref. Hardy, Messenger of Mathematics, 36 (1906).) 

(ii) Since y(x) is continuous, there is at least one value c in the interval for which 
y(x) is equal to any given number between hf, H inclusive. Therefore 


b e 
| S(x)p(x)da =f1a)| $(x)da 


for some c in a< c< 6b. This is known as Bonnet’s Theorem. 
Putting f(x) — f(b) for f(x) in this result, we find 


f. f(x) $(x)de = -{ S(b)p(x)dax + (f(a) —f Oh $(x)dec. 


7) 
=f) $(x)dx +0 $(x)dx. 
a c 


If f(z) is an increasing monotone, the same result is obtained by writing — f(x) 
for f(z). This relation is known as Du Bois—Reymond’s Theorem or The Second Mean 
Value Theorem (for Integrals). 

(iii) The First a Value Theorem (Weierstrass) for integrals is simply that 


f. S(x)d(x)da = $(c)| f(x)dx when f(x)> 0 and follows immediately from the 
definition of the integral, if ¢(z) is continuous. For the corresponding Weierstrassian 
Mean Value Theorem in complex integration, reference may be made to Bieberbach, 
Funktionentheorie, V, § 5. * 

11.45. The Dirichlet Test for Convergence. (Hardy.) If (i) [ d(a)dex 
oscillates finitely (or converges). 

(ii) f(x) decreases steadily to zero as x increases to infinity, the 


a S(x)b(x)dx converges. 
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x. ; 
ie “Ferber < Hf(X,) where H is the upper 


* $(@)de as x varies from X, to X;. But { ‘b(a)dex has an 


upper Bound K for all X,, X, such that a < X, < x. Also given 
é (> 0), we can find X, such that |f(x)| <e for all z >X,. Thus an 


Xs 
©. cxiets toe whisk \ Feaypayds| Zak (X;, XB 
xX 


By the Abel Lemma 


limit of 


e | f(«)b(x)dx converges. 


a 
11.46. The Abel Test for Convergence. (Hardy.) If (i) f. $(a)de is 
convergent, 


(ii) f(z) is monotonic and bounded as «—> oo, then f S(z)b()dz is 


convergent. 

For f(z), being bounded and monotonic, must tend to a limit J as x 
tends to infinity. Put f(z) —1 for f(x) in the Dirichlet test if f(a) de- 
creases and put | — f(x) for f(x) if f(x) increases. Then 


[ey — perez 
must converge and therefore also f. F(x)d(x)dx since if ¢(«)dx is given 


to be convergent. 
oo . 
Examples. (i) | ae oe converges if 0 < p by the Dirichlet Test. It con- 
verges absolutely when p > 1. 
eC as c 
(ii) } = dx converges absolutely if p < 2. = dx converges absolutely 
0 0 
when p <1. 


iy (sin 2)'/5(log 2)? (e> 1). 


T dz or dx ‘Ste dx 
{a xy/s f: (sin x)1/5 ~ J, (sin x)1/5 ~ 
Also sin~1/5 a = x—1/5(1 + O(a?)) near x = 0 and is of a similar form near 
™ dx © ie 
x=, 2n,.. .; the integral f. (gin 2175 converges, and the integral rf: (an ays 
oscillates finitely. 


Also (log z)-? —> 0 monotonically if p> 0. 
Therefore by the Dirichlet Test, the given integral converges if p > 0. 


11.5. Uniform Convergence of Infinite Integrals. Consider the 
infinite integral | J (x, «)dx which involves a parameter «. If, given 
ec 


e( > 0), we can find X, such that 


Xs 
| He, 2) <ebralx, © Sa. 
xX; 
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the integral converges. But if X, can be found independent of « in the 

range %, <« <a, the convergence is said to be uniform in a, <a <a. 
° adx 

Example. Let I = j, Pa 


Ifa>0,2= lim are tan =) = Jn; if «= 0,1 =0. This is sufficient to 
c—>o % 
show that the convergence is not uniform in0 < «< %. It is, however, uniformly 
convergent in 0 <o< a< %, for we can choose X, to satisfy the inequality 
X, > a,/(tan e) (¢ > 0); then 
jare tan(X,/a) — arc tan(X,/x)| <_/2 — are tan(X)/a) <« 
for all « in this interval. 


Similarly | dle which is equal to $2, 0 or — 4x according as f > = or 
9 + Bae 
<0, is not uniformly convergent in an interval that includes 6 = 0. 
11.51. The M-Test for the Uniform Convergence of Integrals. 
uf | M(x)dx is convergent, where M(x) > 0, 
(ii) |f(z, «| < M(x) throughout the interval a, <«% <a, then 


f(«, «da is uniformly (and absolutely) convergent in %, <a <a. 


For, given ¢, we can find X, such that “(ade < eforall X,,X, > Xp, 
and X, is obviously independent of — 
[fe a)de | < [Moone <e, |The 
convergence is therefore uniform (and absolute). get 

11.52. The Dirichlet Test for Uniform Convergence of Integrals. 
If (i) j ” be, «)dar oscillates between finite limits U, L throughout the 


interval «, <« <a, (U, LZ independent of «), 
(ii) f(z, «) > O and tends steadily and uniformly to zero in the inter- 


val, then j f(x, «d(x, «)dx converges uniformly in the interval. For, 


Thus, in this interval of «, 


by the Abel Lemma, 


Xs 
| F(a, «h(a, ade < Hf(X,, «), where H is the 
Xi 
greater of |U|, |L|, and is independent of «. Also, given e, we can find 
X, (independent of «) such that f(X,, «) <« for X,; > Xq. 


xX, 
Thus iN “fla, a)plo, a)der 


Notes. (i) If ¢(x, «) does not involve «, it is sufficient to state that J ¢(x)dzx 
oscillates finitely (or is convergent). P 

(ii) The theorem remains true (obviously) if [°¢(x, «)dx is uniformly con- 
vergent in the interval. 


< eH and the convergence is uniform. 
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11.53. The Abel Test for Uniform Conwergence of Integrals. 
If (i) r d(x, «)dx is uniformly convergent in «, <a < Oe; 
(ii) f(x, «) > 0 and steadily decreases as x tends to infinity for every 
a in the interval and has an upper bound XK for all « in the interval, 


0 


then S(@, «)p(x, «)de converges uniformly in the interval. 


For 


Xs 
{ f(x, «)b(a, «)da | < Hf(X,, «) < HK where H is the upper 
x, 


limit of f. d(x, ad as % varies from X, to X,. But since j (ax, «)dx 
Xi 


is uniformly convergent, we can find X,, independent of «, such that 
H <e. The number K is also independent of «. The convergence is 
therefore uniform. 


e Notes. (i) It is not necessary that, in the Abel Test, the function f(x, «) should 
tend uniformly to a limit. ; 

(ii) The formula for change of variable in an infinite integral may easily be 
shown to be unaltered, if the change of variable is appropriate (see Hardy, Pure 
Mathematics, VIII); and so the tests we have given for the convergence (ordinary 
or uniform) of [* f(x)dz are applicable, with suitable modifications, to in 
in which the integrand becomes infinite at a point of the range; if, for example, 
« = @ were such a point, the transformation «a — a) = 1 transforms the integral 


Sa f(z)dz into an integral of the type f® ¢(t)dt. 


Examples. w | e—4a—1 dt, 
0 


cO 
| e~x—1 d¢ converges for all finite «: also since « < tk (¢> 1), foralla <k 
1 
the convergence is uniform for « < k (any finite number). 

1 

Again | e~-1dt is uniformly convergent in 0 <a,<a<k, since 
0 
1 

e—ta-1 <tum-1 when ¢ is small and | im—1 dt converges. 
0 


If « is complex and equal to w+ iv, the convergence is still uniform 
if 0 <¢< R(a), since [e+ iv—1| — |z|u-1, 
eo 
be Cos ax 
CO ae 


By the M-Test, the integral is uniformly convergent for all finite «, whenever 


de. 


oO 
dx ? 
J zp converges, i.e. when p> l. 
1 
*/ sin x 
(iii) . e- aa ae. dz, 


wo. 
| et is convergent by the Dirichlet Test of ordinary convergence. The 
1 


function e~% (« > 0) is non-increasing and bounded (< 1) as x tends to infinity, 
By the Abel Test, the integral converges uniformly in 0 << « < Oy. 


G 
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More generally, [<= ¢(z)dx converges uniformly in 0< «< «%, when 


| ¢(a)dx converges. 


_) (> esinox de 
(iv) fi +a (a real). 


sin ax dz = (008 w — cos az), which oscillates between *(cos «—1) and 
1 
* (cos +- 1) and these are bounded if « = 0is excluded from the interval. Also 


2/(x* + a*) tends steadily to zero when x > a as x —> oo ; and therefore the given 
integral is uniformly convergent in each of the intervals «,< «< a <0; 
0 < Oy < “a< Xo 


11.54, Continuity of a Uniformly Convergent Integral. 
If (i) /(, «) isa continuous function of both variables «, « in a, <% <a, 


and for a < a, and (ii) | f(@,«)dxis uniformly convergent ina, <«% <a, 


O 
then j f(@, «dx is a continuous function of « in «, <a <a. 


Let, % belong to the interval; then 
[fee aide — [" fle, wael <| (fee, ) Fle, as) 
{fe ada fe Ie, a). 


Given ¢, we can find z, such that f(x, «)da| < e for all 2, > x and 


+ +: 


for all « in a, <a <a, (because the integral is uniformly convergent). 
Now a continuous function of two variables is uniformly continuous 
and therefore we can find 6 ( > 0) such that |f(x, «) — f(@, %)| < efor all 
« that satisfy jx —«,| <6, where x is any number in a <@ <2, 
(a, having been fixed and being independent of «). 


Thus i} f(@, aie — | f(z, a) < e(z, — a) + 2e for all « in 
Ja — aol ak ie. the integral is a continuous function of «. 


i) 
Kxample. | e—%% —— da, 
0 


Since | an dx converges, the given integral converges uniformly, by Abel’s 
0 


Test, in the interval 0 << « < «,; for e~% is a non-increasing monotone for every 
« in 0< «< a, and is bounded for all a. 


ee) oo, 
Therefore lim \ ca RE ae — | ee dam = (§ 10-838). 
eso 6 x 0 @ 2 

is] 


More generally, lim j ee (x)da = fi ¢(x)da when the integral on the right 
a—>o 0 


0 
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converges. This example of the use of the continuity theorem resembles Abel’s 
Theorem on the continuity of power series. 

Note. If 8 = 1/x and f = 0 belongs to the interval of uniform convergence of 
the transformed integral we may say that « = oo belongs to the interval of uniform 
convergence of the original integral. 


11.55, Repeated Integrals. I. Finite Intervals. I£ f(z, «) is a contin- 
uous function of both variables in «, <a <a, a <a <b, then 


[ome Pf on 


since each repeated integral is equal to the double integral 


\] fle, «)de de 


over the rectangle determined by the intervals. 

The repeated integrals still exist and are equal when f(z, «) is con- 
tinuous in the rectangle except at a finite number of points or along a 
finite number of simple curves, provided f(a, «) is bownded. 

II. One Interval Infinite. If (i) f(x, «) is a continuous function of 
both variables x, « in a, <« <a, and for a <z, 


(ii) | f(x, «)dx is uniformly convergent in «, <« <a, 


tied j ae he ade de i ff ‘ ‘fe, aad (th <0 tsk 
[_ fle. ate 


ey 


Given ¢, we can find 2, independent of « such that <e 


for all x, >2%,; and therefore also tt “fla, ad << (2, 2 > Zp). 
Now iif “f(a, ada \de =| i Se, aed (by I above) and 
ty G 
therefore rf : f(a, ada is less than e(c, — c,) however large x, 
ty Cy 


may be, ie. if. f(2, ayia de exists and its modulus is less than 


sm a <a 
(fam fr 
= [ffm [fe i <a 


The required result foligwe: 


Thus 


Example. i, ar is uniformly convergent in any interval of « by the 
M-Test. 
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By contour integration its value is tent 


Integration from 0 to« (> 0) gives { ws x1 + dx = 4n(1 — e-%) (a > 0) and 


ats 
” sin ax de a 
similarly ie aan = 9(@ —1) («< 0). The case « < 0 of course follows 
obviously fom the case « > 0. 
oO 


Note. The result still holds when | f(x, «)da ceases to be uniformly convergent 


in the neighbourhood of a finite number of points, provided the integral is bounded 
(i.e. is boundedly convergent). 


III. Both Intervals Infinite. We have already determined conditions 


under which 
fff crea {te ata 


This result may sometimes be extended to the case when «,—> 00. Thus 
1. If (i) f(a, «) is a continuous function of both variables in x, <a <a, 
a<z<b, where a, 6 may be as large as we please ; 


(ii) { f(x, «dx is uniformly convergent in 4, <a <a, 
(iii) | f(@, «)d« is uniformly convergent in a <2 <b; 


(iv) ff 4 fle, aia de converges uniformly for all « > «, including 


a= co, then { {fe rtehan —[°{ ("se artahe. (ef. Gon, 


Calculus, 182). 


wor [1 [ste 2dte}da = tim ff fe ade} 
= tim [4 [Pte ante \de (using (i), i) 


= [7 tim { [Pee onde (using Gi), (vy = JY fle, anda 


a Tet ( 


2. Let (i) f(a, «) > 0. 


(ii) f ‘ly f(z, aia de eS ie f f@, aie de for all 6, however 
large. ree 

a i {fe St (a, ada da = men f(@, aie de for all «,, however 
large. eal 

ae (I, =) { f. fis, aia bd ™ f. { |, fle, aye dal = 1,) if 


either J, or I, converges. (Ref. Titchmarsh, Theory of Functions, 1.85.) 
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Suppose that J, exists. 


Since f(x, «) >0, then ri f(z, «da < Kk f(x, «)dx and therefore 


yal {sf (z, adda which seu fr Sa, ada de (by (iii)) is 


< f-4 S(%, ada de heady. 
a Oy 
Thus J, exists and is <J,. Similarly 7, <J,, ie. I, =1,. 


Examples. (i) Let f(x, «) = a?—lapt+q—le—(+a)a, 
Here f(z, «)> 0 for ~> 0, «> 0. 
ve) 


Denote | e~'te-1dt by I'(p); then the integral for I’(p) is uniformly con- 
0 


vergent in 0 < p, < p< p, where p, may be as small as we please and p, as large 
as we please. 

oO ee) 

S (x, «dx = ante-te-af xp—le—ax dy = I'(p)at-le-« if a > Oand p> 0; 

0 0 
and integration with respect to « of this integral is legitimate (by uniform con- 
vergence) if g > 0 and the interval of « is 0 <a,< a< a. 

bs] 
sae xp—l 
Similarly " S(%, «)da = (it a) Pte I'(p + q) when 0 <a<2< b. Thus tho 


conditions (ii), (iii) of Theorem 2, above, are satisfied by uniform convergence for 
the intervals 0 <<a< a< b and 0 <a, < «< a, respectively. 


tl J { fs cad hi is equal to I'(p)I"(q) (p, ¢ > 0) and therefore 
0 0 


= aep—ldx 
P(p)P'(Q) = Pp + af. + ara? Y> 0). 


x 
l—z 


1 
By writing for x we ind { xp—1(1 — x)@-1dx = Pe) (a) (p, > 0). 
0 


I'(p + 9) 
1 
(ii) Let f(z, «) = 7 0 Om nnn ul COB ox2t (a>0, b> 0). 
ee pe fi as rd 
Fa) ={ ¢ msinazcosar ) _ ¢ ‘| sin(a + ax + sin(a Oo) 
x 2 Jo @ 
= Fen (a <a); Fe (a =a); 0 (x >a) 


the integral being uniformly convergent except near « = a, where it is boundedly 
convergent. 


" a 
Thus - F(«)da exists and is equal to | Fe bade = 55 — e-ab), 
0 0 


gy a B li ® fe-ba(x sin ax — bcos ax) + 6) sin ax 
si " {fis ( oh} r f. {ess Spee snes a 


— ba 
But Gti by (#8in wx — b 008 ax) —> 0 uniformly when a—> 0, all zx, and 
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terre J"{ ("sts te} de is uitrmly convergent since [a 


converges, 


: sin ax dx FE 4 : 
1.6. | B2G-Ha-es, 
?esinar sin ax 62 sin ax 
Alo | ede = oe rend Rc ee 


Notes. (i) Much of the difficulty of expressing in simple form the conditions 
under which the inversion of a double limit (involving integration) is removed when 
Lebesgue Integrals are used. It may be shown, for example, that. 

(i) if [S(x, «)| < K (constant) in a< a< b (all «), then 


lim S(a, a)dx = f lim S(x, «)dx. 


o> aon 
(ii) if |S(x, «)| < (x) (all «), then 
awd J? S(a, «)dx = ing sre ndl® ada if [° ¢(x)dx converges. 
In ferticclax JP{f? Sz, iia = je {[° S(x, «)da}da. 


(ii) In Theorem 2, the result will hold for any function f(x, «) if one of the 
repeated (doubly infinite) integrals is absolutely convergent. For the convergence, 


say, of {J \f (x, aia ae implies the convergence of | {{ F(a, on hae and 


Ee 
j Hf: G(x, ahd where F, G@ are the positive functions determined by 
a 


F+@=(|f|, ¥—@=f. The theorem is then applicable to F, G and so the 
result is true for F —G(=f). Iff(«, «) is complex and equal to wu + iv, then the 
absolute convergence implies absolute convergence for the functions u, v. The 
theorem is true then for u, v and therefore for u + iv. 


11.56. Differentiation of Infinite Integrals. If (i) f,(x, «) is a contin- 
uous function of z, « in a, <a <a, and for all >a, 


(ii) r fv, «de is uniformly convergent in a, <a <a, 
a 


(iii) 4 f(, «jd converges, then 


in this interval. il % sie } = [£0 ox)der 


Denote [” S.(v, «)da by F(a) and h f(a, «de by G(«). Then 


\ F(a)da = {re es) —f(@, a) bde (a1 Se, <¢, <a) 


because of the uniform convergence in the interval 
= G(c,) — G(c,) since G(a) converges. 


Thus = = F(a) or ZI. S (a, «da = + Sx, ado. 
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es) «© 
* , Anaye a e-°2(cos % + a sin x) + el 
Examples, (i) e-% sina dx = - [wee nena \ ae re 
(«> a, > 0). 


=. 5 $a" is bounded 


and e~ decreases steadily to zero. Also « = oo belongs to the interval of uniform 
convergence. 


The convergence is uniform in 0 < a, << «< a since 


io] 
e—%t — e-a,e o 


Integration gives j z sin x dx = arc tan a, — arc tan a (a, % > 0). 
0 


Let o%,—> oo, then [enue = 2/2 — arc tana, (a, > 0). 
0 
But the integral on the left is uniformly convergent for «, > 0 by Abel’s Test. 


Therefore (putting «, = 0) 
{. sin x dz = 3a. 
x 


0 
i) 


(ii) Let I, = i} e-P—d/ayP da, 
0 
The integral cannot converge (at the lower limit) if 4 <0. Let 


oo] 


1 
J= e—-v—r/x*yP dz and K = | e—t—r/xyP dz, 
0 1 


1 , 
J< f. e-*x? dx which converges if p > — 1, and the convergence is uniform for 
0 
O<Aif p> —1, since e-V*# < 1. 
Also e~#—'/2* < e~'o/a* when 2> 2, > 0 and therefore J is uniformly con- 
1 


vergent in A> 4,>0 for all p, since i} e—o/**z? dz converges. Also since 
0 
e-B—Nxig? < ¢—*z?, K is uniformly convergent for A> 0, all p. 


i) 


In = j e-*—/# dx converges uniformly for A> 0 and the integral obtained 


0 
by differentiating with respect to 4, viz. —I_ 2 i8 uniformly convergent for 
A> A>. 


oO 
Therefore as j e- BN 4-2 dx (A> Ay > 0) 
0 


oO 
= -| e~ Vy" dy (y = 1/2) 
0 


af du 1 
=- j, ew Mut (w= yva) = — lo 
ie. I,=Ce-2V4; but J, converges uniformly for 2>0, and therefore 
C= [ da = 44/x (Chapter XII, § 12.24). 
Bi 


Thus J, wei atti nas = eth dhe = Jy = e-2VA> 0) 
. 2 a dalie! | Dt PAA ee 2A 4 
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Also I_2p = A? + #ap-2 =(— 1)” ao ; and in particular 
2 
I, = 48/2 ve a (e-2VA) = VE _—2vA (1 + 2/A) (A> 0). 


Putting 2 = a%b*? and writing ax for x we find 
eo 
| e— 0x —b*/2* daz = Vig 2ab (a> 0, b> 0). 
0 
(iii) Frullani’s Integrals. Let (i) ¢(u)—> A when u—> © and ¢(u) —> B 
when u—> 0, 


(ii) 4(u) be continuous (all u > 0), and possess a derivative ; 


then | GE RO) 5 os — 1B) og o> a> 0). 
0 x a 


Xs , 

j b(Ax)da = 5 (#(das) — ¢(Aa,)} and therefore the integral J” ¢’(Ax)dz- is uniformly 
bd 

convergent for A> a, and So (Ax)da is uniformly convergent for b> A> a. 


ine) b b ins) 
Therefore \ {f # day = | {J Way 
0 a a\J0 


1d¢(u) 1 dd(u) 


But (Ax) =~ i on where wu = Ax. 
cs) eR Bea 
Thus J ae ae j AGP at = (A = Bow 
0 = a i 
oO —be _. g—ae 
For example, | ode = log z 
0 4 


ro) 


(iv) Evaluate | Jem + (a + c)x) — e— (1 + (b + c)x) }dx. 
0 
The integral converges at x = ©, if a, b>0. Near f= 0, the integrand is 
O(1) and the integral converges. 
Integration by parts gives J + K where 


e-9%(1 + (a + ce) — e~>%(1 + (b + c)x)\® 
oe {- x jp —< 


@ 
K = | {° (eae — e—bt) — alfa + c)e—™ + B(b + cje-= de p clog ° + "i 
0 


0 p—-®& — e—28 —o 
For example, | {arse _ ob ae = 1—2log2. 
0 


Ee 


11.57. Tannery’s Theorem for Integrals. If (i) f(z, n) > 9(@) uniformly 
in any fixed interval of « when n—> 0, 
(ii) |f(@, n)| <M@), all n (so that also |g(x)| < M(@)), 


(iii) iy M(a«)dx converges, 
(iv) lim p(n) = 2, 
n>o 


then lim {" ” s(e, »)de = f. g(a)dx. (Bromwich, Infinite Series, § 174.) 
n—>oJa a 
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Given e, we can choose «, so that M(a)dx < « for all x, > 2, and 


n can be chosen sufficiently large to ensure that p(n) > 2. In the 
interval a <x <2, my can be chosen sufficiently large to ensure that 
If, ) — g(x)| <e/(w, —a) for all n>n, (and n, is independent of 
x in the interval). 


Therefore Ne If—glde <e for all n >n,. 


Also 


i: fle, nie < f* M(a)da < and 


J : ate) <e, similarly. 


Thos |{""" fe, mde — [° alae < Jl slde + f . [flde + {: Igldz 
8e 
ve i nde = {" gla). 


oD 
Example. Prove lim \-G _ 2)" de = j e—*x dex (R(x) > py > — 1). 
n—>oJ0 * tt) 


ne = £y"| ih oe <i a Cie 


and therefore as ¢ increases from 0 to x (< n), we have 
d ‘)"} t a\* at 
BLA —=) Sane bx! pap ok 
0o< a {et(1 S 3% ie. O< 1 e(1 <5 . 


x 


n 2 2 
This gives 0 << e~* — (1 ye 3 but 5, tends uniformly to zero as n —> 0 


n 
in any fixed interval of x, and therefore (1 - ) tends uniformly to e-7in such 
an interval. 
- @\n « 
Again 0 < la _ 4) x 
converges if p> — 1. 
The conditions of Tannery’s Theorem are satisfied and the result follows. 


Note. Tannery’s Theorem, of which the above is an analogue, refers to series 
(and products). (Ref. Bromwich, Infinite Series, § 49.) 


11.58. Integration of Series when Infinite Integrals are involved. The 
result 


oO 
< e~*xe where p = R(x) (0< a < 2), ana | e~*xp dx 
0 


[, Binte)}ae = Ef g(a) 


which has been proved under certain conditions of uniform convergence 
and continuity may no longer be true when 
(i) there is an infinity of u,,(x) or Du,(x) within the intervala <x < b, 
(ii) the interval is infinite, 
(iii) the series ceases to be uniformly convergent at one or more points. 


If, however, (i) [ Zantey}az = z{'u n(u)dx for all c <b, 
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(ii) u(x) > 0 (all 2, n), then 


fe (c) }de(= 1) =2f u,(z)de(= I.) 


if either J, or J, converges. 
Suppose, for example, that J, converges to the value S,; then 


Z| us(o)de te i. {Xu,(x) }de <S, for all c. 


Therefore since u, >0, J, exists and has a value S, <S,. By 
similar reasoning S, <S,. Therefore S, = S,. 

The case of the infinite interval is obtained by putting oo for b (or 
— oo for a). 

When there is more than one point of discontinuity within an interval, 
the interval may be subdivided so as to bring each point of discon- 
tinuity to the end point of a sub-interval. 


Examples. wf on eo) 


ml a log (-; yt +3 a +h eH) vay the series within the bracket bemg 


uniformly convergent for lel <2 pin so for the interval (0, 1). Since z = 0 is the 
only discontinuity within the interval, we have 


‘ IN fk x ‘ log(z) az 
J oe(2)3 + gat: Jaen f 2-2 
and therefore ; toe(;) (> an-1 1 
mow Janae tl) ee 


«2-2 


1 log(; )az 
But every term of the integrand is > 0 and ae converges ; therefore, 
= 


1 
1 og(=) era 
fae Mena 


qn (= 8, say). 


applying the theorem, we find \ 
Putting 2a for x we obtain 


fe 


Bia 


But fee oe) ay via) ee ae on - iim + hot fet+.. .) de. 


The series for loe(; i is uniformly convergent for the interval of integration 
and 1 belongs to the ioeval of the integrated series. 


dx — (log 2)2. 
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1 : dx . 
rs (tele) alin (e+ 55+ 5 >> eee re 


ie. f. Jog (5 ” jl a. gl 
(ii) | ; iu(;) ei _7 
ol—- 8 


ofl 
dx similarly is equal to — 5 a1 loga dx = Z. 
™ 1Jo in 

Notes. (i) The theorem is applicable to the series Yu,(z) when u,(x) is not 
necessarily > 0, provided one of the integrals J,, J, is absolutely convergent. For 
let w,(x) = u,(x). when u,(z)> 0 and w,(x)=0 when u,(xz) <0; and let 
v,(z) = — u,(x) when u,(xz) <0 and v,(x) = 0 when u,(z)> 0. Then the con- 
ditions of the theorem are satisfied by the series Xw,(x) and Lv,(x) and therefore the 
process is valid for Xw,(x) — Lv,(zx), ie. for Du,(x). 


o . 
sin ax 
Example. \, —; dx (a real). 


1 
2" e~* + e274 .. .(%> 5 > 0), the series being uniformly convergent 


in the interval except at x = 0. 
But at x = 0, the given integrand is O(1) and it therefore converges there. 


ao co 

i dx 

Also { ae dz <| @_ 1 that the given integral is absolutely con- 
é 8 om 


vergent. The integration term-by-term is legitimate for 0 to o. 
be) . 
sin ax 
—_—_§_dz = 
Thus i 2-1 


@ OD 
3 e~"® sin ax dx = 
IJo 

It may be proved by contour integration that 


ee 
J sin az etna 4. 7 
0 


Pr! a Bee 
ives oat 


es ieee P| 


and we thus obtain the verification 
na 1 nm a a 
ame — ia 2tiyaitapat:: 
1 1 Re 2t 2t 
4 eo1~ 2 at ayantt ey ett: 


1 
— 5, (§ 10-86, Ex. iti) 


z . (§ 11-33, Ex. ii). 


(ii) The theorem may also be extended to complex functions if one of the 
integrals J,, I, is absolutely convergent. 


(iii) If Sv, (2) converges uniformly in a << x < b and v,(z) is continuous in this 
: : 


interval, then term-by-term integration is legitimate for the series So(x)v, (zx), 
1 


b 
where ¢(x) is continuous except at one point (say x = b) providea | ¢(x)dx is 


a 
absolutely convergent. (Ref. Bromwich, Infinite Series, §175.) For, given «, we 
m+p 
can find m, independent of x such that |2'v,(x)| <e for all p > 0, and therefore 
™m™ 


m+p? » 
lz j $(x)v,(x)da| < eK where K -| |¢(x)|da. 
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b 
Thus 2 ¢(x)v,(x)dx converges to a value S. 
lJa 
b m—1 m—-1% 
Also |S — | Hx) { E q(x) }dx| = |S — z j $(x)v;(x) dx] < eK. 


b 
Therefore | (¢(x)Xv,(x))dxz also converges to S. 


11.6. Asymptotic Expansions. Consider the convergent integral 


AE ah The integrand i 
=| ir @> 0). e integrand is 


ea{l [f+a ip ri nl 


(1 +#) 
Also : e-em dt = (m!)/am+1 
: Bein Dl 2n)! 
ie. I= Se +5 2 ee (— yen + R,, where 
(Pena — Let igen 
si J, ban ae 


so that if x is fixed, |R,,| —> 00 when n—> oo; for the series obviously 
does not converge. 


However, if n is fixed, |R,,| <{- {2n+2e-at dt ie, < (2n + 2)! whisoil 


gents 


tends to zero as Z—> 00. 
The error in taking the sum of the first (n + 1) terms of the series 


B- ly ta iJ (non-convergent) as the value of the integral is less than 


the next term (which tends to zero as x—> 00). A close approximation 
to the value of the integral is therefore obtained when z is large. 
Tea. Wik. [ka 24 ; 
» 1+# 10 — i938 + Tos = 0-09824 approximately, 
the error being less than 0-000072. 

Such an expansion is called Asymptotic. 


For example | 


11.61. Definition of Asymptotic Expansion. A series z= is said to be 
0 
an asymptotic expansion (whether convergent or not) of a function F(z) 
; OG. 1 
if F(x) — E peit “sen 1) when » is fixed and z is large; and we write 


F(z) a 


16 
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11.62. Addition of Asymptotic Expansions. .If F(x) ~ =e and 
0 
G(x) ~ Ee, then F(x) + G(x) ~ in = ao = for 
F(a) + Ge) — im ts es bn = (Fe) - i) (4) ~ 32) = O( ses) 


11.63. Multiplication of Asymptotic Expansions. If F(x) ~ 3%. 
oa” 


G(a) ~ is ” then F(x)G(xz) ~ $n Oban tas ch euhe) for 


a” 
n n (aby UE a,b —1 a +: Anbo) 
fern} rn —Febeeabayta ts o(t) 
1 
when E,,, L,, = (=e) 


11.64. Substitution of one Asymptotic Expansion in another. If 
y = F(a), then $(y) = % + ay +ay* +. . . is an asymptotic expansion 


if {¢(y) — 3x }=O(y"*}). If it is required to find ¢(F(zx)) as an 
0 

asymptotic expansion in negative agi of zx, it is therefore neces- 

sary that F(x) should be of the form * 144 = +... Substitute for y 


in ¢(y) and let the series en me rearranging in powers of 


1 be Sn where Po = &o; Pi = ,0,,.. °> then 
xz ox” 


{5,2 Pda: 2) - 3} = (ze) 
{Bare — Sa(H+... +22) b—0(3) 


since F(a) = (3 =) + (=m) 


Also {#(F(2)) — 2a,(F(a))"} = OPH) = 0( <9) 
since $(F) ~ Sa, FF 
rw {or - Bes} my (<1) 


The rearranged series is therefore the asymptotic expansion of ¢(F(z)). 
If, however, F(x) ~ a, +2 +5 +... (@ +0), F(x)—a, as 
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«x —> co and the series for ¢(F(x) in powers of F(x), if merely asymptotic 
(i.e. not convergent), will not give a correct result. 


Suppose then that Say" has a finite radius of convergence RF; then 
0 


F(x) = a) + F,(x) may be substituted for y in Sey" and rearranged in 
0 


powers of F,, provided |a,.| <R —e < R (since F(z) > 0 as x—> ow). 

We thus obtain ¢(F(x)) = 8, + BF, + B2F,* +. . ., where the series 
is now convergent and a large. F,(xz) is expressible as an asymptotic 
series and its first term is a,/xz. Therefore in this case, ¢(F(z)) is also 
obtained by rearranging in powers of 1/z. 


11,65. Division by an Asymptotic Expansion. Suppose that 
F(a) ~ a, +a 3 +..., where a, +0. Then 


1 
1/F(a) = 7 (1 — G(a) + Gz) .. .) 
where G(x) ~ Eo, the series being convergent since G(x) —> 0as x —> oo. 
1 


The constant term in G(zx) is zero and therefore the above series can 
be rearranged in powers of 1/z to give the asymptotic expansion of 
1/F(a). 

By applying the rule for multiplication, we deduce that H(x)/F(zx) can 
be similarly expanded, when H(z), F(x) are expanded in asymptotic series 
and the constant term of F(x) is not zero. 


11.66. Integration of Asymptotic Expansions. Let F(x)~ S +3 re 


(the terms a,, a, being absent). Then F(x) = Ea -f ., where 
2 
|A,,| <e for all large 2, 


. a a a” 
1.0. [Foye 4 25+... + gti th 


where |R,| < > ie. the asymptotic expansion of | F(z)dz is obtained 
by term-by-term integration. 


An asymptotic series cannot however be differentiated term-by-term 
to give a correct result without further investigation. 


Examples. (i) | et’—t* dt (x real and positive). @ 


is) 
1 1 
If I,, = | ex'—t ¢—m dt, then I,, = ognti mr Ite and the integrals are 
2 


convergent. 
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Therefore f. Pee oe ee ee 
ere 
where |K| = aera ex*—t'y—2n—2 a} 
<a ee since mit < ni and [- ex*—94 dt = 1. 
tw eam gga HO gaan 


bo) 
Also using the result j e—” dt = 44/x (§ 12.24), we may write 
0 


ee Mok 
[eed wave - eS tae ee 5) 
D5 . 
(ii) j ae (n @ positive integer). 
nr 


[ee] . 
ae | de (m > 0), we obtain by integrating twice that 
nr 


—1)" 
Ig = Ge — mon + Wn 


1 ” cos x dx 
Also |\Znal < map tm |( 3erH1 |< 


2 
(nay (using |cos x| < 1). 


mi. 
Thos | a dee = ty + ty + tly +. + + ty, + RB where 
nr 


2m)! 
Um = (— 1ymtn inne ( meat and R = (— 1)"+1(2m + 2)'om+s. 
2 {(2m + 2)!} 
Also [Bl <~(ampmrs— < 2[4m+]- 
© si BH 6 2! 4! 
Thus j = ants a att inn * ), the error in stopping at 
nr 


any particular term being less than twice the succeeding term. 


For example, | nF ae 0-052762 (correct to 6 decimals) so that since 
6x 


% ee as me ja, we find [tae = 1:518034. 
0 


Notes. (i) If a function G(x) is expressible in the form ¢(x)F(x) where 
F(x) ~~ + a,/z + ag/x? +... 


then 4(x)(a) + a,/a + a@,/z* . . .) may be called an asymptotic expansion of G(z). 

(ii) The theory remains the same when the variable is complex and tends to 
infinity in a given direction. It should be noted, however, that a non-convergent 
series a,,/z" cannot represent the same analytic function of z asymptotically for 
all directions. 
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(iii) If f(z) possesses derivatives of all orders near x = 0, then Maclaurin’s 
Theorem (with a remainder) shows that 


fla) =f0) + af O) +. oe at ~00) +2 { 70) + prot) @n)} 
where 0 < @ <1, and therefore for a fixed n 
fle) =f) + af'0) +... += IMO) + Olar+3) 


PM) ) f°) 
— 2x2 


and it follows that an asymptotic expansion of f ¢ i is (0) + —— 
for x large. (Bowman, Bessel Functions, § 77.) 


Lo) 


Example. Let f(x) -| e—¢{t(1 + at)}-tdt (© > 0). The integral for f(x) 
and also all those obtained by differentiation with —— to x are uniformly con- 


vergent for all x>0. We therefore obtain f(0) = ie I'(4) = Vx; 
and f™ (0) = at) (— 1)"P(n + 4) (Ch. XID). 
1 ai a ie 
Therefore r() =a i {5} dt 
13° 12.37 1 13.33.57 1 
ale gn ee are.) 


11.67. Non-Convergent Series. Definitions by various writers (such as 
Euler, Borel, Césaro, Riesz) have been given of the ‘sum’ of a non- 
convergent series. To be useful such definitions must be consistent, i.e. 
must be applicable to convergent series and give the actual sum. As an 
illustration we shall consider briefly the Césaro method. 


11.68. Serves Summable (C 1). If 8, =a, +a, +. . .+a,, does not. 
converge but the sequence : (S, +S,+...-+8,) converges to a limit §, 


then the infinite series Sa, is said to be summable (C 1) to the value S. 
1 
For consistency it must be shown that if S, —>S, then 


1 
~(S: +8: +. . Sy) 


must also tend to S. 
Denote S, — S by c,, then c, —> 0. 


Consider C,, = ah Sa 


Given ¢, we can find m such that |c,| <e for all r > m. 
Taking n > m, we have 


C Ae em Bae o Malthe Copy, | Cay Cane te oh ee oh Oe 


n + n 
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Keeping m fixed (for the moment), the term 


leg +... +e n—m+i1 
n 


ee Oy Og bie» i Cig a 
n 
the upper bound of c, (all 7), and m can be chosen sufficiently large to 
(m — 1) 
n 


since nm > m — 1. eae 


k where & is 


ensure that k <e. Thusm can be chosen and then n, so that 


IC,,| <2e for all n >n,. Therefore C,,—> 0 
iia, XS, HG He yw 


Notes. (i) Hardy has shown that if Sa, is summable (C 1), then Sa, is convergent 
1 1 
if a, = O(1/n). (Proc. L.M.S. 2, VIII, 302-4.) 
(ii) A series Sa, is said to be summable (C,) to the value S, if 
1 
lim S(n, r)/A(n, r) > 8 
where S(n, r) = 8, + rén—1 + *+1Cyan—2 + 7t2Cysn_g +... ., 
A(n, r) = "+r-1C,, 


Examples. (i) If s,=1—1+1—1...+(—1)*-1, 8, = 41 — (— 1)), 
$, +8, +...+8, = 4n (n even), 4(n +1) (n odd), and therefore the series 
1—1+1-—1+1... is summable (@1) to }. 


1 — cos 2 

(ii) sin @ + sin 30 +... + sin(2n — 1)0 = soeane (04 2mzx) and there- 
fore the series is oscillatory. 

n n cos (n + 1) sin n6 rT 

te at oY i tae and therefore the series is summable (( 1) 
to 4 cosec 0. 
Examples XI 

2 * a, + 2a,+...+ 724, 
1. If Xa = 8, show that 2p = 8, where 6, = -*-— a ire 


| 1 
2. Ifa, > 0, all n, show that Sa, Gps 5G." eLany when Sa, is convergent 
1 1 1 


(and a@,, are not all zero). 
Determine whether the infinite series whose general terms are given in Examples 
3-15 are convergent or not. 
3 1 (log n)" 


° i i ; nm lg 5. n—(log log n) 
(l4+e4+... ve 0g 2 


: 1 
6.n"—1 UB 1 8.0 1 — 88 
n™—1 

9. (log n)—log » 10. (log m) 10g log » 11, a~1-1/s 

1 

n 1 (nt)? 

i re 
12.4 eh cee 4O ead 13. G4 5)! 
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3.12.21 . . . (9n + 3) (2n + 1)! 
14.7 ...(n+4) ml 

aa -+ 1)... (~+mA(bB+1).. (6+) 
Wy +1)... (y+nj(6+ 1)... (6+), 

16. Show that if Za, is convergent (a4, > 0), so also is by (4,4n+1)?, and that 

1 

the converse is true if a, is monotonic. 


Discuss the convergence of the series whose general terms are given in Hxamples 
17-20. 


17 


14. 


15. 


14.7....(3n+1) (2n + 1)!2" 
"17.13... (6n + 1/25... (3 + 2)n! 
1g, M% +2) + + + (@ + m)BG + 1). - B+ ner"? 
pWpt+l1)..-(ptngqgtl1)... (+n) 
g, (mtn + 2)1}%{(m + 4)! }2.23ngn 
(2n + 1)!{2n + 5)!}? 
_(2n)! {(3n)! }*(4n)t2" 
* (6m + 1)!{(2m + 1)! 
Prove the results given in Hxamples 21-7. 
‘ n? 2n? n3 1 
ia ln ((Pataeet siete +ia) = 5 


22. Lim = {loe(1 +2) + log(1 +2) +... . + log 2} = 2log2 —1 


i 
_ Lian)" 4 
- dim 3S} salt’ 
e n —i1\"% 1\" 
- um {(3) * a ) 405 4G} = 
a es 1 1 F 
25. tin {yerea + verry t ++ + yeas) THEY 
@o n 1 
eA abe ta ee 
$ 1 i | 10) 
27. 2 ant — 1yién? —1) = 3~ 3 8? 


28. If the positive function f(x, y) has a lower limit g() and an upper limit 
G(&) when-y = & — x and z varies from 0 to é, and if &G(&), &g(€) tend steadily to 
zero as £ —> ©, show that the double series ZZ/(m, n) converges if the integral 
f?.G(g)Edé converges ; but the series diverges if the integral fg(£)é dé diverges. 
( Bromwich.) 

Establish the convergence or divergence of the series given in Examples 29-31. 

29. SZe—-m'—n* 30. LE(m* + n*)—1 flog(m* + n*)}—-F 


1 
31. 2ra yt mn + wp sage 
1 
32. If S(x,y) = SLapgery! and A(k) = lim {max a,,k*}", show that the double 
00 n->o p+q=n 


power series is absolutely convergent within the region bounded by 
|x|A(\y|/|a]) = 1. (Lemaire.) 


. Se (m + 2)! p 
33. Prove that the double series (4 Sind z™y" is absolutely convergent 


for |x| + |y| <1 to the sum (1 — 2 — y)—1. 
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34. Show that the double series 3:{(m™ + ™)!]* 4. 
en re 00 = tay} zy” is absolutely convergent 


for |z|t + |y|+ <1 and that its sum is (1 — 22 — 2y + 2* — Qey + y?)-#. (Daniell.) 


a: nt—l + pynt—2 +... + pri 
Bh ee vatican ce P 
35. Prove that the series 2 (— 1)" Wucksageelak ah aie is convergent 


nr-2 + pynt-3 +... + pe. 


@o 
(not absolutely) and that ie 1jr-1 FL eer lin. te is absolutely 


convergent. 
Discuss the convergence of the series whose general terms are given in Examples 
36-43. 


1 
1+- 
(= ap 4 1 ey: | 
i (75**) 1 
39. n"2-" 40. n\ 2" 41. |, sin? (n@) 
a(a + 1)... (a +m) 
Pas i. OG 
43, (11235 ++» @n—3).2.58 .. . (Bn — 4) 


(mn — 1)1..7.13 ... (6n —11l) 

44. The series 1 -$+4—}-+.. . (= log2) is deranged into the series 
1—-¢—-2+3+3+}34+3-$-2.---—Ht+At+---+A-X.-.. 
where a group of terms of one sign contains twice as many members as the previous 
group of the opposite sign. Show that the sum oscillates between }log2 and 

log 2. 
Determine the limits of the functions given in Examples 45-50 when n tends to 
co and «> 0, and obtain the intervals of uniform convergence. 


nx nx na” 
45. itw 46. Bn Dae 47. i+ am 
rag ee 
"gn eo SE eee ey er 
48, —___ A 2 L = 
nl + x”) a. ( 1) (2) me) 
sin’ = + 2 cos = 


For the functions given in Hxamples 51-4, find the values of 
c c 
lind | 'f, nyie and j lim f(z, n)dz (c > 0). 
n—>o Jo o"—>” 

nx x 

61. 1 + nz? “1+ nia? a 

Discuss the uniform convergence with respect to x of the series given in Examples 
55-62. 


52 53. ne" gin nx 54. nxze—ne 


2 1 io oe >. cos” 2 sin na: 
oe (ms Le 1 flag Dych hal soa 4 
55. em 56 . (— 1)" aL Ee) 57 - 
: 5 E 
n 
58. as aie 59. 5 0” 008 nx 60. 4 7 008 08 
0 g—Nz = e-nz 
Eas FAP hy fo -1 
61. 2 nP a : - nP 
wo(— ])jn—lyn 
63. Show that lim 5 ie = } log 2. 


z—>1—0 1 U1 + 2") 
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i 2.4 
ean =e + get + Foe +...(|2] <1) and deduce 


3 
ca) — 1)!}? 
that (i) (arc sin x)? = ial (|x| <1). 


a 121 
i) 5 = +astaigt:: 


ys i is* 133 
(iit) m1l+¢+ aio ™eio * or 


Prove :. results given in Examples 65-72. 


T xt ai 
65. f cos(z cos 6)d8 = 1 — 5: ws Pry 


64. Prove that 


1 
66. J e ion(t + a)dz = = 
ot 


67. J toe — 2a cos x + a*\de = 0 (lal <1); 2wlog |a| (|a] > 1) 
0 


Cs) an ( ne bh 
68. oot en a) ee af ae (> 0, [2] <1) 
69. 1 — (°C,)-1 + (8C,)-1 — (°O,)-1 +... = 10 — 2a — a 
70 2x arc tan x + log(l + 2%) _ 


1+ 2? : 
2{S,27 — Sat +...} (|| <1), where S, = = (1/n) 
71. fare tan x)log(1 + 2?) = 4(1 + 3)2* — 40 oo t +44+d25 +... -(|2] <1) 


72. inlog2 = #(1+4)—#1+44+44+ 
Discuss the convergence of the infinite a Ul ok in en i 73-80. 


(= 11 ak 8) = 1)" 
76. II cos = 77. I cosh = 78. f(a cts a 
J 1 
oo (x + 22” o/l + 2% + on 
79. AG) 80. fi aor ie ) 
: 1 1 2 1 1 2 
81. Show that if wa,-1 = AB + RB + ie ape the series Pins 


Sut are divergent but the product Ti + up) is convergent. 
1 1 


a b c a at*—b a— bo 
82. If uer—1 SC et ee aT =_— ———, show that 


the series Sigs D2 diverge if «< 4, but the product na + U,) converges if 
tact 1 
a> 1/4. 
2 n } a 
83. Prove that J/(1 + z* ) = ny if |2| <1. 
* wa 


Prove the results given in Hxamples 84-7. 


84. ad = }(xn—6), (09> 4); — 30(0<¢4); Pa— 20) (0 = 4); 


(0 <0, ¢ <2) 
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85. &- 1-1 (0 < 6 < 4m), (0 = 2), (8a < 0 < 2n); 4x, 
(6 = tx); — 42, (0 = $2); og cada. — da, (x <0 < $n). 
2 cos © sin n@ 


oe 2 Pr inda dl 
a cos 6" 00s 20; (5 cos OF" 


a7 Son SME A 08 + 4) — dn + dat or 08 + $8) — Jah + Be 
according as 9> ¢ or 6< ¢ where 0 <0, 6 <a. 
88. If f(z) = Zags" and z (= re‘) is a point on the circle |z| = r < R where R 


= sin 20 (|cos | > 3) 


is the raaius of henveiunae of the power series 


2r Te . 
i} R(f(z))cos nb dé = ar™R(a,) ; f R(f(z))sin nb dd = — ar"I(a,) and 
0 n) 


2 
R(f(z))d@ = 2nR(a,); and deduce that 
0 


(i) Jagle" < Hie [R(f(e))|48 (n >0) 


(ii) |a,|r" << Max {4 Max R(f(z)), 0} — 2R{/(0)} 
89. If f(z) is analytic on and within the circle |z| < R, show that for a point 
é9 (= re) within the circle 
Bice R? — 73 
R(f(2o)) = Fal R® — 2Rr cos — 4) + rt RU@)ad 
where z(= Re'?) is a point on the circle |z| = R. (Poisson.) 
Obtain the Lagrangian Expansions given in Hxamples 90-5. 


ee 33 — } at 
90. If z= 1+ #2; log 2-1 4 PE) dy PROM OD 
(o>1, 4 <=) 
4% 


3i? 
91. If logz =e; z=1l+t+ a+ get... (lt] <1/e) 


6, 9.10, 12.13.14 
92. If {l+2)*=t; 2=t— pt + Ge — e+... (le < 38/48) 


93. If ze** = 2; alti sey ee - ++ (lt] < 1/2e) 

94. Ifz(1 — 2) =t; Sete Be 
(|| <2) 

95. If z= ty(l +2); 2=04 504+ +# +2- 1)n-1. 


(|t]| <2) > 
Obtain the expansions given in Hxamples 96-101. 


+ (2n — 3) #n+1 
2n 23" 


1 3 5 
96. soos m bol cogs — ae es hag ae) 


1 1 1 1 
97. eosech 2 = = — 2e(—— — ayaatate) 
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3 


eye 
98. took 2 = 4n( 35 - eas 


1 


1 1 
99. coth z = > + 2 Saat? f+ ant 


t*) 1 
ae \ >) eae 
aoe emcotes 1 + Sells na 


101. x tan ate» th 
Peg a5 I a 


102. Show that cos zz = i 
1 


5 


+ 96n8 + at" * 


1 


- aaa) 
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) 


tayeat-:) 


Discuss the convergence of the integrals given in Examples 103-28. 


* 2 1/3 
103. e~ “(log x) da 104. | (log x) 
9 Val + 2) o tL + 2%) 
ad o 
x%e— Balog x)¥ a dx ie 
105. ae grr gi dx 106. » Ginza? + aj 
«© 2] 
107. | x%e—78 sin* rdz 108. j zie—78sin* Ty 
0 ) 
109 : e798 da 110 ¥ — px | 2 x)dx 
: |), Gin ay . : e og(cos* x 
said cr) 
dz 
a j (log ae x)1/8 At? | xP(log x)@%sin x)1/5 
bd T 
2 1 
a cos Ba da log(1 — x)da x log x dx 
113. Ts a 114, j, ; ae 115. | Top 
od * . * . 3 
LK: f sinaxsin Basin ye yyy, f. sin(ax? + be)de 
0 a8 4 P 
® sin(a™)da © 900s 2 sin Qa 
118 - 119. | dx 
0 & 0 So 
1 Ce) 
a—] a cosh ax 
120. > loge * 121. ite dx 
bo] 
ae 3 = 
122. ‘J {5e @ 4 * (e—** — e—i*) 3 
Le) 
Bae cosh ax cosh Ba 
123. 4 ipa # 124. ' oe oe as Oe 


0 acos* z + bsin* x 


00 
and if f(x)dx converges, prove that 


also converges. 


dx 


co 
196. j 1 + 2 sin? z 


129. If f(z) is monotonic decreasing and tends to zero when x tends to infinity 


lim af (x) = 0 
I—>o2 


and that fa "(ax)dee 
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130. If f(z) is an odd function of x show that 
, haetia “Ne. Sole 
RS tears “tl, J(sin x) 
if both integrals converge. 


Prove the results given in Examples 131-2. 
io) es] 
, sin 2n+1ly m(2n)! sin x 
131. f- Soares = 9n-+i(nipt 132. j, log(cos* %) —— de = —azlog2 


133. If f(x) is an even function of x, show that 


[icine >= [Fein 2) 86 «) = 


if the integrals converge. 
Prove the results given in Examples 134-47. 


sin? x 


eo] 
134. j log(cos? 2). cad =-2 
0 


135. {. {log(cos? x)} {log(sin? oS = 2n(2 log 2 — 1) 
0 


~ 2 1 »)2 
136. j, log(1 +S )ae = na 137. {. oo = mlog2 
0 


2) 2 
138. E fog to tem dg tog' 
sin ax sin bx sin cx 
139. ——a da = fatbe (a> 6 + c+); 
$2(2be + 2ca + 2ab — a* — 6? — c*) (a <b +c), (a>b>c>0) 


© sin ax sin x 


140. 2 


dz = tna (0< a< 1); a(a>1) 
me ae eS ae = dalé — 2) (0<a< 2); 4x (a>2) 
0 ‘ 
14a, | Seacene = (0 — a) (0<a< 1); gq (a? — 9a + 27a — 3) 
(l<a< 3); $2 (a> 3) 


tn 
143. J log(cot® aac = [ = * (tant 2) 
0 


0 sin & 2 0 x 


or ee 


1 
log(L — x)dx _ log x ve 
; j, vl — 2) . 14s. { 088 iss 
1 
L 1 
146 Stab hes 
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148. By means of the change of variable x = Viet, t = 2VAsinh u (A> 0), 


oO 
prove that of F(a? + 1*/2*)dz = f, S(@ + 2Ajdt 
0 0 


(ii) f. (a2 — =) f (at + Mae si [ee + 2A)dt 


if the integrals are convergent. 
149. Deduce from Hxample 148 that (A > 0) 


“2 oO 
(i) | e-2*—\*/2" da = VB gta ; (ii) j gte- 2/2 dz = ve e-2A(1 + 2A); 
i) 0 


io] 
(iii) 2 e-2—M/e de = Vm 2 
0” A 


i] 
150. Show that | x sin(z* — ax)dx is uniformly convergent for any finite 
0 
interval of «. 
Prove the results given in Hxamples 151-66. 


151. i. F[e-mtl + af + by} — eb + afb + R)Mde = (@ — a) + blog? 
(a, b > 0) 

152. {- 5le-#el + (a — b)x} — e-'*]dze = b —a — b log 2 (a, b > 0) 
153. f, J te-ma(L — 42) — e201 + (b — mide = (n+ Boga + 1-2 

vi (n > 0) 
154. {, * ks — ky)e-9% + (key — hyde + (ky — Kegle~* dx 

= (ky — kg)log a +(k, — kg)log b +(k, — k,)log ¢ (a, b, ¢ > 0) 

155. [2 e—4x{A(1 + ax) + Ayx} + e~>*{B(1 + bx) + Bix} 


+ e-2{O(1 + ex) + Cyx}]dz = — Aa — Bb — Ce — log(a4:bBic%) 
where A+ B+C=A,+ B+ C,=0 (a, 6, ¢ > 9) 


rt a°b%? 
156. i, 7 — cleat 4 (c — aje + (a — bye *}dz = log saa 
(a, b, c> 0) 
157. | J [zee —ce + 2x{a(b — c) + log b/c})|dx = 0 (a, b, > 0) 
0 


e om | a+b 
158. j. =e — e— ht)? dx = 2 loe(5- 735) (a, b > 0) 
159. | J ((b — ee + (6 — ale + (a — bleh 
0 
= a(b — c)log a + B(c — a)log b + c(a — b)loge (a, b, ¢ > 9) 
Piers” tet ar oa) blogd — (a +b) besoin 
160. » we —e ) = aloga + 0 log Og 5 


(a, b > 0) 
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Ae [ aie, - t log (1 — a)! (1 + @)!+4} (\a] <1) 


0 


162. [Jeet + ala +h) + aXdat + aby + by 
— e~Pr{] + a(b + ky) + 2%(9b* + bk, + hy) } dx 
= }(* — at) + (6 — a) + ky log (a, b > 0) 


163. j Slee + (a — b)x + $(a — b)*x®} — e—bz] dx 
0 
= Hb — aa — 3b) + 4 log (a,0 > 0) 


164, [2 {e—7(2z* + 6x + 9) — 9e-iz}dz = — glog3 
0 


165. \2 {e-%(2 — a*) — e—32(2 + 4x + 32z%)}dz = 0 
0 


© (e-at — ¢ -bz = —be 
166. | * oes» Bed 2S <it jaz = Jab log ” — (6? — a) 
0 = 2 
(a, b> 0) 
1 ie leit. 
167. If J,(&) oar cos(é sin 6)d6, prove that x o(at)sin x dar is equal to 
0 0 
jx if 0 <t< 1 and equal to aresin(1/t) if ¢> 1. 
» 
168. If J,(&) = =" cos(9 — & sin 6)d@, prove that * Jy(et)sin x de is equal 
0 0 
tor {l — V(1 — #)} if 0 <#< 1 and equal to 1/t if t > 1. 
Establish the asymptotic expansions in Examples 169-73. 


° e—tdt ce ¢ ee: eI ) 
109. | a ne 
=z 


costdt coszf{l 1.3.5  1.3.5.7.9 
170. vi ~ mt Get eee ee 


~ Tall apt ane | 
sint dt oes 13 1.8.6.7 } 


171. y Hi) 0 we — zy + exe: 
+S2i2 1 _ 13.6 ‘ 1,3.5.7.9 } 
va (2x) © (2a)§ 
z et dt ad 1 13. 1.3.5 
17a. | Few pl tae t at eet ) 


OD 


173. e-t dt (e- 1.3 ea ig 


o Vilat + a8) ~ V"\z8 — aaa + gigs 
Find rh sum of the series given in Examples 174-8, showing that they are 
summable (C1), 


174.1+0+0+...+0—1404+0+4+...4041+404+0+4... 
+0—1+40+40.. ., where + 1 is followed by p zeros and — 1 by g zeros. 
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175. 1 + cos@ + cos 20+... 176. cos @ + cos 30 + cos50+... 
177.1—-1—1+1+1-—-1-14141... 
178.4-1+$+4—1+3+3—-14+ 2... 


Solutions F 
ee a ee ee iG 
1, 7 ak —>s where Sa ae 
2 A/a ah he Se yng Sth, 
+ (€, ag... ay) = (ayia 2 343+.» Np) Stan n (Example 1) < eb, 


since (14 *)' <e(r =1 ton). 


3. D 4.D 5. D (u, >>) 6. D (u, >=) 


i 2 
7. D (ti, —> ©) 8. 0 (up ao o{ (28%) }) 9. C (up <5 
10. D (u, >=) 11. D 12. D except when a = e. 
13. CO (up,/un+ 1—> 4) 14. D 15. C when y+ d—a—6B>1. 


16. aq Gn+1)t< Gy + On413 Ont1< (Gq Gny1)t if Gn+1< ay 
17. C when [z| < 3/ 
18. C when |2z| <1; t=l1l_pt+q—a-—6B>1; 


z=-—Il,p+q—-a-—B>0 
19. C when |z| < 8. 20. C when || < 4. 


Aone) High. kay al i ho 
21. f(n) =n i, aon + O(; i =a) 22. Consider sJoa(2 = de. 
23. Use Example 22. 

24. Use Tannery’s Theorem for Series. (Bromwich, Infinite Series, § 49.) 


dz 
25. Take \ arcs ‘i 


n 1 1 r 
26. 2 = — Bin + Ban — 1250 + 1's + 190m 1) ~ Sana Oe Pee He 
n 5 l 8 Tr 
27. a — $5 un + Way + 95, + § Pia ei te) ee 


1 

28. Bromwich, Infinite Series, § 32. 29. C 30. C (p>1); D(p< 1) 
31. C(A>1),D(A< 1) 

32. Lemaire, Bull. des Sci. Math., 20, 1896, 286. 

33. Use test of Hxample 32. 

34. Use Example 32; for the sum, expand (1 — 2hz + h*)~+ in powers of h, 
where h = x — y,z = (x + y)(x — y), and use Leibniz’s Theorem for the nth deriva- 
tive of (z — 1)"(z + 1)". 

Cc 


36. 

37. Abs. and unif. C in the intervals k, < c< e, <0 <e&,<c< k, 
38. 0 39. C 40. C 

41. D except when 0 = mz. 42. C when « < y. 43. D 


44.If 7, is the sum of r terms, 7, = Som, — $8m, — 45m» Where 
m= 241 — 1, my = HME — 1), my = HAM™— 1); yy = BSpm — 2pm 
hue of’ = #0 — Yond &, 1S P49 9. AT also T,, > T, > Tv when 
m>r>m’. Thus 7,,—> $log 2, 7, —> log 2. 

45.0 (2=0); 1(@>0); unif Cn 0 <ece. 

46.0 («> 0); unif. C for 0 <e< a. 

47. 0 (z=41); © (w=1); unif. C in an interval not containing x = 1. 
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48. 
49. 
50. 
51. 
55. 
57. 
59. 
61. 


64. 


65. 


66. 
67. 
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0; unif. C inO< x 

a (x=0); 0 (20); unif. C for 0 <e< z. 

0 (x =0); 4 (a0); unif. C for 0 <e< z. 

0, 0 52. 0, 0 53. 4, 0 54. 4,0 
zel+e>l1 56. —l+e<z 

Any interval that excludes mz. 58. Any finite interval of x. 
When |c| <1, all 2. 60. |z] << l—e <1 

O<e<az,allp; 0< 2, p>1 62.0 <e< az, allp; 0< 2, p>0 


d 
Ify is the series, then (1 — x*)y’ — zy = 1, ie. Fy (1 — ~)} = (1 — 2*)-3. 
x*cos?@ = _x* cos* 


Integrate 1 — cas ha + rm 


Integrate the power series for * tog(l + 2). 
Integrate the series for log(1 — 2a cos x + a*) in powers of a, when jal <1; 


when |a| > 1, take a’ = 1/a. 


68. 


Take the power series for (1 — 2t*)~1, when |z| <1, |t|< 1; integrate 


and use Abel’s Theorem for x = 1 or — l. 


69. Use previous example with m = 3, « = 2. 

73. C when na — 1 is never zero(« <0). 74. D except when « = f. 
75. C all finite x. 76. C all x. 77. C all x. 78. C all a. 
79. C (|z]> 1); D(|z]| <1) 80. C except when « = + 1. 

85. Take sin? nO = ? sin nO — } sin 3n0. 

88. See Titchmarsh, Theory of Functions, 2.53. 

89. Goursat, Cours d’Analyse, III, 508. 103. C all «. 104. C,a>} 
105. C, a> —1, y> — 1 and (i) B> 0 or (ii) B=0, d6>a41 

106. C (Dirichlet’s Test) 107. C 108. D 109. C, p>0 
110. C, p> 0 111. C, p> 0 112. C, p> 0 

113. 0,e>—1l,y> a 114-17. C 118.C, l—-m<p<l+im 
119. C,a>0 120. C,a>-—1 121. C, |a| <1 122. C 
123. C, || <1 124. O, |a| + |p| <1 125. C, |a| <1 

126. C 127. D 128. C 


129, [see > (%_ — %,)f(z2) and therefore if lim xf(x)+< 0, the integral is 
% 


not convergent. faf"(x)dx = af(x) — [f(x)dx 
130. Divide the interval at 4x, x, 3x, . . . and change the variable in each 
interval to obtain 0, 42 as the limits of integration in each. Use the relation 


l 1 2 l 1 
re ta Gs n(— 55 =) 


133. See Example 130 and use the relation 


1 1 be 1 1 
eins} eet Ga 
° adz 


136. Integrate \“% = 5 (a> 0). 


e dx 


% . 
137. Integrate la + a8\1 + B%) = 2a +8) first with regard to a, then 


with regard to 6 and puta = 6 = 1. 


ab dx 


eo 
138. Integrate \ (@* + a¥\a2? + 04) as in Example 137. 
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fe] 
1 
139. | z Sin ax cos ba cos cx da = $0 (a>6b+c) and }x (a <b+¢c). Inte- 
0 
grate first with regard to 6 and then with regard to c. 


140. j easnee jn (0<a<1) and 0 (a> 1). Integrate with 
respect to 

141. [eee ae = F2 — a) (0<a< 2) and 0 (a> 2) (see Example 
140). cocsits with respect to a. 


+] 
142. vse | ea aC —a)(0<a< 1); F3—aX(l<a<3); 
0 
0 (a> 3) from previous example. 


143. Integrate the series for * tan-! x; substitution of 2 = tan }@ gives 
lao d@ and integration by parts of the latter gives flog cot? 6 d6. 

144. Use the result Jv — x){2 — log(1 — *)}] = flog(1 — x)}(1 — z)-+. 

145. Integration of X- 1)"2" log x term by term is valid since 


J 082; 


> 
146. 2? = Boe 2)" when x>0 and z*—>1 when «—>0+. Also 


=)de converges. 


|x log 2] < e~' for allz in O<2< 1. 
1 


147. [ede = (e+ 1) fora> —1+6> -—1. Integrate from 0 to a, 
0 
150. Use the result £{(s + *) cos (a? — ux) = 2 3x8 Sin (a3 — ax) 


~ Sesin (2? — ax) ~ (3, + = ) 008 (a* — air. 


—ar — e—bz 
151. The integrand is Ke “ax —. gba) — =(° oe ). 


169. Take ¢ = x + u. 174. (p+ 1)/(p ie q + 2) 175. 4 
176. 0 177. 0 178. 0 


CHAPTER XII 


BERNOULLIAN POLYNOMIALS. GAMMA AND BETA 
FUNCTIONS. 


12. The Bernoullian Numbers and Polynomials. The function 


Zz : 7 may be expanded in a series of rational functions as follows : 


5 +2 age (See § 1183) 


the only infinities being poles at t = + 2nmi, t = 0. 

If |t| < 2m, each of the terms in the series on the right can be expanded 
in powers of ¢ and the double series is absolutely convergent since 
bd 1 
1 Gata? 5) 
write 


Lio potbspisdiug. Sect -aah 
t 


is a convergent series (of positive terms). Thus we may 


1 1 


yi 4- a t Bg tee at Bag — ({e| < 2z) 


where B,, B,, Bs, .. . are called io Bernoullian Numbers. 
1 Pave | t? i 
+ 4n*x? (Qn)? (QnA + Qnx)e 
30] 2(2r)!2, 1 


121 
me wag eee Oe Gee 


Since 


t 
Notes. (i) We may verify that oy MEA }t is an even function of ¢ by noting 


vie 

that — pen -teg-7 th 

(ii) More t piel one evi has been used for the Bernoullian Numbers. The 
Bernoullian Number B,, is sometimes taken to be the coefficient of ¢"/n! in the 
expansion of ¢/(et — 1). If this be denoted by B,, we have 
B, = 1, B,= —}, B,=B, B,=0,..., 

Bom = (— 1)"-1 By Bomia = 0(m > 0). 

It has also been taken as the numerical coefficient of m/(n + 1)! in the expansion of 
(e# — 1) 1—¢#-1 + }, and if this be denoted by B’, we have B’, = B,, B’, = 0, 
B, = By, B, =0, . . -» Bom = Barr Boy = 0. 

(iii) The values of the lower Bernoullian Numbers may be found directly from 
the definition, i.e. from the’ identity 


t t #8 t t? “ “e 
(ltgtgtg t- > )—§ + Big — Fag + Bg — Seog a 
478 
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Thus it will be found that 


1 1 1 1 5 691 7 
B, = @& Bs = 39> Bs = gy Ba = go> Bs = Ger Be = a7307° 3 = 6 
p, — 3017 , _ $3867 , _ 174611 
a oe?" Tae hy a Is SN 
Examples. (i) Expand 4zcot 42 in powers of z. 
zez+1] xz (iz)2r-1 
cd dia eo 30 + eH z—)- iz * E( 1 a a oe 
2 a 
=] — By = Bz —... (|z| < 2a). 
Other expansions of a similar type will be found in Examples XII, 1-8. 
4r [PMT 
(ii) Show that B, = aiv| oat Fram 
' ; ® sin at meta + 1 
By contour integration [- a =u = 3 ome —1 Ba Bq (see § 10.86). 


The integral obtained by differentiating the integrand on the left a finite number 
2 
; - Nee. ‘ : t” di 
of times with regard to a is uniformly convergent for all a since the integral | ne | 
0 
is convergent (r > 0). Equating coefficients of a?’—1 on both sides, we find that 


(- al. tr—1 dt 


(2r—1)!}, & —1 
. . % : 
%r-1 in — ts 
is the coefficient of a in 5(1 5 ena —] =) 
dr [% g2r-1 de 
i.e... m= mel. ae oe 


4r (‘logl/t)*-1de 
(2n)r he ss 3 / qogpan ale 


These formulae may also be obtafned by expanding (e* — 1)~! in powers of e~* 
and using the theorems of § 11.58. 


It follows fi ha os : fee 
t follows from the above that tn ~ Qr—1)! ee 


Be 

12.01. Bernoullian Polynomials. Definition. The function en 
may also be expanded in powers of ¢ in the interval |t} < 2a. The co- 
efficient of t” is obviously a polynomial in z of degree n, and we may write 


e—] @ ¢ 
gay HAP 


where ¢,(z) is called the Bernoullian Polynomial of degree n. 


t. 
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12.02. $,(2) = 2 — $n! + "C~_ By"? — "0, Byz"-* +... The 
last term is (— 1)!"4n(n — 1)B,,-.2* if nm is even (> 2) and is 
(— 1)"* nByy_1% if n is odd (> 1). 

For S#,(2), = (t+ Se 2 +. WL + Big — Bag 

oe 2! 3! 4! 
and the result follows by equating the coefficients fy é”, 

We find 
$1 = 23 $2 = Az — 1); ‘wi Selly Cin al az — $)(z — 1) = page's 
db, = 24 — 228 + 228 = Az — 1}? = 
ps = 2 — 524 + G28 — Fz = a2 — 9)(2 — 1) {ele —1) —}}=bh2b2'(b2 — 
be = 28 — B28 + Sot — fo? = 22 — 1)*fe(z — 1) — 4} = Ga%(he — yr 

Corollary. ¢,(0) = 0 for all values of n. 
Note. The general Bernoullian Polynomial B’\(z) of order m and degree 7 is 


+...) 


nm at 
defined to be the coefficient of “in the expansion of ee Thus if we denote 
the polynomial of ie first ce by a we have 


P42), = E Be\— 1+ t+ 3 (— 1B » Sa 


ie. Boz) = 1; Bz) = $(z)— 43 Bale) = $4(z) + B 
Bam+1 (2) = $2m+1(2) 3 Bam?) =  fom(2) +1 ITB, 
12.03. $,(z2 +1) — dn(z) = n2"=1. This difference relation is ob- 
tained by equating the coefficients of ¢” in the identity 
e@tit__] My eS 
“gages epee 
12.04. $,(2) = (— 1)"ba(1 — 2) (n> 1). For 
cs) pa e~Kl—2) a: fo co) t” 
F401 = ys ak a | ert Gat =F aly —t 
pen pee (0) = 0, all n>1; ¢,(4) =0, n odd (> 1). 
Thus ¢,(z) contains the factor z(z—1) (n> 1) and the factor 
2(z — 1)(z — 4), n odd (> 1). 


12. 05. dom = ss, : WMp2n—1(m = 1); 
dom+1 = (2m 7 1) ion so (- a Lys Bs} (m > 1). 
tr pac ez ae | 
For Spy!) aa Ss oe PS | sche 
" p2mt1 


i re ot+ {3(- 1)"-"B,, oat + (2 — 4) +¢ 
- $2) =1; $y = 22 — 1; $s = 3(¢2 + Bi); $= 435... 


ceebiong l. ¢, contains the factor z*(z — 1)? when n is even (> 2). 
For $om(0) = sags 2m$om—1(0) = 0; $am(1) ‘as 2mpom—1(1) = 0. 

Corollary 2. 2m is of the form 6?P,,_2(0) and ¢2,,;) 18 of the form 
400'Qm—1(0) where 6 is z(z — 1) and P,, Q, are polynomials of degree r in 0. 

We have already seen that it is true for ¢3, dy, $5, de. 

Assume that it is true for dem—1, Pam: 
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Then Posy = (2m-+1)(6*%Pp_a + (— 1)"-1By) 
= Even polynomial in 6’ since 6’? = 40 + 1 
i.e. — bam41 = Odd polynomial in 6’ since 6” = 2, and 6’ isa factor, 
= 400’Qm—1(0) since 06’ must be a factor. 
Also op. 49 = 2m-++2)466'Qn—1(0) 
ie. — bom+2 = 0%Pm—2(8) since 6? must be a factor. 

Thus by = 3000" — 0 +4); ds = 040? — 40 + 3). 

Corollary 3. If we consider real values of z, $2, does not vanish be- 
tween 0, 1, and ¢om4.1 does not vanish between 0, } and between }, 1. The 
result is true for #3, ¢,. Assume that it is true up to don—1- 

Now ¢, = 2m¢2m—1 Which vanishes only at 0, 4,1; thus ¢e,, has 
one maximum (or one minimum) between 0, 1 and we know this to be at 
z=}. But do,,(0) =dam(1) = 0 and therefore ¢2,, cannot vanish be- 
tween 0, 1. 

It follows that the equation ¢y,, -}- (— 1)"~" 1B, = 0 has one root at 
most between 0, $, and one at most between 4 and 1; ie. $2, ,; has one 
maximum (or minimum) at most between 0, 4 and one at most between 
3 and 1. But $2410) = dom+1(4) = pom41(1) = 05 and therefore 


Fie. 1 


fom41 has one maximum (or minimum) at least within these intervals. 
Thus $y, does not vanish within (0, }) and (3, 1). 
The graphs of ¢,, for n = 2, 3, 4, 5, 6 are shown in Fy. 1. 
Note. |bom($)| > Bm; ¢am(z) has the same sign as (— 1)” in (0, 1). 
im 
n+1 
This follows from the equations : 
ZAP nsal? eh) on+il?)} rs (n ig sect and $n+1(1) = 0, 
Thus, for example, 
144244344... 4+ 76 = Sor(r + 1)2r + Y(Br? + 37 - 1); 
154254351. .  4 78 = srr + 1)%(2r? + 2r — 1). 
12.07. The Euler-Maclaurin Summation Formula (for a Polynomaal). 
We have proved in the last paragraph that 
424+. ..4(r—1)" 
eth nee AB, Ys ae 1) — 2). 
5 ah tak SR Wag 


where the last term involves r? (when » is odd) and r (when x is even). 


12.06. 1% +2" 434 ...4%= dnii(t +1) (n> 0). 
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If f(x) is ~ anne hs i +aa"-1+...+4,, then 


z=r—-1 r—1 


2, fe aes ay + las wi WA aa: a1 >a + a,(r — 1) 
T 
ae 1, nB, a 
ig A A 
> Sith eoae er a i Tp yale 4). : 
+ a( ne 7 + oe eats 


(n —1)(n —2)(n— 3) 
psi 20mm Xn Be +...) 


as an (5 mE 3) ni a,(7 Sart 1) 
= [feeds — 57 +f} +} 1" -F'0} 
B, , wt 
~ au" ()—f"O}+..- 


yo f(@) = [ fee)ae — sft) ta Bs prin) — ar) +e an 


the noe ne adjusted so that (r — 1) is a factor. 
—1 
Example. Find S'ee — 32? + 1). 
2=1 
The sum is ($4 — r? + r) — (273 — 3r2) + 4.4(6r? — Gr) + C 
= ft — 2r? + 2r? + Jr — 1, (making (r — 1) a factor). 
12.1. The General Euler-Maclaurin Summation Formula. In 
§ 11.31, we have shown that 


m=n 


$0) {f(a + h) —f(a)} = D)(— 1y™2h™ (erm) Fora + h) 
m=1 


— gman oma} + (— 1yrhetl” genera + ea 


where ¢(t) is a polynomial of degree n and f(t) is analytic on the line join- 
ingt=0 tot=1. 
If 4(t) is taken to be ¢»,(t) (the Bernoullian Polynomial of degree 2n), 
we have 
(2m)! 


Qn)! 
pan(t) = 0" — ntn—1 + 2(2n — 2)! sa 


2Qn—2 
[eth ~ ain So 


; Bytn- 4 +, 
___(2n)! 


+(— Way — ay Bat 
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Therefore 


PHO) = (2m), PS“ P(0) = 


| $e 2-(0) = 05 g-20) = (= ENB, 
2 
$10) = (— rt ony Bet Fil) = 05 dan(0) = 0 
Also, since dealt) = ¢o,(1 — t), we have 
$on(1) = 05 Pon(l) = 05 bon(l) = 05. - 3 PMU) = 0; 
p2n-N(1) = ole 5 P21) = P20), (r = 1 to n). 


Thus (writing 2n Bi n in Darboux’s formula), 
2n 
fla +h) —f@)= > — 1" ‘aa ogn-™(L),f(a + he) 
— ggr-mr(oyferm(a)} 
og hah if donlt) f+ (a-+th)dt. 
¥ Qn} 
The series of 2n terms on the right is 


20 y gan nyoy EE 


m=1 


h iB, 
2 pa +h) +O} — “a "+ 8) -F")} 
4 EBs ¢paoya +) —f°%@)} 
ae, —(— 1)" a Daa th pean 
j2n- 
$= (=D ge ap Ban FOP B) — FMA) 


ie. f(a +h) —f(a) = dh{f'a +h) +f'@} 
m—1 on 

: a oe eae {foma +h) —f2™(a)} 

fp2r+t 


+ Gn! 
Denote f’(x) by F(a) and take h = 1. 


Then Lal Fo)de = }{F(a +1) + F(a)} 


| $on(t) fmt D(a + th)dt. 
0 


-S- 1)"- fem, Bm = jie & Wa + 1) — Fem-2(a)} 


+ Gn aa, pan(t)FOm(a + tt. 
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Similarly we may obtain formulae by putting a +r fora; and if we 
add the above equation to those for r= 1, 2,.. ., s —1 we find 


[Fede = }{F(a +s) + Fa)} + Fa +1) +Fla+2)+... 


Re) \e=1 
+ F(a +s —1) — Sam Bn {Fem-1(q + s)— Fem-1(q)} +R, 
where R,, a 


= Gniy|, Pon {FOM(a+t)+FOM(a+t+1)+ ... +FO(a+t+s—1)} dt 


or 
F(a) + Fa+1)+...+F(a+s) 
ats 
ut } F(a)dz + 4 {F(a +s) + F(a)} 
n—-1 
pal 1j"-1 y 
‘ Re Gig Bm {FO Ma + 2) — FO a)} — R,, 
The above formula may be used either to determine an approximate 
b 
value of F(x)dzx or to determine an approximate value of the series 
EF(a +r). 
0 


Suppose that F2")(z), FCn+2(z) have a constant sign in (a, a +. s) 
and that these signs are the same. 


ae thas 
Ravi = em ca), bem As FOAntNa + ¢ +- rh 


aid Rois aail, dio SPM 444: rf 


But $on, $2n+2 have constant signs in (0, 1) and these signs are oppo- 
site; so that R,, R,,, have opposite signs. 


But R,— R= GPP -0(a +s) — Fen-1(q)} 
i.e. |R,| < Bn |Fer-D(q + s) — F2r-V(q)J, 


(2n)! 
The series giving ZF (a +r) is therefore asymptotic. 
0 
Writing z for a +s, we may take the summation formula as 


F(a) + Fa +1) +...+F(a) ~ | Fede + 4F (2) 


+ SB, Fem-N4e) +0 


where C is independent of z. 
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Examples. (i) Let F(z) =: anda=l1. Take x=; then 


: ae | 1 Lie lh Bee dts 

ag ra et ee ee ae 
; 1 Bis 1 Bi se 

where y = lim (l+5+5+- r . ++ —logn)), i.e. is Huler’s Constant. 
n—>o n 


Let n = 10; log 10 = 2-30258509. 


10 } 1 

Y —= 2-92896825 . . .; <— = 0-05; 

2 T Qn 
SS 0:00083333 ; — = 0-00000083 
Qn? ec e9 4n4 er 


B 
a < 10-8; ie. y = 0-5772157 (correct to 7 places). 


1 
(ii) Let F(x) = 73 and we find similarly that 


1 1 1 1 1 B B B 
hog t gt et ee 2 3 of 


nt nt ont nt soe te 
al x? 
where U = 23 (= r). 
a 
Taking n = 10, we find that 5 = 1644094... 
ii) Vina $2 
(iii) i” 
i Lg 1 1. (1m 2m+ Bn 
Lt+gatget- + tas =o — ant + Ons + 2 Sntmt2 
10 
Zz pe = 1-19753198567 a = 0-00050000000 
17” 2n 
1 
=i 500000000 §B,x 10-6= 8333 
B,x10-4 = 2500000 0-00050008333 
B, x 10- = 83 
1-20255698650 C=1-2020569032... 
q , 1 1 1 
(iv) Find 55 + 92 + jgat - me 
Taking x = 6, 
1 1 4B, 


1 1. Bae 1 ors 
ga t+ gat jgat jqa + oa t+ ope = % — 205 t 2x OB 25 


the error being less than sl ie. < 10-8, 
6 


1 
~ in + 1) = 0-0655906, and we find C = 0-074833 .. . 
(v) Find an approximation to n! when 7 is large. 
1] Hed l dx +41 4 y(— le 'Be ! 
log (n!) ~ CO + og xdx + tlogn = am(2m — 1) nmi 
By Pe 
er tae" ~* tee sae 


where C = lim {log (n!) + n — (n + 4) log x}. 
n—>o 
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The value of this limit may be deduced from the sine product 
= = lim (1 — 221 — 28/24)... (1 — 28/n¥) (§ 11.45). 
bd n—>o 


| 9944668... (Sade 
lim 73.3.5.5.7.. (@n —1\Qn 41) | 
= tim nt 

= Qn + 1){(2n)i}? 


Wallis’s Formula) 


If z=}, we have 5 = 


1\e” tp2n 
Now ef = lim {se = lim Gaunt (putting 2n for 2). 
Squaring the first form of the limit for e© and dividing by the second we find 
; ah > 
Ci! Sot A 
ee te { (2n)int 


A Cc ba 
Thus = = lim *(2n +1)=4. Thus 2 = 27 and C = } log (22), ive. 
B B. Bigs gs E 
log (n!) ~~ (n + 4) log n — n + b log (22) + 755 — ages t+ . « « (Stirling’s Series) 


Since the exponential series is convergent, we obtain an asymptotic series for 
1 B. 
' : S 3 Aes eat Se a eens: Se : 
n! by expanding eS in powers of > where S 2 1)" 2m(2m — Iyndm—1" It will 


be found that 
n\* 1 1 139 
aad () ¥: (2zen)(1 + yon + 2882 ~ 51ed0n8 t+ - ). 


Note. Since ¢,(1) = 0 (n> 1), the Bernoullian numbers are obtained from 
the equations i 
"C,B, — "C,B, +. . . =4n — 1 (last term on the left involves "C,—2 or "Cn—1). 

Thus 3B, = 4; 10B, — 5B, =; 21B, — 35B, + 7B, =§s 0. 

2n+1C,B, — M+10,B, +... + (— 1)"-1(2n + 1)B, = #(2n — 1). 

It follows that B,, when expressed in its lowest terms cannot have a denominator 
greater than 2.3.5.7 . . . (2n + 1). A more exact result has, however, been given 
by Staudt (and Clausen) by which it is shown that 


1 1 
B, = Integer + (- u(5 + rs74) 


where the summation extends to every value of m which is a factor of n (including 
1 and n) and is such that (2m + 1) is prime. (Rado, Journ. L.M.S. 9, 2, p. 85.) 
Thus B= —-1+$+3+3; B=1—-(+3+ 4); 
Bo=—1+G+4+h +44 vy). 
The theorem may be utilised to determine higher values of B,,. 


2(20!) 1 1 
Thus By = oma + a0 + gw t--- ): 
A e3 3 2(20!) 
Using Stirling’s Series we find that “(230 = 529-11 (error < 0-01). 


1 Bp hie 
Also 1+ 595 + gas ++ + <1 + pty since the eum is <1+ 577 ie. the 
integral part of B,, is 529. 
ERE: tayha | 1 41 41 
But Byy = Integer + (5 + stati = Integer +339 = 529555: 
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12.2. Gamma Functions. Euler’s Definition. The integral 
e-=-1dt is convergent when z is real and positive and therefore 


0 

defines a function of x for all x in the interval 0 <e <a <G. It is 
called the Gamma Function and is written I(x). This is known as Euler’s 
definition and it is in this form that the function frequently occurs in 
applications. 

The above integral is also convergent when x is complex, provided 
R(x) > 0, so that the function is also defined by the integral for the 
region ¢ < R(z) <@. Ina subsequent paragraph we shall give another 
definition (Weierstrass’s) of the Gamma Function which is consistent 
with the above but which exists over a larger domain. 


12.21. The Relation (1 + x) = xI(x) (x > 0). Integration by parts 
gives r+2=- (et) + aI(2) 


= x] (xz) (21 > 0). 
Thus if ” is a positive integer 


Tin +1) = nlf et de = at 
0 


so that (1 +2) is an extension of the meaning of n! to all values of 
n> —1. In particular ['(1) = 1, so that 0! may be interpreted as 1. 
This formula enables us to express (A) when 4 > 1 as a multiple of 
I(f) where f is the fractional part of 2 (assumed not integral). 


Beample. I(t) = EEO). 
1 
12.22. The Beta Function. The integral B(p, q) = | P-1(1 — x)t—1 de 


is convergent if p> 0, q> 0. It therefore defines a function for the 
region p > ¢ > 0, q >e’ > 0, the function being called a Beta Function. 

For complex p, qg the integral is defined for ; 

R(p) >e > 0, Rg) >’ > 0. . 

By writing 1 — x for « we see that B(p, q) = B(q, 7). 

Note. The indefinite integral of «?—1(1 — x)¢—1can be determined theoretically 
in terms of elementary functions when 

(i) p (or g) is an integer, (ii) + q is an integer and p, q rational. 

Case (i) is obvious. For case (ii) take x = £/(1+ &), =, p=r/s. The 
definite integral from 0 to 1 should of course be always evaluated in terms of Gamma 
Functions. (See § 12.24 below.) : 


12.23. Relations connecting Beta Functions of Different Arguments. By 
integration by parts or otherwise we may find various relations connect- 
ing Beta Functions of different arguments. 


Exampies. (i) Integration by parts gives 
xP t @q—t 
Bip, 7) = {Za ‘ zi} + 7p. Set tr) o> 0, g>1) 
i.e. pB(p, 9) = (q — 1)Bip + 1, g — 1). 
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Thus when n is an integer ( > 0) 

a aed | Rey 
~ pp+il)...(p+n—1) 


Bp, ») = "Bip +1, n—1) 
(See also § 12.22, Note.) 


1 
(ii) Bp + 1, g) = | 2-0 —1+ x\(1 — x)t-1 dz = Bip, q) — Bip, q + 1). 
(iii) Using (i) and (ii) we find 
PB(p, g + 1) = gB(p + 1, g) = q{B(p, 9g) — Bip, ¢ + 1)} 
i ens th Sas 
1.€. Bip, q = ig 4) mab p as quae q): 
a 

sin px 
Put x = u/(1 + u) in the integral for B(p, q) and we find 


(iv) Prove B(p, 1 — p) = 


(0<p <1). 


Bip, 1 — p) = (a = ee (by contour integration, 0 < p < 1). 
Tpyl 
12.24. B(p, q) = Foy 


Ip) = j e-t-1 dy — 2f e-'z2~1 de (writing 2? = 1). 
0 


0 


Therefore I'(p)I'(g) = 4 lim {J e-#-1'g30~1y%-2 de dy where D is 
R—-an D 

the square determined by 0 <2 <R, 0 <y <R. The first quadrant 
of the circle x? + y? = R? lies between the square of side R and the 
square of side }R. The integrand is positive and the double integral 
exists when R (and therefore 42) tends to infinity. Therefore the limit 
of the double integral over the first quadrant of the circle also exists 
when &—> oo and its value is the same as that for the square when 
R— o. 


ie. (pq) =4 lim \] e-My2p+20-1 cos?P—1 § gin%-1 9 rdr dO 
R—>x0 " 
where D’ is the quadrant and z =rcos@, y= rsin@ 
1 
ie. F(p)F(q) =T(p + a| ut-1(1 — u)P-1 du (taking u = sin®6) 


=p + DBP, 9). 


Examples. (i) I(p)I'(1 — p) = Bip, 1 — p) = x/(sin px). (§ 12.23 (iv).) 

This has been proved only for 0 <p <1. It will be shown below that the 
formula is true for the general Gamma Function (except when p is an integer posi- 
tive or negative). 

(ii) I'(4) = V2, since {I"(})}* = 2 and I(4)>0. It may be observed that 


1 dx /2 
Bit, 4) = | vet aa =2 P dO = x. 


Thus ‘ 
e-4-tdt=2) e-“ du= vx. 
0 0 
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12.25. 2% 1D (a) (a +4) = VaI(2x). (Reduplication Formula). 

T(@)TQ) _ _Ppieta. 

resp 2 9-]; Vina. 


{(@)}? _ -{3 -1] — 4)e-2 

T@z) > Bz, 2) = Me (1 — t*-1 dt. 

In the latter integral put v = 2¢--1; then ¢(1 — t) = 3/(1 — v?). 
Thus 


2, 2) = 


1 
ye=| (1 — v*)*-1 dv = ne — w)*—1w-* dw (w = v*) 
ae | 0 


ae 
= g2z-1 Bex, 3) 
or 2%-1P(a)I'(a + 4) = VaI(22). 
Examples. (i) Express I'(}) in terms of I'(}). 
2A) = VaI'(g); but TAM) = 2x/73. 
Therefore ['(4) = 2-334a—# {17(4) }*. 


(ii) Let =f e-etel de (a> 0, > 0, B> 22), 
0 


(T@)}?_ 1 T@re) 


1 1 
Take ¢ = ax*, then IJ = aim |, eH G+1/ai—1 dt = ga tina? (b+ 1)/a}. 
Similarly (by taking ¢ = ax~) 
1 
e-4/ax"¢—B dx = xa@~ia? iB _ 1)/a}, (a = 0, a>QdQ, B > 1). 
0 


In particular 
1 
| ee de = garg PAO + 1)} (6 > —1,4> 0). 


13.56...(2m—1) wW2% (2m)! Va 
ot, ee at@m+l) ~ 22 +1(m!) a™+t (a> 0). 


m! 
[ec mretm tt te = sae (> 0). 
(m in the last two integrals being zero or a positive integer). 
1 1 
f. e~ an" dag = aal(:) (a> 0, «> 0). 
i gf ae : 
(iii) If J = (283) dz (a>—-1,p>— 1), we find by taking x = e—', that 
1 
r I= (i+ pra Te “+ 1), 

et 1 
Similarly 9 (log x)a-P de = B— paz P(e + 1) (a> — 1, B> I). 


1 
Thus J (log x)" dz = — (m!) when m is an integer. 
ty) 
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b 

(iv) f (@ — a)P-1(b — a)t-1 de = (6 — a)r+4-1B(p, 9). (Take u == —*) 

tee dx = k-1 + k)-PB(p, q) (k > 0). (Take v= 4 ) 
ee Ap + 1I)jAG + 1)} 

(v) L sin? 6 cos? 0 d@ = ~~ 2p +q+2)) q>-—1). 

This follows at once by the substitution ¢ = sin? 0. 

In particular, 

pane ie 0; (’v(tan ode = ("5/(eot 40 = 

I, bad 2 cos 4px (|p| < ); 2 V/( n = /(co )d6 = /2 
: iE )ro +0 

(vi {a — #Ayvde = 5 5 (a >- 1, 8 >0, y>~0), 
0 r(tF- +41) (taking ¢ = xf). 


In particular 


1 ade ve, TE) ea 
MOAT FEL 9) © Amana 
(by the Reduplication Formula). 
2 
ae 2_,1r(3)} 
|v -* r() 


° ae dee 
ol +28 


(n > 0). 


(vii) = 3 can 6){2¢+1)/8}-1 do (if x = (tan 6) 2/8) 


4 
= Bein (@ + 1)x/B) (0<a+1 <A). 
; i. 2 
In particular fi + 2” ~ 2n sin (2/2n) (n > 4). 
12.3. The Gamma Function. Weierstrass’s Definition. The 
infinite product ri (2 + Je has been proved. uniformly and abso- 
1 


bi 
n 
lutely convergent for all finite z (real or complex) (§ 11.24 (v)). Its value 
is zero when z is a negative integer (i.e. it converges to zero). 
The Gamma Function may be defined by the relation 


1 co Zz 
a — \e-2/" 
ri ~ 2" + 5) 


where y (- lim (0 + s+ ; diate +2 — log) i Euler’s Constant. 
n—>o p 


This equation therefore defines J(z) as an analytic function of z for all 
finite values of z except z = 0, — 1, — 2, — 3, . . . where there are simple 
poles. 
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It will be shown in § 12.34 that this is equivalent to Euler’s definition 
when R(z) > 0. 


12.31, Euler's Product. From the above definition 


T(z r—>o er ye 
n\n® 
i.e. T(z) = lim fe + 1)@ +2). 
(n — 1)!ne . x. age Ye 
leo T\e) = lim eI ere =D Am n yn 
n\n? 


and therefore (1 + z) = in phere) a @ wy 
The limit on the ehh was denoted by J7(z) in Gauss’s notation, so 
that J7(z) = I'(1 +2). 

12.32. The Relation (1 +z) =2I(z). From the last result in § 12.31, 
T(z +1) 
I) 

a negative integer. 
Thus J(1 + z) = J(z) = (z)! when z is a positive integer. 
12.33. The Relation I'(z)I'(1 — z) = Dik Me. 


n\n® nin}—# 


we have 


=z so that I'(z + 1) = zJ(z) when z is not zero nor 


ee? eri). Pee a. a tice 
Therefore . 
1 ye ie Lee i ee n+1—z 
farc=3~"4)- ata) -- 0-5) a 
a ig 11.34) 
Corollary. jm teens. } — =(—1)" = (m being a 


positive ew or zero), 
ie. (— Te is the residue of ['(z) at z = — m. 


12.34. en ae of the Definitions of Euler and Weierstrass. Let 
I,(z), I'(z) be respectively the Euler and the Weierstrassian Gamma 
Function. 


ja ~ 1re-1 dt = Ben +1, 2) (Re) > 0, n> —1) 
0 


WP) 
~ Pie+n +n +1) 
n! 


“ety... @ ny 


(n being a positive integer) 
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Therefore I",(z) = lim n* ‘a — t)"#-1 dt = lim fa —u/n)” ut} du, 
n—>wo 0 0 
(taking t = u/n) 
a \° e-“ut-1 du (§ 11.57) = P(2). 
0 


12.35. The Infinite Product ITR(n), where R(n) is Rational. It is neces- 
1 
sary for convergence that R,, should tend to 1 when n tends to infinity. 
__ (n+ a,)(n +43)... (n +a) 
Assume therefore that R(n) = + bet iea de ae) 
the a’s and ’s, whilst not necessarily distinct, are not negative integers. 
Also nq a is equal to a b. When » is large 


Raye yee +0(5) 


n 
and therefore it is necessary and sufficient that Ya = Db. 


where 


r=m 


o m ayo 
f — ey=4, Mii+ =e n 
is rr + a,) ? me n 
= ey*4, i en ar re (" + *) 
n=1 r=1 n 
Oe IE tr alg - « 4 ) 
Similarly 5 ————. — ey» nvr pis Sita 
on y < FO +6,) ‘ jae r=1 n 


ie tu as py (Mm tas)». (M+) _ pe TL + by) 
Le. (since 2a, = 2,), H 7, +b)... EE) Pee 


Examples. (i) Prove that 


pe ee 
— gal — gs 1 — {ge 3/2 
PL AEE. AE... Dm 
} 1, 1 ‘ a 32./n 
~ 62° wt “14? 


., 2 {lan + 18 — 1}(40 +2)? 2 n(n + 3)° 

The Product ie 1 (dn + 2)° — 1Xdm + 1) im + DH FD) 
_ POYTD an y Ud) TR) my 3v2 ray} 
(3) }* 2 ray? 2/7 : 
since I?) = x2; Ih) = vx. 

(ii) Find the value of the derangement of the product 

(1 + 41 — $1 + BL — f)..- 
(which equals 1) obtained by taking in order three terms > 1 followed by two 
terms < l. 

Denote the product of the fiest n factors of the deranged product by P,. This 
derangement converges to the same value as lim Psn when 7 tends to infinity. 


now Pa = + gh) + asta) + BN aga) ata) 
77 (mn —3P(n—dn+t)  — Pear) _ v3 


y(n — Pn — Pn -Pn+h” THYTHQCP ~ v2 
since I(4)I'(§) = 2n/v3; II) =}arv2; MOQ =. 
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12.4. Binet’s Formulae and the Asymptotic Expansion of 
log ['(z). Binet’s First Formula for log I’ (z) is 
log I’ (z) = (: - >) log z — 2+ 1 hog (22) + f(a at +5) ee 
2 D} fcnae—l | F Oe 
when R(z) > 0. 
Frullani’s Integral (§ 11.56, (ii) ) gives 


bi (+ *) oi {5 enn (1 — e-*)dt (n = 1, 2, 3, .. .), (Re) > —1) 


n 


—t 
log n a e pt dt (n> 0). 
0 


sc 
Pl\@ +e +2)... @+n) 
n +m 
=zlogn — log (' ) 
™ Sees See ad —ex(* e~™\dt 
=, t ¢ Lowet oe 
! 1—e-™ 
since e~! + e~% 4... + e-nt — aa te 
Thus 
b—e*\dis ») £5 1 —e-*\dt 
ie at axe Aa ~nt = ma 
mets) [or GPa enfe Ley 
= pn et 
When 0 < ¢ < 2z, (2 _ - : i ) can be expanded in a power series 


in ¢ which tends to }(z + z*) when ¢ tends to zero; for 


+ — fe — 42% + OCC) LL — H+ OP) = 2 Ale + oh 000). 


— et 
r(# - oe e~ r) has an upper bound (all z) for ¢ <1 (at least). 


When ¢ > 1, |e~*| = e-*t < e! (where x = R(z) > — 1). 
1 1 —e-# fete 
i gant 


0 — 
| ie lake ac e y= Ke wai 
0 

1—e* 
e- #7) 


of t, and has been shown to finite for all finite z (for which R(z) > — 1), 


' e 1 —e-*\dt 
-t a 
Le. log (1 + z) = [ (x wi ) , 


17 


Therefore 


ie. 


in the interval (0, 00) 


where X is the upper bound of 
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1 1 1 «o ot 
Now = pi Tet air 1 ry (all real ¢) (§ 11.33) 
<5 ere (0 <2) 
fie 
Whale iy tye ent l 
wa \, (a 5 ta) <I, Se <i > 


Now log I'(1 + z) = F(z) + G(z) where 


ra [ier tate} 


a) = ( {a5 Nea and [4(2)| <5. (@> 0). 


It follows therefore that lim flog (1 +z) — F(z)}=0. The inte- 


gral obtained by differentiating F(z) with respect to z under the integral 
sign is 
ee oe 
3 {e-*—(1 — ieee = =[ ee + i ge-* dt 


= log z +o 


It is uniformly convergent for R(z) > «> 0. 
Integrating, we obtain F(z) = zlogz — z + $logz + A, where A is 
a constant. 
Thus log (1 + 2) = (2 + 4) logz —z + A + Gz) (R(z) > 0) 
log I'(z) = log (1 + 2) — logz 
= (z — 4) logz —2 +A + Gz) 
where G(z) > 0 when R(z) > ©. 
From the reduplication formula, we have 
log I'(2z) — log I'(z) — log I'(z + 4) = (22 — 1) log 2 — flogz 
ie. (22 Mca — (2 — $) logz—zlog(2+4)+4-—A 
G(2z) — G(z) — G(z + 4) = (22 — 1) log 2 — floga 


or A = } log (2m) — z log ( + 5) + $+ G(2z) — Gz) — Gz + }). 


Let R(z)—> o and we find that A = $ log (2z). 
We have therefore proved the required result 


log I'(z) = (2 — $) logz — z + } log ie 


+ (5 solict +35 dt. (R(e) > 0). 


12.41. Gauss’s Formula for y(z) = I"(®)/T(2). In the last paragraph 
we have shown that 
1—e* \" 


= wd eter | = 
log I'(1 + 2) ic rien ge 
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The integral obtained by differentiation with respect to z is 


J, e-t — at vd 
0 ef —1 t 


and is uniformly convergent for R(z) >e Sends 


PE+e) ("fet xe 
ct Td+2) j, (F ef — i) 
Dike do at elle as 
so that y(z) = To ~ i ( =) (R(z) > 0). 
; I(1) ; : 
Corollary. Since TU) = —y (Euler’s Constant), it follows that 


li Lda). ORV Rect ft hded oytat 
mer) dom ACs beac 


12.42. The Asymptotic Expansion of log T(z). Consider 
1 Liew yer 
\ G75 << An dt (R(2) > 0). 


The integrand H(z) is 15," |" 
e integrand H(z) is “2p 2 4ntxt 


7) 1 f t? t4 t2" ; 
=») Pat — Gntgt + Gn + (— DG t Eke K 


n=1 ¥4 tart? 
where £,=(-1) (2nzc)?7(t? + 4n2n?)’ 
fre stdg ot! a 
Also |ite-#'dt— “5-7 (R(2) > 0) and ie i n® — 22n)t” 
(2r)! Bras an Ee-* 5 
Thus c H(z) dz= Xe 1) 2r+1 (2p + ay! t Xo omen H 
4 B, ph B 2 B, +1 
= 122 3.4.22 + Mie, @ + (— 1) (2r ab 1)(2r re 2) ees Se K(z) 
Df2r+2e—-2t dt 
h 
where |K(z)| < i" bs (2nzx)?*+2(t2 + 4n2) 
HOC ass 2r+2o—2t a 
at amen, ¢ ll a Der 
B, +2 1 


ie. 


< + 8)(Qr + 4) 2943 
Thus log I'(z)~(z—4) log z—z+-4 log (2n) +3 ee Gack peas 
(Stirling’s Series) the series being asymptotic. 
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By taking the exponential of this series we find that 


1 1 139 
~e” = + — —_ —  ———_ . s o 
Le ail ani: {} + To, T 29gz8 ~ 5184028 \ 
In particular, when n is a positive integer 
1 1 139 
ko ~ e-tnnti(Qn)t 1S Bee) Ae cial 
n! = nI(n) e~"n" 42a) {1 ++ ag * ia ar } 


a result that has already been established otherwise. 


Example. If n = 20, e~""+4(27)t = 2422785 x 10% correct to six significant 
figures. The first correction gives 10,095 x 10!*; the second 21 x 10'* and the 
third — 0-8 x 10%. Thus (20)! = 243290 x 10'% correct to six significant figures. 

Its actual value is 243290-200817664 x 101%. 


12.43. Binet’s Second Formula for log I(z). (R(z) > 0.) Differentia- 
2 C) 

tion of the infinite product for I(z) gives £ (log I} = as when 
0 


z is not a negative integer. 
Now consider the contour integral 


dz 

\. (z + at)*(e2*2 — 1) 

where «= p+ ig and p>0O, and 
C is the rectangle of corners 
+n, +n+(n+ 4) indented by 
the upper half of the circle 
y (\z| =e), » being a positive in- 
teger. (Fig. 2.) 

The poles inside are 7, 2%,. . ., mt. 
The pole — az is outside since p >0. 
Along the side z = n + it, t varies 
from 0 to n + 4 and the correspond- 
ing part of the integral is J4,, 
where 


I n+t a4dt 
a” f (n + it + gr — g)%(e2™m+#9 — ])” 
Thus |Z st \ 
us |Z 4p] < i (n — [al)*(e?™" — 1)’ n large 
(2n + 1) , 
2n — la) (e™ — 1) which —> 0 as n—> ©, 
Along CD where z = — n + it and ¢ varies from n + 4 to 0, we have 
+t dt Qn +1 
I a US Ae Pere oe 
Enel \; (m — Jal) — e-2™) ~ Bm — fale) 


which —> 0 as n—> oo, 
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Along BC where z = ¢ + a(n + }) and ¢ varies from n to — n, we have 


—n (2 + at)%(e%"? + 1) 
4dt 8n 
9 that ol < J oe TERED SORTER 
which — 0 as n —> oo. 
If f(z) denotes the integrand, zf(z) is continuous at z = 0 and tends to the 


1 
value Ioi(ai)s as z—>0, | 
’ nt 
ie. 1, aad gk Teen o>. 
7 dt A , t ALR. 
Thus * (t+ a) (ert — gg and is equal to — Jqa t 2 lim 2B, 
if the latter limit exists, where R, is the residue of f(z) at z = si. 
an a if 1 ba 1 fd? 1 
1 1 1 1 e 
d? ar 1 1 dt at ae 
Thus — =~ Se Pete 
mus 7,3 toe F@)} sat era ian er if o (as)? 
1 1 ates dt 
rapt g tt 0 (2 + a?)9 ett] 
or changing « to z, we have 
4tz dt 


d? 1 1 - 
galeT@}= 545+ | apa cay 


Consider the infinite integral J in this equation : 
1 1 
and therefore since ‘a Stee Ll converges, J converges uniformly in 
0 


where R(z) =p >6d>0 


2 
+a 


e2nt =e it 


0 <6 <R(z) and tends to zero when |z| —> 00. 
Integration gives 


d 1 t dt 
q, los Fe)} =— ait logz + C — af (@+ ae" —1) 


Denote the infinite integral in this last equation by J. Since 


Bowie ll 
28 2/8 


J is uniformly convergent in 0 < 6 <R(z) and converges to zero when 
|z| —> oo in this domain. 
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A further integration gives } 


log I'(z) = (z — 4) logz + (C — se 404 af" see 
where arc tan ¢ is defined to be ees ina and the path of integration (for 
0 


definiteness) is the straight line joining 0 to ¢. 
Suppose that z (= x) is real(> 0); then 0 <are tan (t/z) < (t/x) 
when 0 <t <0, 


ie Mists. WE. eal eet : 
ae » emt—] z),e@—1 ~4e de 
so that | log I'(a) — (« — }) logz — (C— 1a —C'| < oe 
But log I'(1 + x) = log x + log T(z). 
Therefore 

0’ 


(+ §) eg DC — eth? (eee 
6 


= log x + (x — $) log + (C — Ia + C' + 55 
where 6, 6’ are certain numbers (functions of x) that satisfy the inequalities 
ler <. 1, \\b|-<t, 

Le. Cc —1=—1+0(1/z) when = is large or C= 0. 
Also by using the reduplication formula as in the first Binet formula, we 
may obtain C’ = $ log (22). 


Thus 
log I'(z) = (z — 4) log z —z + } log 2x + af oe (R(z) >0). 


eat _ 


Corollary. By taking z = 1 in the formula for J”(z)/I'(z) we find 


t dt 
rma 9 eye ay 


Notes. (i) By comparing the two formulae for log I’(z) we deduce that 
a : 
* 1 ee. are tan (t/z) dt 
4 t ae anit 


1 
{ isi Gi w= af (A+ TPCT -—1) 


- These results may also be proved by evaluating the repeated integrals associated 
with the absolutely convergent double integral 


—tz - 
i {. e—*@ sin dtdu (Bromwich, Infinite Series, 177.) 
0 


aru _ 
o & 
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(ii) By expanding arc tan (¢/z) in the form 


ae ae ty, (—1)"-1 @n-1— (— nf? wn du 
are tan ( ) So = Ss oe parla 


Pages Oo ea a get eta 
°- 2n-ldt = By . Om : 
and using the result J eit _—] ~ dn» We may obtain Stirling’s Series. 
0 
(Whittaker and Watson, Modern Analysis, XII.) Similarly 


Ie) 1 3B, Bz Bs; 
Tee) 7S? gp gs Hi Gs te 


12.5. Gauss’s Multiplication Formula. 


Mer (= +5) r(2+ 3) bie TF 


where n is a positive integer. 


e+e 
(2 +2) = Bias eeu Pariser 
come ie ae | ae @+—+m—1) 


n— *) = (2z0)™—Dnt—ne (nz), 


Therefore 
n-1 ! 4(n—1 
t+?) —30_7 ype 


{(m—1)! oe Lnnm 


m—ponnz+1)... (nz+nm—1)° 
: tee® (nm—1)!(nm)”" 
pk re, Meg n(nz-+1).. . (nz+-nm—1) 
m Te) T(2+ 2) er rz et *) 
+ f___ +! = F(n) 
P'(nz) 


(independent of z). 
Using the asymptotic formula for I'(z), we find that the left-hand 


side is | 
mele a+! SMe an 0(2)} 


e-(na)*H(2n)h 


= ni(2m1)#(n—1)@h.—m) ‘a(t = aed {1 s o()}- 


But when |z| —> o, "ll 7 (1 oo a ine —> et(n—-1) 


i.e. F(n) = nk(2x)t™-), 
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Note. Fin) is equal to ar(-)r(-) rete r: 


n 
nin—1 
ae fa = —1gn—1 
and therefore F' ras ta = ie na™—12"—-1 (§ 10.05.) 
sin — sin — . . . sin ———— 
ti, 
i.e. F = ni(2x)t("—-1) since F > 0. 


% 
Example. Show that I's) = Saran V3 + I). 


I(Ps)(es) = (2a) (4) 5 PATA) (B) = 2.342) 
T(4)P(§) = (22)1247(4). 


Therefore (Pts) $— TOG) = (2a BUT) 
sin >; 
12 
5a sin ~ sin = 
i.e. {I(pq) }* = 2837 sin (=) rayaay_4* —_3 
wu: 
3? 
=a (A) DH (V3 + 
or qs) = =a rears since Tig) > O 


12.6. Dirichlet’s Integral. 


l= {J om ff: bet cee byte} te}... tytel dt, dy... by 
— Fa)P(%)... 0 a) S(O) tat »-- $401 dO 


Fey + oa+..- + &)Jo 
where «, >0, the integration extends over all positive and zero values of 
ty, ts, . . ., t,, that satisfyO <4,+%+...+¢, <1, and the integral 
on the right converges. 

The method of proof is sufficiently indicated by taking » = 3. For 
simplicity also let us assume that (6) is continuous in 0 <6 <1. 

Let t, +t, +t; =0; t, +t, =00,; t, = 00,0,, so that t = 60,0, ; 
t, = 00,(1 — 0,); t; = 0(1 — 0,) and the transformation is 1 — 1. The 
given region which is bounded by ¢, = 0, t, = 0, t; = 0, + te + bs = 1 
corresponds to the unit cube @ = 0,1; 0,=0,1; 6, =0, 1. The only 
discontinuity of the integrand, if any, occurs when ¢, = 0, t; = 0 ort, = 0, 
i.e.on@ =0; 6,=0,1; 6,=0,1. The given integral is the limit (if it 
exists) of the integral throughout the region determined by t, =«; 
t, =e; ts =e; t, +t,+t;=1 (ce >0) where e—>0. Let 6 be any 
preassigned positive number, however small. Then ¢ can be chosen 
sufficiently small to ensure that at every point of the surface 00,0, = « 
(within the cube), one of the variables 0, 4,, 0, is <6. Similarly on the 
surface 00,(1 — 6,) = e either 6 <6 or 6, <6 or 0, > 1—4; and on 
6(1 — 0,) = «, 0 <6 or 6, > 1-8; ie. e can be chosen so that the 
boundary of the transformed region lies between the surface of the unit 
cube and the rectangular space determined by 9=6, 1; 6,=d, 0,=1—6; 
0, = 6, 6, =1—6. The convergence of the transformed integral there- 
fore implies that of the original and the two integrals have the same value. 
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If X,=0=t,+4,+6; X, = 60, =t,+4,; X, = 60,0, = t,, then 


Atitats)| _ |(X:XeXs)| Poa 
0(66,6,)| | 9(80,03) O(tatats) 
100 111 
=|)(8, 6 0 | + |110)7) = 6%,. 
6,6, 00, 60, 1 0 0 


= {| j £(0)(00,04)"-1(00,)-1(1—0,)*-10%-1(1 9,)~1929, 46 d0, dO, 


1 1 1 
-| 0,% - 1] —6,)*— 1 d0, Oto 1(] —6,)"~ 1 ao, S(O) +t -1qd6 
0 0 0 


_Te)P2)T (6) (* pep pastas 
“Past as Fal OM (er > 0. 


Notes. (i) For n variables, with the corresponding change of variables 


httgt.. +i =05 tte te es + ta 1 = 05 6.25 t = 0005. 2 .On 
CA EE es - - 
(ii) ff... Slax + agrgia+ . . . + a,2n) 
—" S- i » Cd, dey » dz, 


where the integration extends over all positive and zero waddle OE yy Bigy 1009 Vy 
" , 


for which 0< Za,z""r< 1 is equal to 


1 TP'(a,/mr) 
6).05n—1 dd 
rs Pet ma ew mt 10 


where 8, = 25 (F >0), a, >0. 

Examples. (i) fff log (x + ; : z)dxdydz for the region determined by 
Oc r+y+z<1lis af, 010g 0. = — x. 

(ii) The volume V in a first octant determined by the surface 


a” +y" + 2* = a" (n > 0) 
and the co-ordinate planes is {fda dy dz for 0< 2* + y® +2" < a”, 


nue x= (2) = (2))2- (2 
Then V = (XY Z)" aX dY dZ for0< X4+Y¥+4+Z<1 
ot Ih, cinco AE t adhe 
7) ee) 
12.7. The Integrals t zt-te-Arecosa 8 Or sinalde. (A> 0.) If 


|x| <4 both integrals converge when k> 0; if |a| => the cosine 
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integral converges for 0 <k <1 and 
the sine integral for |k| <1. To 
determine their values, assume that 
0 <a <4 and k>0. Consider the 
contour integral 


I= j ak-le- dz 
Cc 


where C is the boundary of the 
sector OAB of the circle z = Re” 
determined by 0 = 0, 0 = « indented 
(when k <1) by the are CD of the 
small circle |z| =«. (Fig. 3.) 


Along the arc AB, z = Re and I4, =i } * RheikOe— Ricos0 + i sin gp, 
0 


Fia. 3 


Therefore | lLan| < rel” e~ Roos 6 dp 
0 
k—1 2R/K 
< san jer (3-2) — eal 
D 
sinice cos 0 >A 4 o\ for 0 <0 < “ie, Iyy—>0 when a < Jr, all k, 


and I4,—>0 when « = 3x, k <1. 


Along the small are CD where z= ee”, I¢p = if’ ekeik0e—eo” gp. 
0 


But e~*” = 1 + E where E> 0 uniformly when ¢ — 0 so that since 
onl < | * (1 + E)d0,Iop—> Owhenk > 0. Thus, under the conditions 
stated ; 

lim e-ek-1 dz = lim | etek! dz 
R—>*JOA 


OB 
since the integrand is analytic within and on C. On OA take z = ¢ and 
on OB take z = te; then 


es) 
| et (cos ati sin a)sk—Ipika Jz — i e~¢tk-ldt — T(k) 
0 


. i e~ 1008 apk-1 5 (sin add = IU) 8x) (all k > 0,0 <a < 4x) 


0 
d oe i= oo kn ; 
is {. 1 °°8 (nae — Ik) ia ( ) (0 <k<1) 


‘By changing the sign i * we see that the first two results are true also for 
— 40 <<a (all k). 


The integral {. t*-1 cos t dt is not convergent for k = 0 but the integral 
0 
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f t*-1 sin ¢ dt is convergent for — 1 < k < 1 and the formula is correct 


0, 
for this increased interval. 
For let k = —1+-k# where O<fk' <1. . 
~o fe tk. «o 1? (k’) ak’ 
k-1 ee cd a | ore! shade 
Then jt sin t dt (; sin) i, ! cos ¢ dt i cos 5 
since t* sint > 0 when t—>0 and t—» © when —1<k <0, 


a (+4) cos 5 a k) 3 I'(k) sin d 


5 k 
Wis fornulaisalsotraswhen & > Osiniee -( SE ae ae Bai YS att 
2 o ft k—>0 2 
(using the relation I'(k)I\(1 — k) = 2 cosec zh). 
Writing t = Ax (A> 0), we obtain 
I'(k) cos (ex) 


i kK—1p—Ax cos « cos j jae 
j, i Wn cg sin (A Sin «)da = 5 Tain 
when the integrals converge and |a| <} 
Corollary. | ak—1~—ax 008 (bx)da 
p sin 
Pie) poe (i arc tan “a k> 0) 


w (a? + 62)#* sin 


[2008 bo de =F cos 0 <k <1, b> 0) 


0 bk 
[, 2% sin be de = TO) in Ha) <1, b> 0) 
0 bF 2 
shia fale a i a (Bi 0: 0-< eect 
0 2b" T'(q) cos 
j SF ie = Sth 0,0E 1 29) 
0 ab-"T(q) sin 


Example. Find [sin ene and | cos (a")da (n > 1). 
0 0 


1 1 
= 24 
Let x= X"; then f sinernte = 3 [xe sin X dX = 
0 0 


1 
i =) cos x 
similarly » 08 (a)de = ee 


ae 
n 
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4 =e | Vu 
2 = =———~s 
In particular xc ) da ; cos (x*)dx 2/23 


f. sin (x*)de = 4{I(4); [ce (x*)de = 3V3I(); [ Sin (at yde = ANF V2) 


12.8. Some Properties of the Function y(z) = I’(z)/I'(2). 
1. By differentiating the infinite product for I(x) we obtain 


1, g/l 1 
ve) = —y — 2 + B(2- ) 
and therefore y(z) — y(u) = 5( : : ) 


n+ “un +2 
2. By differentiating the relations 


rl +2) =2zI (2), F(@rd — 2) = xcosec xz 
we find that 


y(1 +2) — yl) ==; y(1 — z) — y(z) = x cot az 


3. By differentiating Gauss’s Multiplication formula, we obtain 


(2) +92 +5) +.. + 9(2 +24) = nye) —m log, 


In particular y(z) + y(z + 4) = 2y(2z) — 2 log 2 
4. It has been ais that 


w= | (Free amo> 09 [ (ee S 


(§ 12.41). 
et — e-#t 1] — ye-1 
Therefore y(z) + y -( 54 =| a (where u = e~'). 
Pipe Wes 
5. From the results (1 +2) — ye) = 23 y(1) = —y we obtain 
y(2) =1—y; 93) =F—73 pA)= 75-5 
(ss | 1 
y(n) = 1 het gt eae oe 
where n is a positive ae 
6. Sinoe v(5 ) +y hie du (from 4 above) 
= — 2 log 2, 
we have 
v(t) = — 7 — 2log2; ys) = —y — 2log2 + 2; 


1 at) a ip oleae eee 
y 9 F Y g 129° — 


using the relation y(1 + z) — y(z) = : (n being a positive integer) 
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Examples. (i) Find y(}), w(}). 
1— ese i 
via» = | i du = Sar rate ae —4}n. 
y(#) — y(t) = 2 and therefore WD+y= — 3log2 + 4x. 


tt vx Ia) 
- : P : «4s in2«—1 = 
(ii) The integral obtained by differentiating j, sin’ a da 2 a+) 


ix 
is af sin®«~1 x log sin « dz, which is uniformly convergent for « > a») > 0 since 


mei is bounded and near z = + 0, x2* < 42%; for we may apply the M test 


hits M(x) = sin2%—1 z log sin x. 


bd 
Thus [ sin2«—1lz log sin x dx = Fea — y(a + 4)). 


Similarly, by a further differentiation 


in r 
J" sine=—a(0g sina) de = ¥% Esa) — ya +B)! + '0)— vile +H) 


Prd 
(iii) Find sin} z log sin x dz. 
0 


Put « = % in Example (ii) above and obtain 


‘ir 
Vn I (3) 
dal P,P emer Siete Ld fa a 
[vs sini x log sin x 4 rip) y(5)} 


Now (3) + y() = 2y($) — 2 log 2. 
v($) — y(4) = 3. pd eer 


Also y(t) + y(%) — y = — 3y — 3 log 
From these we may determine wae we) and we find that 


wee a log sin x dx = a wants + log 2 — 3}. 
0 THE ly3 
tad 
(iv) Find i} (log sin x)? da. 
Put « =} : the second formula of Example (ii) above; then 


‘}rc 
| (log sin 2) dr — Yr yy y(4) — wl)? + yd) — vi). 


Na 
Now yp” .=*Gym) + np and therefore y’(1) = $x 
as ol nt 
and vi) = Bap = Ba =F 
Also v(t) = — vy — 2log2; planer 


a /2 
Therefore } (log sin x)* dx = 4 {(log 2)? + 1,717}. 
0 
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Examples XII 
Establish the expansions given in Examples 1-8. 


i. 
2. 


3. 


prove 
(i 


(ii 


(iii) E, o 


1 
. ¥ oosectz = 14 428th +. + 


1 1 (2z)2* 
Re ee ee a a 
zcotz = 1 3° ra (2k)! B, 
1 2 22k(Q3k — 1) 
ios 3 —5 Se me I, 
tanz =z + 3% + 75 +...4+ (2h)! 74 B+. 


1 1 2z)a 
‘ zcothz = 1 + ge — gat +. : + (-p SEB, araie 


2k(2k — 12% 
~ (2k)! Wy ORE 


1 


1 B,(22 £ 2k ania 
ETT ET Ot Nyy t+ + (— WRO™ — Wee - ++ 


\ 7 B,(2z)%* 


- log (z cosec z) = 2k.(2k 
F=1 ; 


cosh z — cosz % Q2k+2 
ig) 2 (— Gy ap Be 


. If the numbers EH, are defined by the equation 


Eyz* Ez E, ie 
secz = 1+ 31 oh 4! He es Pay +... 
that 
) H, =1, H, = 5, H, = 61, Hy = 1385; 
) Ey — ™OqHy—1 + ™CEn—a — «+ (— 1)"-* 904, + (— 1)" = 0 
foram 1 1 ) 


mnt ~ gany2 + Ritts. 
Prove the results given in Hzamples 10-23. 
1 1 ns 
10.1—a5 + ga - + + = gg = 0-068046 
1 1 525 
11. 1 — 3+ 5s — + + + = ggg = 27996158 
1 1 61x 
a2.04 37 + 5? 184320 ~ 0-999555 
B, B, B; 
13. 5% +t t ge + =1 
B B B 
14, a a anai™ 4+. Paka +. *¥4—2 
15. ™+10,B, — 2m+10,B, +..0e4¢(—1)"-1 2m+10,B,, =} 


16. 


17. 


amg, B, — 20,B, +... + (— 1)™-22"0;Bm—1 
+ (— 1)™—-12m + 1)B, = 4 
2m+1C, Bm — 2™+10,By_—1 +. . «+ (— 1)™-12"+10,B, 
2m — 1 
, so 1yn-1( 2 ) 
an 2n— 2 2n— 4 2 
3 By, 2°" a ee la Bn-2 ai Vo ae te’ ae ; 
(2n)! — (2n — 2)!3! * (2n — 4)t6! 21(2n — 1)! 


n 
= (— Gn + I 
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22"B,,  22"-2Bon—2 wei Bs (—1)"2n _ 

* (4n)!2! ~~ (4n — 4)!6! age oe “4i(4n = 2)! seh (4n +2)! 
gan— “1 Bon~1 22"—-3Bon-3 2B, (-— 1)" 
20. Gn — ay) ~ Gn — eye: + °° + (— Yoga — 9h t ofan — 

21. (23° — 1)B, = (2"-% — 1)°C,By_1 — (22"-5 — 1)29C,Bn_o +. 
+ (— 1)" *"Con—-2B, + 4(— yn 


19 


=0 


22. (2n — 1)E,—1 — ™—CsBn—-2 + - - + (— 1)"-* *—- 10,8, + (— 1)°-3 
221/22" — 1) 
wera i By 
23 EF, S Ser wae 1) 
i ato et 


228+2(22n—2s — 2)(228+2— 1) 
x ph (2n — 2s)\(28 + 2)! —~Bs+1Bn—s 
s= 
24. Show that 
Ltt gs PO ST a dae ae PO. 
+ gst get+ + +t Oey np ~ 4(2n + 1)? * 2@n + 1)8 
0 aie 

4 F(a Ot ees 
1 


and deduce (taking » = 5) that 
1+ B + x +... = 1-051800 (correct to six decimal places) 


<a Show that 
«syn lel eg 5 pull aR lh Map ow 
BS J ii +-+++ Ga, ~ ° ~ sam —1)* + 24n— 1) 
% __(2m + 1)24m-3B,, 
des _ pra i ses OR, Ss wk 
at a a — ee 
and deduce (taking n = 4) that 


pineal l 1 
(i) gat gat gat: : - = 0041427 


1 1 
(ii) l-gta-a +... = 0-968946 (see Example 24) 

26, Show that 

Dk My ee Die ary aie, | 

get ge +--+ Gait °~ ian + 1) t 24n + 15 3(4n + 1) 
with an error less than 10-6 ifn > 2. Hence show that x + BS +...= 0-000341 
Sage : 

— that 

ce me LM eel 

stat: ot ta 1 Fy ieee lea ne 
with an error less than 10-° ifn > 3. Hence show that = o + 7 ay) = 0-004183 
approximately. 


28. Deduce from Examples 26, 27 that the approximate values of 
: PSST) Sage | 
l+tgstgtat-- . is 1-004524 


= 1 l 1 ; 
(ii) 1 — 3 + 5 — qe t- - + 18 0-996158. 
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By using the summation formula obtain the approximate results given in 
Examples oe 
29. het * tate. . » = 1017344 
30. gtatqit: . . = 0-158867 
1 1 1 
sl. atmt pt: . = 0012867 
1 1 1 
32.1 — 3+ 5 — gat: - - = 0015967 
1 1 1 
33. l-atmo—yt- - = 0-988937 
34. Show that 


ee | 


Bm 2g + arotan(; Bhi 2 1)m “9m Sin?” 6 sin 2mb 


where tan @ = : and deduce that aa 


is = 1.0767. 


5. Show that 
A ea ft 


( 1 
B,  2(2n)tpai\ 


where p, = 2, p, = 3, ps = 5, . . . (the prime numbers > 1). 
36. Prove that the integral part of B, is 54 and deduce that B, = 43867/798. 


37. Prove that if t sla) is a polynomial 
f(l) —f(2) + f(3) — 


+ (= 1p-iginy = (= 3 fh tm) + 2 tw pm — ape +. p40 
Deduce expressions for (i) 1? — 284+ 38—...+ rb tor 
(ii) 14 — 244 34—. . 2 4+ (—1)"-In8 


Prove the results given in Hxamples 38-100. 


38. QtatI(h) = 3t{T(4)}* 39. 34S) {1'(4)}* = 2ial 
40. Qontl(s,) = (5 + SET (ATR) 41, 237(3;)0'(%) = h(t — 12) 
42. I'(x5)T'(k) = 24247 (2) 43. 5t1(9%)I(4)'(%) = 2%oni(5t + 1) 
44. QtrtT (1) = 334 + 1/442) 
45. 387(8;)I'(4) = 24(3t — 1)tnt (4) 
46. I'(4'5)'(%) = 283134 — 1)tat (4) 
47. 31(4A)(4)T'(Q) = 24(3t + 1)tat 
48. avails) sing = air(5)r(5 
a9, LOT _ (v3 — (v2 — _ 4 16 36 64 io 

CT RRP © 213% "3153563 "°° 2 
51. The minimum value of I(x) is 0-886 ... when x= 146... 

1 1 1 
52. (i i w(t a(t = iz) al _ wey 
~ “16n* 


ca a ont 


cam 
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53. (1 - g(r - io)(4 : ie) _ _ v2) 
Q-SQ-ga-gw)--. 7 
a Cea 
ee Dire Te) 
a = yi AM EY? tts 


ms a 1 = 31) 

(1 a)(1 - a(t - ye) + - ’ 

56. (1 — 3)(1 + $1 + $1 — $1 + ui + $1 — 3). 

57. (1 — $1 + 41 + 21 + 3X1 — $1 + HA + Po\(L rs a - v 

@ 1 4 1 

a - iu te J t | | 
(1 os =) = +/m (m positive integer) 

(dn + 1)(8n — 38m +1) __2¥at 


59. TT an(2n —1)(2n +1) ~ TH} 
ein — an + me o. ( 1) sinaz M1 — py —y) 
Ree a ae 4 ites ie eo 


61. r(+)r(2) 4 ie: 2) us a i 


o(3n —1)\(6n+ 1)? 332tx 


62. IT gin(an?— 1) — TAP 
« x Zz 2a 21-2 cos ax I'(2z) 
a it(1 ae ae mle 2 ms) (1- e+" ame 


and equals V2 (2x = 1). 
% 1 <= e-ty {I(c/2)}* 
ee) Bakar ano 
<9 y? (I(x) }* 
08. fifi + grap ~ red wine 
66. |I'(1 + tc)| = (ac cosech zc) (c real). 
67. |I'(4 + ic)| = /(asech 2c) (c real). 
68. ['(w)I'(w?) = I'(— w)I'(— w*) = msech (fa/3), where w, w? are the 
imaginary cube roots of unity. 
a(a + 1)(a + 2) . a4 + on — 2) 
69. Lim 735... (@n — 1)da(@a +2)... (Qa + In =) 


! ! x sin 1) 
Saint) — = +/m (m being a positive integer). 


= Qa-1 


70. Aged (2mmn)\(n!)® 


(2n)\(3n)122 
Lim niyhl?5?. . . (4n — 3)8.3™ = ear 


msg EY al (OM) 


34 
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73. Bip, p + 4) = 2*?B(2p, 2p) 
1 1 
74. Bp, p).B(p =F > pt 5) = xis ‘Dp 
75. Bip, q).B(p + 4, r) = Big, r).B(q + 17, p) 
76. Bip, q).B(p + q, 1)-B(p +9 +7 8) = Blp, r)B(p + 1, 8).Blp +1 + 8, 9) 
77. BP, p + ¥)-Blp, p + $) = 3°°B(p, 2p).BiSp, Sp) = 3*°B\p, 8p)-B(2p, 4P) 
= 3°?B(2p, 3p).B(p, 5p) 
78. (6p + 1)2°?-*B(p, p).B(p + 4, p + 4).B(p + § p + ¥) = 3inB(3p, 4) 


19, [SR ay = CE ow 


(m — 1)I°(2m) 
- . ar = Fa % >) 
rt [oan - vanes 
hh Lies Va =) = 2i. 7a aro 
6 Sa ath - aan © P29 
fT (cos @ + sin 6)# dd = ue 
85. W (oh APRN SN aaa sia > 0 
r , ae SpA A —2) when in an intager > 0 and 
equals 75 if m = 
sr | a sap ae = 20m, (m > 0) 
os. |? oa Paarg- yar 
fi aa al a (0 <a <1, ¢>0) 
Ss de tea) ao = * seo ™ (\a] <1) 
i a eee (a? > b%, « > 0) 
92. \; do _ (2483)) WF 
o (2 + cos 0 — 2 eos — cos* 6)! 6! 


93. [n= BHI) 1 5s 0) 


(x + 2)e+ =""3e Ia + b) 


~1 
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dx 1 dz 
94. ail i a, as aif a — 29278 


vit “1, Sepa ~ (v8 = veer mao 


di dix (V3 + 1)? 

;. A(t — zit) 35/8Q1/4 o(l = iis 
vn} ee pede, A be 

* V5 — 1), (1 — x8)7/10 ~ 2876), (1 — x5) ~ 2676 (1 — x8)4/6 

” sin x nm ey 
os. [ a et ee as SES 

hs 2r'(t) sin 5 0 Vz ia r/ (3) 

wo . 
oy \, = sin a _% 
4 dx, dx, dx, a . 

101. Show that lio et cao a. a8” where the integra- 


tion extends to all positive and zero ae Of 2X, X_, %3, %, for which 
O< 22+ 27+ 257+ 22< 1 


T 2 
102. Show that the total Perimeter of the curve r# = a‘ cos 46 is a eae 
F ee NS ad 
103. Prove that the perimeter of the curve r* = a* cos 36 is 3a. 24/35 


104. Find the area of a loop of the curve 74 = a‘ sin? 6 cos 0. 
105. Show that (assuming a, b, c, «, B, y, d > 0) the curve ax* + by® = cary? 
has a loop in the first quadrant if «6 > By + «6; and that the area of the loop is 


dts FON) gg Btrns | etéay 
athe (a + BEA + pw) ~ ap — By — ad’ * ~ aB — By — ad 
Prove the following results for the areas of the loops in the first quadrant deter- 
mined by the curves given in Examples 106-11. 


wo WG=s)} 


106, 2% + y* = aat-22y; ——4—-——.-—__ («> 2) 


ox Cae a 2) 
ealtleal, 


a — 2B 
108. 2° + y° = 5axty?; 


109. x2m+1 4 y2m+1 — ‘an + lazy”; (2m + ye 


110. 22m + 42m — matgm—lym-1 ; aa 


nn? 


2 
v2 +4 y® = zy; a wa 


112. Show that (assuming a, b, c, «, 8, y > 0) if « > y, the area in the first 
quadrant determined by y = 0 and the curve az* + by? = czy is 


ott TON) Be 2 


Abe {x + BIA + pm) = pay) OB 


a1. 
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Prove the following results for the areas in the first quadrant bounded by y = 0 
and the curves given in Hxamples 113-19. 


(stm = 1)! nd 


113. 2™ + y™ = cz; ae (m > 1) 


2 
omr(—* 
114, x? + y% = 2ax; 420° 115. 23 + y3 = a*z; i” 
m+2 1 
: Ge yee -) 
116. 2™ + y™ = cz®; cH a3 Ss (me > 2) 
omr(—~, 
2x nr/2 
3 a a8 2 re ee 
117. 2+ y ants 973" 118. a4 + yf = a?z?; 3 4 
ain 
119. 2™ + y™ = aem—", ™ eo) 
2m? sin— 
m 


120. Show that (assuming a, b, c, «, 8, y > 0) the area in the first quadrant 
bounded by the curve az* + by® = c and the co-ordinate axes are 


nae r+ Jt 143) 


ae 
testi 7) 
Prove the following results for the areas sini in the first quadrant by the 
co-ordinate axes and the curves given in Hxamples 121-7. 


r@}, 
amr(2) 
im. tt yaa, Welp ( oh 


123. 24 + yt =at; aah GG +) 


124. 2* + y° =a!; =r =f 


r(;, eo) 


125. a™z™ + y™ = a™; --- r(2)” 


omr() 
$26. ate? 4. 9 mie? |B ee tne f 


at 
inet stees sala} 
128. Show that the volume in the first octant (x, y, z > 0), bounded by the 
surface x* + yf + zy = 1, is 


i che aN +5) y > 0). 
ri 1+- +3 5+) ma 


121. 2™ + y™ = a™; 
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Prove the following results for the approximate volumes in the first octant 
determined by the surfaces given in Examples 129-37. 


129. 22+ y?+24=1; 0-628 

130. 2? + y47+28=1; 0-673 131. 22+ 444+ 24=1; 0-728 

132. 227 + yf +28=1; 0-770 133. 224+ y6 +26 =1; 0-811 

134, af + y44+24=1; 0-810 135. 284+ y4+28=1; 0-844 

136, 24+ y° + 28=1; 0-875 137. 2® + y+ 22=1; 0-901 
e 


138. Show that the volume enclosed by the surface a‘z? + a*y4 + 26 = a® is 
3i(3t — 1) (4) 4) 04 
2y1,.11ni 

139. Prove that the distance from z = 0 of the centroid of the volume deter- 

mined in the first octant by the surface axr« + by? + czy = dis 
1 2 Level of 
yarr( +=)r(1 +54+5+5) 
2\a f. FNGLA (23 mead 
r(i +-)r(1 +5+5+5) 
140. Show that the distance from x = 0 of the centroid of the volume deter- 
a\m y\™ z\m ; 

mined in the first octant by the surfacc ey) 4 (=) + (2) = 1 is 


a a 6 c 
oy A Z) 


Se®) 


141. Show that the square of the radius of gyration about the z-axis of the 
volume in the first octant bounded by az* + by! + czy =d is 


1gayet +5)r(1 +atgts) 
. r(i+ )r(i+e+5 +3) 
zs 3 a ae 
ce te yr + piel + ep +5) (a, 6, c, d, a, B, y > 0). 
oi 8 r(i +5)r(i +i+gts) 
142. Prove that the square of the radius of gyration about the z-axis of the solid 


determined by (z)" “i (x)" + (2)" =1is 


(x, B, Vs a, b, cy d > 0). 


(m > 0). 


Find for the solids in the first octant determined by the surfaces given in Examples 
143-5, (i) the volume, (ii) the distance from 2 = 0 of the centroid, (iii) the square 
of the radius of gyration about the z-axis. 

143. at + yt + zt = at 144. Vz+ Vy+ Vz= va 

145, 24 + 44+ 24= a! : 

146. Show that the volume in the first octant determined by the surfac 


Gy s ( (z)" - (2) where m > 3n . 
ws 


inl ca) 


514 ADVANCED CALCULUS 


147. Prove the volume of the solid bounded by 2z* + 94 + z4 = azyz is ,a*. 
Prove the results given in Examples 148-60. 
148. y(4) = — vy — $log3 — jnv3 
149, i) =—y— $log3+ jrv3 
150. y(4) = 3 — y — $log3 — fnv/3 
151. (4) = — vy — nv3 — $log3 — 2 log 2 
152. y(%) = oa eae $ log 3 — 2 log 2 
2+ V3 


153. y(5) =—— y — (3 + 3) log 2 — flog 3 +23 log (v3 ~ 1) — —5*"a 
n—1 
z 1 a 2ar ec. 
154, v(—) = — y — logn — gx cot > + py wo 72 Jog (2 sin = 
f= 


$7 
155. j, sin x.(log sin x)* dx = (log 2 — 1)? + 1 — fyn* 


156. x sin~# x log sin x dx = Maire} ( log 2 + 1) 


; id 

157. j sin2«—1z cos%8—1 x log sin x dx = pall {y(~) — pla + B)} 
0 4T(a + B) («, B > 0) 
, hd 

158. sin2«—1 x cos®8—1 x. log sin x.log cos x dx 


To) 
_ rene) aoe {y(a) — v(m + B)} {w(B) — wla + B)} — wm + B)}] (a, B> 0) 


159. . log sin x.log cos x dx = 5 (log op 2%, 
0 


¥ Jog sin x1 
og sin x log cos x 
_ | sin} z cos? x 


3a) } fx 
--* aoa + av3 log (4) + (810g 3\ 10g 2) —$ (og 3)5} 


log I(x) 


9905 | 9883 
9715 | 9699 
9583 | 9573 


9757 | 9771 | 9786 


9895 | 9912 | 9929 | 9946 
| 
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Solutions 
2. tanz = cotz — 2 cot 2z 3. z cosec z = z cotz — z cot }z 
5. z* cosec?z = — 2X (cot 2) 6. (e? + 1)-1 = (e* — 1)-1 — Q(e% — 1)-1 


1 Qk 2k — - 
7. Integrate > — cot = BE By. 


8. Find log (2) + og ) from Example 7, where a = 3(1 + 4), 
B = X(1 — 3). 


9. (ii) The coefficient of z2" in the product x = yr 1+ Fal is 
0 (2r)! 1 (2r)! 


ass ; _ @ (— 1)4(2n + 1x 
unity. (iii) Use the series sec z = 2 Qn + 1)'nt — 422 y 
13. Series for cot z when’ z = 4x. 
14. Series for ao when z = jx. 


15. (cosz — et cot $2) = 4(z — sin z) 


16. $(1 + cos z) — 42 cot 4z = sinz Ete cot $2) 
17. 2(1 + cosz) = weir’ z)(z cot $2) 18. zcosz = (sin z)(z cot z)- 


z z2. 28 
19, 20. If A = anh 5 mE a a en 


B= oa 7 = A(e+ 5 -R-a tat: 


then A coth —= = B. 


a 
21. z cot z = (cos z)(z cosec z) 22. sinzsecz = tanz 
23. (tan z)(z cosec z) = z sec z 
1 1 1 1 1 
35.1 S—ltge tom t-+-: \l—s5)-lt+gntat----% 
( 2) 1 1 sg 
Si\1 — a5 = 1+ fa + qn + Tyan t+ - . .: etc.,.3—> 1 when n—> o. 


37. If nis even, Shr) = Jef(a)dx + £f(n)+ a - yt ea Bs + constant 
1 


n ) 
and y F(r) = fi F(x)da + 4F(4n) + 3(— 1)8- m aa (im Dp, + constant where 
1 1 


Q2s—1 f(s-) (n) 
(2s)! : 
+ constant, 


jn 
F(x) = f(2x); ie. Zf(2r) = 4f"f(a)da + If(n) + = dae 


ice. (1) — f(2) + $08) « . . — fin) 
~ — fife +21 ye Bf (n)} + constant. 


If n is odd, f(2) — f(3) + ...—f(n) = F(1) — F(2) + F(3).. . — F(n — 1) where 
F(x) =f(e@+1). (i) — $n%(2n +3), m even; 3(nm + 1)%(2n — 1), n odd. 
(ii) (— 1)*—14n(n + 1)(n? + n — 1) 
38-49. Use the Multiplication Formula and the relation 
I(«)I'(1 — x) = a cosec xx 
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i.e. 


49, 2-13- ~ini(sin 2)'(sin =). ‘(sin 3) ‘(sin 5) 


51. The value is = 15+ where A is approximately — y(1-5)/y’(1-5), 
— (4 — 2y — 4 log 2)/(n* — 8). 

o(4n — 1)%(4n + 2) 

52. an +1 a = 2) 


cd, He myed-\ eget gho-d 


ofa + 2n — 2)(a + 2n — 1) 

69. eee ee eee P(ha)I'($ + $a) = 21-4V/aI (a) 
70. Use the Asymptotic Formula for n!, (2n)!, (mn)!, (2mn)!. 
Aen — 1)2n(3n — 2)(3n — 1)3n.4 
1 n®(4n — 3)?.27 
(2n + 1)(2n)! 

2r(n!)? * 
79. Take ¢ = tanh? z. 


1 re 4 
at—1l dx x 
Sa Set, aS 1/1 2.98 —t Serr sk F 
80. \va zat \.e (1 — t)®-1 dt where t 1 


71. if 


72. Expression is Use the Asymptotic formula for (2n)! and (n) 


1 1 
8-1 dx 1 
——~ = 5 -— =] noe 
la Fayre fie (1 —t)8—1 dt where t pes 
b 
83. Take + = 1+ = tantd, 84. tel ion de 
(L+2)* 2 
85. Take ¢ = a1 + 23) ; = the integral (1 — t)"-1 dt. 
1 
88. Take ¢ = sin‘ 0. 89. Take y = a0 90. Take ¢ = 0 + 4x. 
(a — bysin* (a + 6) cost S 7 (a? — 04) sin § cos $ 
91. If t= — cond? | * = a4 booed’ db (a+ bc0s0)* 
2. Put a= 2, b=1 ard « = } in Example 91. 
3(@ + 1), oY. 
93. Takey = a + 2) 94. Each equals ———— 
65. MOz 1 {(4)}? 66, V3+1 (T(t)? 
* .§.28/5 © (2) *  8.38/4 4/n 
1... Ag 5? r/2, 
97+ 367 BT'(3) aie 
= byb—8 
105. Take = = as r 
a by? 

112. Take u = ~~ Y, oy 


120. Take w = “x, 0 =o. 


2/al 
138. eke and use Examples 38, 47. 
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eee ids LRP Gri ie SeCy v oge 
143. (i) — (ii) te (iii) ay 144, (i) rae (ii) 553 (iil) 
145. (i) a po a hed A = 0-810a2 Approx. ; 
4 


(ii) sir = 0-449a approx. 

(iii) aor 0:548a? approx. 
tte w= (6) (Ee) 
148. y(}) + = — of ttt du 149. w(2) — y(}) = % 


151, y(t) = d{y(t) + y(3)} + log 2 
153, 154. Bromwich, Infinite Series, Appendix III, Example 43. 


INDEX 
(The numbers refer to pages) 


Abel, lemma, 416 (sequences), 447 (in- 
tegrals); multiplication of series, 
92; theorem (power series), 93-4, 
336; test, 417, 423, 448, 450 

Abelian integral, 126 

Accumulation, point of, 27 

Acnode, 57 

Algebraic, curves, 55-73, 126-30; fune- 
tions, 54-5, 126-30, 367-70 

Alternating series, 90, 417 

Amplitude, 328 

Amsler, planimeter, 316 

Analytic, continuation, 383-4 ; function 
(Cauchy), 337-84, 426-8 

Analytical polygon, 64-9 

Angle, solid, 323 

Arc, 227-8, 232, 297-8 

Are, sin, 159, 378; tan, 160, 374, 376-7, 
431-2 

Area, 160, 164-8, 222-3, 260-2, 267-8, 
274-9, 283, 298-300 

Argand diagram, 328 

Argument, 328 

Asymptote, 12, 66 

Asymptotic approximations, 12-13, 461- 
5, 495 (I(x)) 


Bernoulli, mumbers, 478-86; 
nomials, 17, 21, 479-82 

Bertrand curves, 255 

Bessel functions, 439 

Beta functions, 487-90 

Biflecnode, 57 

Bilinear transformations, 362-4 

Binet, formulae, 493-9 

Binomial series, 18, 53, 158-9, 374-5, 
428-9 

Binormal, 230-1 

Bisection process, 26-7 

Bonnet, theorem, 447 

Bound, upper and lower, 27 

Bounded, convergence, 425; sequence, 
7; set, 26; variation, 143 

Bowman, asymptotic expansions, 465 

Branch, 50; point, 367 


poly- 


Bromwich, alternating series, 418 ; 
double series, 467; Tannery’s 
theorem, 457; test, 88 


Cantor, real number, 4-5; ternary set, 
32 


Cauchy, algebraic functions, 368; ana- 
lytic function, 337-84; continuity, 
10; inequality, 352; integral, 
350; remainder, 44; test, 86, 
88-9; theorem, 344-9 

Cauchy-Maclaurin integral test, 414 

Central derivative, 13 

Centre of pressure, 310-12 

Centroid, 252, 304-6 

Césaro, non-convergent series, 465 

Change of variable, 40, 42 (derivatives) ; 
118, 145, 151, 269-72, 288-91 


(integrals) 

Christoffel symbols, 245-6 

Christoffel-Schwarz transformations, 
378-83 

Circle of convergence, 335 

ircular, curvature, 229; 

100-1, 370-1 

Closed, curve, 259, 329, 338; interval, 
7; set, 28 

Col, 75 

Complementary set, 28 

Complex, integration, 341-9; numbers, 
327-33 

Component, 218 

Conditionally convergent, 89 

Conformal representation, 355-7 

Conic, 71-2, 126-30 

Conjugate, functions, 340, 371-2; num- 
bers, 328; point, 57 

Contact transformations, 191-2 


functions, 


Continuity, absolute, 32; function, 
10-11, 32-8, 333-4; semi-, 32; 
uniform, 32 


Continuum, 6 
Contour, 73, 203, 338, 346-8 ; integrals, 
349-51, 385-400 
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Contraction of tensors, 243 

Convergence, absolute, 89-91, 106, 334 
(series), 435 (products), 153-4, 446 
(integrals); bounded, 425; inte- 
grals, 151-6, 445-61 ; non-absolute, 
89, 91; products, 433-8;  se- 
quences, 3-9, 82-3, 101, 333; 
series, 82-96, 101-9, 334-6, 413-33 ; 
uniform, 418-22 (sequences), 422-7 
(series), 436 (products), 448-51 
(integrals) 

Co-ordinates, 217 ; curvilinear, 276 

Covariant, vectors and tensors, 241-2; 
derivatives, 246-8, 250-1 

Crunode, 57 

Cubic, 72, 126 

Curl, 237 

Curvature, circular, 229, 232; spherical, 
254 

Curves, algebraic, 55-73; elementary, 
260; quadratic, 259-60; simple, 
259; twisted, 227-35; unicursal, 
69-73 

Cusp, 57, 60, 76 

Cylindrical co-ordinates, 255-6 


d’Alembert, test, 87-9 

Daniell, one-one correspondence, 272 ; 
double series, 108, 468 

Darboux, expansion, 440; remainder, 
352 

Dedekind, real number, 6 

Deficiency, 70-3 

Demoivre, theorem, 330-3 

de Morgan and Bertrand, test, 87-8 

Dense in itself, 29 

Derangement, 89-91 (series); 436 (pro- 
ducts) 

Derivatives, complex variable, 336-7, 
350-1; covariant, 246-8; direc- 
tional, 40, 236; ordinary, 13-15; 
partial, 39-43; vector, 228 

Derived set, 28 

Differentiable, 38-40 

Differential, 38-40, 237 

Differentiation under the integral sign, 
125-6, 156-7, 389, 455 

Directional derivative, 40, 236 

Direction cosines, 218 

Dirichlet, test, 416, 422 (series), 447, 
449 (integrals) ; integral, 500-1 

Discontinuity, 11-12, 77, 81-2 (func- 
tions), 146-53, 264 (integrals) 

Displacement, 216 

Dissection process, 338-9 

Divergence (vector), 237, 248 

Divided difference, 172 

Domain, 1 
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Double, cusp, 57, 60-1; integrals, 262- 
72; monotones, 36; point, 56-60, 
70-3; sequences, 35-6; series, 
101-9, 415-16; tensors, 243-4 

Doubtful case, 202-3 

du Bois-Reymond, theorem, 447 


Elementary, curve, 259; surface, 273 

Ellipse, 71 

Elliptic, co-ordinates, 255; functions 
and integrals, 126, 353 ; paraboloid, 
75 

Entire functions, 95 

Enumerable set, 29 

Essential singularity, 354 

Euler, constant, 161, 415, 485, 495; 


T-function, 487; homogeneous 
functions, 43; numbers, 506; 
product, 491 


Everywhere dense, 29 

Explicit, function, 2; transformations, 
189-90 

Exponential, function, 96, 370-4 ; limit, 
99 


Exterior, closed curve, 338 ; measure, 30 


Finite differences, 161-2 

Flecnode, 57 

Fluctuation, 32; total, 144 

Fluid pressure, 310-12 

Force, line of, 341 

Free affix, 230 

Frenet-Serret formulae, 231 

Fresnel’s integrals, 398 

Frullani’s integrals, 457, 493 

Function, 1-2, 34, 40, 51, 54, 81, 92, 101, 
107, 235, 333, 337, 349, 367, 375 

Function(s) of function(s), 14, 40, 176 

Fundamental theorem of algebra, 353 


Gamma function, 169, 487-505 

Gauss, J°-functions, 494-5, 499-500 ; 
in , 294; theorem, 314 

Generalised power, 97, 372 

Geodesic, 251 

Geometric series, 84 

Gibb’s phenomenon, 431 

Gradient, 74, 236, 241, 248 

Graphical representation, 1-2, 6, 15-19, 
53, 55-77, 328 

Green, formula, 281-6, 292-4 ; function, 
295; theorems, 294-5 

Greenhill, substitution, 130 


Hadamard, three circles theorem, 407 
Hardy (G. F.), rule, 173 

Hardy (G. H.), series, 422-3, 447-8, 466 
Harmonic functions, 293, 340-1 


INDEX 


Heine, continuity, 11 
Helix, 232-3 
Hermite, polynomial, 21 
Holomorphic, 384 
Homogeneous functions, 43 
Hyperbola, 71 
Hyperbolic, functions, 
paraboloid, 75 
Hypergeometric series, 335 


99-100, 371; 


Identical relations, 181-9 

Imaginary, number, 327, 358; part, 328 

Immit, 73 

Implicit, function, 2, 51-5, 
transformations, 190-1 

Improper integrals, 151 

Indentation, 375 

Indeterminate forms, 196-200 

Indicatrix, spherical, 229 

Indices, rational, 52-3, 331-3 

Infinity, point at, 361-2 4 

Inflexion, 16, 45 

Inner product, 248 

Integral, approximate, 160-8 ; complex, 
341-9; definite, 140-57, 168-9, 
375, 385-400; double, 262-72; 
indefinite, 118-34, 348-9; infinite, 
151-6, 445-61; Lebesgue, 148-51 ; 
line, 279-86, 302 ; multiple, 288-91; 
power series, 157-60, 352: surface, 
291-7, 302; triple, 286-8 ; volume, 
302 

Integration by parts, 120, 134-5, 151 

Interior, closed curve, 338 ; measure, 30 

Interpolation formula, 162-7 (Newton), 
172 (Lagrange) 

Intrinsic equations, 233 

Invariant, 205, 217, 235 

Inverse, functions, 51-2; relations, 183 

Involute, 234 

Irrational numbers, 2-7 

Isolated, point, 57, 60; set, 28; singu- 

larity, 353 


176-8 ; 


Jacobians, 176, 178-80, 184-7 


Keratoid cusp, 60 
Kronecker deltas, 240 


Lagrange, maxima and minima, 208-11 ; 
polynomial, 172; remainder, 44; 
series, 440-2 

Laguerre, polynomial, 21 

Laplace, equation, 340 

Laplacian, 239, 248 

Laurent, series, 353-4, 439 

Lebesgue, integral, 148-51, 455 

Legendre, polynomial, 17, 21, 167-8, 442 
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Leibniz, nth derivative, 14; rule for 
convergence, 90 

Lemaire, test, 108, 467, 475 

Level curves, 73, 356 

Lie, contact transformations, 191-2 

Limit, functions, 9-12, 36-8, 81-2; 
infinite, 11-12; sequences, 3-9, 
35-6 ; upper and lower, 27 

Limiting point, 27 

Line, element, 277-8, 297-8 ; integrals, 
279-86, 302 

Linear, function, 74; tranformations, 
240-1, 362-4 

Liouville, theorem, 352-3 

Littlewood, power series, 336 

Logarithmic, function, 96-100, 158, 371— 
4; scale, 97-8; series, 98, 158, 373, 
429 

Lowering and raising affixes, 244-5 

Lower limits and bounds, 27 


Maclaurin, series, 44-6 

Many-valued integrals, 286 

Maxima and minima, functions, 16, 32, 
73, 82, 200-11; set, 27 

Maximum modulus theorem, 407 

Mean, centre, 304-6; mth powered 
distances, 303-10 

Mean value, 144, 263, 316 

Mean value theorem, 
integrals, 447 

Measurable function, 148 

Measure, 30-2 

Meromorphic, 384 

Mertens, theorem, 72 

Minimax, 75, 202 

Mittag-Leffler, expansion, 442-5 

Mixed tensor, 242 

Modulus, complex number, 328 ; vector, 
216 

Moment of inertia, 306-10 

Monogenic, 384 

Monotone, sequence, 7-8, 36; function, 
143 

Moving axes, 234-5 

M-test, integrals, 449; products, 436; 
series, 422 

Multiform, 384 

Multiple, contour, 346-8; integral, 
288-91; point, 58-61 

Multiplication of series, 91-2, 95, 336 

Multiplicative axiom, 11 

Multiply-connected, 288 


33-4, 44-5; 


Neighbourhood, 9 

Neumann, sphere, 362 

Newton, approximation, 45; interpola- 
tion formula, 162-7 ; polygon, 64-9 
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Node, 57, 59 

Non-absolute convergence, 89, 91 

Non-convergent series, 445-6 

Non-dense, 29 ‘ 

Normals, curve, 229-32; plane, 222; 
surface, 235 

nth roots of unity, 332 

Null sequence, 3 

Number, complex, 327-33 ; real, 2-6 
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O- and o- notation, functions, 
sequences, 9 

Oblate spheroid, 319 

One-one correspondence, 269, 271-2, 
362, 379 

Open set, 29 

Ordinary point, 56, 58 

Orthogonal co-ordinates, 240-1, 249, 271, 
278, 284, 298 

Oscillation, function, 32, 82; sequence, 
7, 28 

Osculating plane, 229-30 


10; 


Pappus, theorem, 305-6 

Parabola, 72 

Parabolic, co-ordinates, 255; cylinder, 
76 

Paraboloid, 75 

Partial derivatives, 39-43 

Pass, 75 

Perfect set, 29 

Periods of integrals, 348 

Phase, 328 

Plane, 74, 220, 222 

Planimeter, 316-17 

Point transformations, 190 

Pointwise discontinuous, 32 

Poisson, integral, 470; theorem, 314 

Pole, 354, 366 

Polynomial, 11, 16-17, 38, 92, 162, 334, 
353, 357-9 

Position vector, 217 

Potential, 312-15, 341 

Power series, 92-6, 106-9, 157-60, 335-7, 
352, 423, 428 

Principal, axes, 307-8; moments of 
inertia, 308; normal, 229; part, 
355; value, 152-3, 394 (integral), 
328 (amplitude) 

Pringsheim, series, 36, 92, 101-2, 413 

Probability, 316 

Product, inertia, 307; infinite, 433-8, 
444-5, 492; set, 28; Vector, 221, 
223-6 

Progressive derivative, 13 

Projection, vector, 218-19, 223 

Prolate spheroid, 319 
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Quadratic, curve, 259; form, 205-7; 
function, 74; surface, 273 

Quadrature, 160 

Quartic, 126 

Quotient law, 243 


Raabe, test, 87-8 

Radius, circular curvature, 229; con- 
vergence, 92, 335; gyration, 307 ; 
spherical curvature, 254; torsion, 
230-1 

Rado, Staudt’s theorem, 486 

Raising and lowering affixes, 244-5 

Rational, function, 11, 15, 17-18, 38, 
71, 120-5, 333, 359-64, 366-7 ; 
indices, 52-3; numbers, 2-5, 29 

Real, number, 2-6, 29; part, 328 

Reduction formulae, 120, 135 

Reduplication formula, I-function, 489 

Regressive derivative, 13 

Regular function, 384 

Removable discontinuity, 82 

Repeated, affixes, 240; integrals, 265, 
452-3; limits, 35-6 (sequences), 37 
(functions) ; series, 101-2 

Residue, 355, 365-6, 385-6 

Restricted maxima and minima, 207-11 

Reversion of series, 106 

Rhamphoid cusp, 60 

Ridge, 75 

Riemann, integral, 141; surface, 368-9 

Riemann-Cauchy conditions, 340 

Riemann-Christoffel tensor, 250-1 

Rolle, theorem, 33 

Rotation (vectors), 237 

Rouché, theorem, 440-1 


Saddle point, 75, 202, 365 

Saltus, 82 

Scalar, 217; function, 235; products, 
221, 226, 248 

Schlicht function, 379 

Schlémilch, remainder, 44 

Schwarz (Christoffel) transformations, 
378-83 ; lemma, 408 ; partial deriv- 
atives, 42 : 

Semi-, continuous, 32; convergent, 89 

Sequence, 3-9, 27-8, 35-6, 81-2, 101, 
333; Abel’s lemma, 416; uniform 
convergence, 418-22, 426-7 

Series, convergence, 82-96, 101-9, 334-6, 
413-33 

Sets of points, 26-32 

Simple, curves, 259; function, 379 

Simply-connected, 285 

Simpson, rule, 165-6 

Singular point, curve, 56-73, 203; sur- 
face, 236, 273 


ee 


Singularity (function), 348, 353-4 

Slope, lines of, 74, 356 

Space, flat and curved, 244 

Spherical, curvature, 254; indicatrix, 
229; polar co-ordinates, 249, 255 

Stationary values, 15-16, 200-11 


_ Staudt (Clausen), theorem, 486 


Step functions, 141-3 

Stereographic projection, 361-2 

Stirling, series, 486, 495 

Stokes, theorem, 296-7 

Straight line, 219-20, 251, 256 
Subscript, 239 

Substitution operator, 242-3 

Sum, set, 28; vector, 216 

Summable series, 465-6 

Summation convention, 239-40 
Summit, 73 

Superscript, 239 

_ Surface, area, 274-9, 299-300; element, 
N 277, 281; elementary, 273; inte- 
/ gral, 291-7, 302; of revolution, 


| 278-9, 300; simple, 273; vector, 


223, 277, 291 


Tangent, 15, 56, 228, 232; plane, 236 
Tangential transformation, 191-2 
Tannery, theorem, 457 (integrals), 475 
(series) 
| Tauber, power series, 336 
Taylor, series, 43-6, 95, 351-2, 438 
Tensor, 225, 241-52; derivative, 246.8 
Ternary set, 32 
Thermodynamic, potentials, 188 ; 
} lations, 187-9, 195 
_ Three-eighths rule, 165 
\ Three-index symbols, 245-6 
Torsion, 230-2 


Te- 
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Total fluctuation, variation, 144 

Totally discontinuous, 148 

Transcendental functions, 81, 96-101, 
130-4, 370-5 

Transformations, 189-92, 239-41, 362-4, 
378-83 

Trapezoidal rule, 164 

Trigonometric functions, 100-1, 370-1 

Triple, integral, 286-8 ; point, 58 

Trough, 75 

Tschebyscheff, approximate integration, 
174; polynomial, 21 

Twisted curves, 227-35 


Umbral affix, 240 

Unicursal curve, 69-73 

Uniform, continuity, 32; convergence, 
418-27, 436, 448-57; differenti- 
ability, 340; field, 246; function, 
384 

Upper limits and bounds, 27 


Variable, real, 2-6; complex, 333 

Variation, bounded, 143; total, 144 

Vectors and tensors, 216-58 

Volume, 187, 272-4, 300-2; integral, 
302; of revolution, 300-1 


Wallis, formula, 486 

Weddle, rule, 166 

Weierstrass, analytic functions, 428; 
I’-function, 490; mean value the- 
orem, 447; power series, 428; 
uniform convergence, 422, 427 


Young, partial derivatives, 42 
Zero, 353, 358, 366 
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